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FOREWORD 


Everyone concerned with the teaching of physics at 
the advanced undergraduate or graduate level is aware of the 
continuing need for a modernization and reorganization of 
the basic course material. Despite the existence today of 
many good textbooks in these areas, there is always an 
appreciable time-lag in the incorporation of new viewpoints 
and techniques which result from the most recent developments 
in physics research. Typically these changes in concepts 
and material take place first in the personal lecture notes 
of some of those who teach graduate courses. Eventually, 
printed notes may appear, and some fraction of such notes 
evolve into textbooks or monographs. But much of this 
fresh material remains available only to a very limited 
audience, to the detriment of all. Our series aims to fill 
this gap in the literature of physics by presenting occasion¬ 
al volumes with a contemporary approach to the classical 
topics of physics at the advanced undergraduate and graduate 
level. Clarity and soundness of treatment will, we hope, 
mark these volumes, as well as the freshness of the approach. 

Another area in which the series hopes to make a 
contribution is by presenting useful supplementing material 
of well-defined scope. This may take the form of a survey 
of relevant mathematical principles, or a collection of 
reprints of basic papers in a field. Here the aim is to 
provide the instructor with added flexibility through the 
use of supplements at relatively low cost. 

The scope of both the Lecture Notes and Supplements 
is somewhat different from the FRONTIERS IN PHYSICS Series. 

In spite of wide variations from institution to institution 
as to what comprises the basic graduate course program, 
there is a widely accepted group of "bread and butter" courses 
that deal with the classic topics in physics. These include: 
mathematical methods of physics, electromagnetic theory, 
advanced dynamics, quantum mechanics, statistical mechanics, 
and frequently nuclear physics and/or solid-state physics. 
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Series Editor* s Foreword 


It is chiefly these areas that will be covered by the 
present series. The listing is perhaps best described as 
including all advanced undergraduate and graduate courses 
which are at a level below seminar courses dealing entirely 
with current research topics. 


The above words were written in 1962 in collaboration 
with David Jackson who served as co-editor of this series 
during its first decade. They serve equally well as a 
Foreword for the present volume, which offers to the physics 
or engineering student a lucidly organized readable short 
text from which he or she can acquire much of the important 
mathematical knowledge necessary for a professional career. 
Professor Wyld*s book possesses the further virtue of 
explaining in some detail the physics which underlies the 
mathematical problems considered therein, so that it provides 
an opportunity for students to learn more about physics, as 
well as many of the essential mathematical methods of physics. 
H, W. Wyld has made a number of significant contributions to 
theoretical physics, and is noted for the clarity of his 
lectures and his writing. It is a pleasure to welcome him 
as a contributor to this series. 


David Pines 



PREFACE 


This book is a written version of the lecture course 
I have given over a number of years to first-year graduate 
students at the University of Illinois on the subject of 
mathematical methods for physics. The course (and the book) 
are intended to provide the students with the basic mathe¬ 
matical background which they will need to perform typical 
calculations in classical and quantum physics. The level is 
intermediate; the usual undergraduate course in advanced 
calculus should be an adequate prerequisite and would even 
provide some overlap (e.g. Fourier series) with the subjects 
covered in the present work. The treatment is limited to 
certain standard topics in classical analysis; no attempt is 
made to cover the method of characteristics, Hilbert space, 
or group theoretical methods. What I have tried to do is 
provide a short readable textbook from which the average 
physics or engineering student can learn the most important 
mathematical tools he will need in his professional career. 
The physics which lies behind the mathematical problems is 
all explained in some detail, so that the treatment should 
be intelligible also to pure mathematicians and might even 
provide an introduction to some of the advanced texts by 
mathematicians on the subject. 

The mathematical methods sequence, as presently 
constituted at the University of Illinois, consists of three 
half ^semester courses, i.e.,all together 3/4 of an academic 
year. Together with a fourth half-semester course in 
classical mechanics, these courses provide a basis for more 
advanced work in electrodynamics, quantum mechanics, 
particle, nuclear, and solid state physics. The subject 
matter of the three parts, intentionally kept independent, 
and the corresponding chapters in the present book, are: 

I. Homogeneous Boundary Value Problems and 
Special Functions. 1-6 


xv 
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xv i 


II. Inhomogeneous Problems, Green 1 s Functions, and 
Integral Equations. 7-9 

III. Complex Variable Techniques. 10-14 

The low level of mathematical rigor which is custo¬ 
marily found in the writing of physicists will also be found 
in the present work. I feel that students seriously con¬ 
cerned with rigor should consult the mathematicians. I have, 
however, attempted to give, at appropriate spots, page 
references to works in which rigorous mathematical proofs 
and accurately worded theorems can be found. 

Finally, I want to record here my great debt to 
Mary Ostendorf for the excellent job she did in typing the 
manuscript. 


H. W. WYLD 
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PART I 


HOMOGENEOUS BOUNDARY 
VALUE PROBLEMS 
AND 

SPECIAL FUNCTIONS 




CHAPTER 1 THE PARTIAL DIFFERENTIAL EQUATIONS OF 


MATHEMATICAL PHYSICS 


1. 1 INTRODUCTION 

A large fraction of classical, and also quantum, 
physics uses a common type of mathematics. Certain partial 
differential equations occur over and over again in dif¬ 
ferent fields. The methods of solution of these equations 
and the special functions which arise are thus generally 
useful tools which should be known to all physicists. The 
purpose of this book is to provide a guide to the study of 
this part of mathematics and to show how it is used in 
various physical applications. 

Similar courses are offered in mathematics depart¬ 
ments. There, one is usually concerned with the rigorous 
logical development of the mathematics. The student inter¬ 
ested in such matters should and must go to the mathema¬ 
ticians. Here we will minimize the rigor and concentrate 
on a rough and ready approach to applications. 

We start by reviewing the physical basis of the 
various equations we wish to solve. 

H. W. Wyld, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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1. 2 HEAT CONDUCTION AND DIFFUSION 

The flow of heat through a medium can be described 
by a flux vector F, whose direction gives the direction of 
the heat flow and whose magnitude gives the magnitude of 
the heat flow in cal./cm.^/sec. This vector F is related 
to the gradient of the temperature T by the thermal con¬ 
ductivity K of the medium: 

F = - K grad T . (1. 2. 1) 

We also introduce the specific heat c and the density p of 
the medium. 

In terms of these quantities we can write two 
different but equal expressions for the rate of change 



Here the last step follows from the mathematical identity 
known as Gauss* theorem, 

r diC- F= r d 3 xdivf, (1.2.3) 

S V 

valid for any vector field F. Since the volume V is arbi¬ 
trary, we obtain from (1.2.2) the relation 
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c = div(K grad T) , (1. 2. 4) 

at 

or, if K is a constant, 

v 2 T = - U: (1.2.5) 

K Bt 

with h = K/cp and 

2 2 2 

= div grad = . ( 1 . 2 . 6 ) 

dx Z dy Z Bz Z 

A similar equation is obtained for processes in¬ 
volving the diffusion of particles. If n(r,t) is the con- 
centration of particles (number/cm. ), the flux of particles 
is given by 

F = -C grad n, 

where C is a constant. We can then write two expressions 
for the rate of change with time of the number N of 
particles in a volume V: 

77 = f d 3 x ^=-f d^-f‘=cf d 3 x div (grad n). (1.2.7) 

dt V bt J s J V 

Since the volume V is arbitrary, we obtain 

V 2 „.if. (1.2.8) 

The heat conduction equation (1.2.5), or diffusion 
equation ( 1 . 2 . 8 ), is a standard equation of mathematical 
physics. In the important special case of no time de¬ 
pendence, T or n independent of time, we obtain Laplace's 
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equation: 

V 2 T = 0 or v 2 n = 0. (1. 2. 9) 

For the less restrictive special case of exponential time 

“wk^t «—» ._^ -Gk^t —> 

dependence, T(r,t) =e ^ u(r) or n(r,t) =e u(r), we 

obtain the Helmholtz equation: 

(v 2 + k 2 )u(r) = 0 . ( 1 . 2 . 10 ) 


1. 3 QUANTUM MECHANICS 


The potential V in Schrodinger*s equation. 


- ^ = 1 h|^ , 


(1.3.1) 


makes each quantum mechanics problem a special case. If 
V = 0, we f ind 



-i 


2m ^J/ 
h dt 9 


(1.3. 2) 


which is the diffusion equation with an imaginary diffusion 
constant. If we assume an exponential time dependence. 


1/(r, t) 


= u(?) 




, 2 . 2 
h k 

2m 


(1.3.3) 


we again find the Helmholtz 


equation (1.2.10). 
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1.4 WAVES ON STRINGS AND MEMBRANES 

Consider a string of mass per unit length o, under 
tension T, stretched along the x-axis and then subjected to 
a transverse displacement u(x, t). 



Newton 1 s second law, applied to the transverse motion of a 
small length dx of the string, assumes the form 

2 

(Tsin 9) x+dx - (Tsin 9) x = crdx-2-| . (1.4.1) 

bt 

For a sufficiently small displacement u, such that 
Bu/bx«l, we can approximate sin Q 2 * tan 0=du/dx and the 
transverse component of the force in the string is given by 

T sin 0=*T du/dx . (1.4. 2) 


Newton 1 s second law (1.4.1) then simplifies to 


3x ; 



(1.4.3) 


If there is no longitudinal motion of the string, 

T=constant and we obtain the one-dimensional wave equation, 
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where 


Vt/c 


(1.4.5) 


is the velocity of waves on the string. We note again that 
the linear equation (1.4.4) depends on the small amplitude 
assumption du/dx«l; without this assumption we would 
obtain a very complicated nonlinear equation. 

For a stretched membrane (a drumhead) we can carry 
through a similar argument in two dimensions. The mass 
density a is now a mass/unit area, the tension T is a 
force/unit length, and the transverse displacement u(x,y, t,) 
depends on two spatial variables x and y, as well as the 
time t. Newton’s 
second law, applied 
to a small square 
surface element of 
area dx dy, gives 



ITt as] 

■ T as] 1 

LL dxj ,, 

x+dx, y 

.. dx J J 

x.y 


+ rr T as] 

r T an] 1 

'1 SyJ x,y+dy 

L 3yJ x,y J 


= T dx dy = a dx dy, 

L dx 3y J dt: 


(1.4.6) 


or 


r\ .2 2 , 2 

v 2 u = + 2-s = J_ m 

-2^.2 2 2 
dx dy c dt 


(1.4.7) 
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with 


(1.4. 8) 

The equation (1.4.7) is the wave equation in two dimen¬ 
sions, and (1.4.8) gives the velocity of waves on the 
membrane. 



1.5 HYDRODYNAMICS AND AERODYNAMICS 


We consider a small volume element dV of fluid and 
apply Newton* s second law, F = m a, to its motion. If p is 
the density of fluid and v its velocity, we have 

ma = pdV ^ . (1. 5. 1) 

In general p=p(r, t) and v = v(r, t) are functions of 
position and time. As the volume element dV moves, r 
changes and we find 


dv_dv.dxdv.dydv. dz dv 
dt dt dt dx dt dy dt dz 

= + (v • grad) v 

= S+(V-V)v. (1.5.2) 


On the other side of Newton* s second law we have 
the forces. One force is the pressure. We shall assume 
here that the pressure p is a scalar and thus eliminate 
from consideration many of the phenomena in an elastic 
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solid. With a scalar pressure p(r,t) the force on dV is 

[p(x,y,z,t) - p(x+ dx,y,z,t)] dy dz i 

+ [P (x, y> z , t) - P (x, y + dy, z, t) ] dx dz j 
+ [p (x, y, z, t) - p (x, y, z + dz, t) ] dx dy k 
= - grad p dV. (1.5.3) 


Thus Newton 1 s second law assumes the form 
_ —► —, 

p| g + (v-v) vj= - grad p. (1.5.4) 

For a viscous fluid there are additional terms 
2 _^ ^ 

V + (^,+ X) grad div v (1.5.5) 


on the right side of Eq. (1.5.4). We shall have no further 
use in this course for such terms, which are of course 
discussed in detail in textbooks and treatises on fluid 
mechanics. 

In addition to Newton 1 s second law (1.5.4) we need 
the continuity equation which is the mathematical state¬ 
ment of the conservation of matter. The flux vector for 
matter flow is pv. Using this flux vector in a derivation 
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or, since the volume V is arbitrary, 

: + div p v = 0. (1.5.7) 

at 

In the next two sections we apply our general result^ 
Newton's second law in the form (1.5.4) and the continuity 
equation (1.5.7), to two relatively simple common cases. 

1.6 ACOUSTIC WAVES IN A COMPRESSIBLE FLUID 

We consider small oscillations on a uniform back¬ 
ground p Q = const., p Q = const. Thus p = P Q + p ! with p 1 « p Q , 
and p = P 0 + p’ with p* «p o . The amplitude of the oscil¬ 
lations is assumed to be sufficiently small that v is very 
small compared to the sound velocity (to be derived shortly). 
With these assumptions we can linearize (1.5.4) and (1.5.7), 
i.e. drop nonlinear terms like (v • V)v and p' v which are 
quadratic in the quantities assumed small. Newton's 
second law (1.5.4) becomes 

—4 

P Q = - gradp', (1.6.1) 

and the continuity equation (1.5.7) becomes 

+ P Q divv = 0. (1. 6. 2) 

If the pressure is assumed to be a function only of 
the density, with other variables held constant, the 
pressure and density fluctuations will be related: 
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P ' = = Ip Ap = Ip P ' = ° 2p '' 6 * 3 > 

Which other variable should be held constant? Newton 
assumed isothermal fluctuations so that 


p V = nRT = const. 
1 

P a v “ p 

c 2 = -dp = £ 

Sp P ’ 


(1.6.4) 


Laplace observed that the sound oscillations are so rapid 
that no heat can be transferred so that one should use the 
adiabatic derivative: 


PV Y = const. 


p « 


cc p’ 


V 


2 £ 
c =z~ = y 

dp p 


(1.6.5) 


As we see below c turns out to be the sound velocity and 

2 

the correct result (1.6.5) for c is larger by a factor 
y = the specific heat ratio c p/ c y than the isothermal 
formula (1.6.4). 

Taking the divergence of (1.6.1) and eliminating v 
and p 1 by (1.6.2) and (1.6.3), we obtain 


V p’ = 


= _L 


dt‘ 


( 1 . 6 . 6 ) 


or, if we use (1.6.3) again, 
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2 , i a 

V p* = —z — 




(1.6.7) 


The pressure and density fluctuations thus satisfy the 
three dimensional wave equation with c the velocity of the 
waves. Again we find that a linear equation is obtained 
only for small amplitude phenomena. The nonlinear terms 
lead to various interesting phenomena such as shock waves, 
which we cannot cover here. 


1. 7 IRROTATIONAL FLOW IN AN INCOMPRESSIBLE FLUID 

For an incompressible fluid p=const, and the 
continuity equation (1.5.7) reduces to 

div v = 0. (1. 7. 1) 

If we can further assume irrotational flow, i. e. 

curl v = 0, (1.7.2) 

then we obtain a simple equation describing the flow. For 
(1.7.2) implies, according to a general and well known 
result of vector analysis, that v is the gradient of some 
scalar function: 

v = - grad cp - (1. 7. 3) 

Substituting (1.7.3) in (1.7.1) we obtain Laplace’s equation 
for the so-called velocity potential cp: 
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V 2 cp = 0. (1.7.4) 

It takes a bit more work to demonstrate the con¬ 
sistency of (1.7.2) for a time dependent problem. We wish 
to show that if (1.7.2) is satisfied in some region of 
space at some initial time, then it will be satisfied at 
later times. To establish this we manipulate Newton 1 s 
second law (1.5.4), which for the case p=const, can be 
written in the form 


•^ + (v • V)v = - grad -jj . (1. 7. 5) 

The nonlinear term can be transformed using the identity 

-2 

(v • V)v = grad y - v X curlv, (1.7.6) 

which is easily checked by writing it out in components. 

Thus we find 

—4 —»2 

- v Xcurl v = - grad j^- + . (1. 7. 7) 

Take the curl of this equation and set 

to = curl v. (1. 7. 8) 

Since curl grad = 0, we find 

TT - curl (vxco) = 0. (1.7.9) 


We now use the vector identity 
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curl (v x<u) = (u) • V)v - (v • V)u) 
+ v div uj - uj div v. 


(1.7.10) 


which simplifies considerably for 
divv = 0 and div oo = div curl v = 0. 
can be rewritten as 


the case in hand since 
Thus we find that (1.7.9) 


+ (v • v)5> = (w* V)v 


(1.7.11) 


or 


= (u>- v)v, (1.7.12) 

where is the total time derivative following the matter 
(see Eq. (1. 5. 2)). 

From Eq. (1.7.12) follows a theorem: If o) = 0 for 
an element of the fluid at some instant of time. 03 = 0 for 
that fluid element always . Similarly, if u)=0 in a 
connected region of fluid at some instant of time, co 
remains 0 throughout that region as it moves along and 
distorts. 


t 

This establishes the possibility of irrotational flow with 
oo = curl v = 0. If the flow is set up in such a way that 
it is irrotational to start with, it will remain irrota¬ 
tional. 
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For this irrotational flow the equation of motion 
(1.7.7) reduces to 


f - -grad [> + *] 


(1.7. 13) 


For steady state flow, = 0 and we derive 
1 - 2 ^ 

2 pv + p = const. 


(1.7.14) 


With a gravitational potential there would be another term 
in the force: 

F/unit volume = - grad U, U = p gz , 
and we would obtain in place of (1.7.14) 


1 -2 

2 pv + p 4- p gz = const. 


(1.7.15) 


This is the famous result known as Bernoulli* s equation. 


1.8 ELECTRODYNAMICS 

We shall assume the reader is familiar with Maxwell*s 
equations. These describe the electric and magnetic fields 

■ ) a-4 " ) 

E and B, defined by the force F on a point charge e moving 
with velocity v: 


f = e(E XB). 


( 1 . 8 . 1 ) 
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The sources of the electromagnetic fields are the charge 
and current densities p and j. In terms of these quanti¬ 
ties Maxwell 1 s equations assume the form 


div E = 4 7T p. 


(1.8. 2) 

curl B = ^ T + 

1 BE 
c Bt > 

(1. 8.3) 

, =f 1 BB 

curl E = - — — 
c at 

j 

(1.8.4) 

div B = 0 . 


(1.8.5) 


Here c is a constant which depends on our choice of Gaussian 
units; as we see below it turns out to be the velocity of 
light. 

Maxwell 1 s equations have a complicated form with two 

j. } 

vector fields E and B coupled to each other. Fortunately 
they are linear equations. By making linear transformations 
we can usually reduce Maxwell's equations to the wave 
equation or Laplace's equation. We consider various cases 
of increasing complexity: 

a) Time Independent Phenomena . In this case the 
electric and magnetic fields decouple from each other. For 
the electric field we find 


div E = 4 7T p , 
curl E = 0. 


( 1 . 8 . 6 ) 

(1.8.7) 


As discussed in connection with (1.7.2), (1.7.3) a standard 
theorem of vector analysis tells us that (1.8.7) implies 
that E is the gradient of a scalar field: 


E = - grad cp. 


( 1 . 8 . 8 ) 
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Substituting in (1.8.6) we obtain Poisson 1 s equation for 
the electrostatic potential cp: 

V 2 cp = - 4 ir p . (1.8.9) 

This is of course Laplace*s equation with an added inhomo¬ 
geneous term. 

Similarly for the time independent magnetic field 

we find 


div B = 0, (1.8. 10) 

curl B = -j— j*. (1. 8. 11) 

Another standard theorem of vector analysis teaches us that 
(1.8.10) implies that B is the curl of a vector field 
called the vector potential: 

B = curl £. (1. 8. 12) 

Substituting (1.8.12) in (1.8.11) and using the vector 
identity 

r\ 

curl curl A* - grad div J-V J , (1.8.13) 


we find 


V 2 £ - grad div £ = - j*. (1.8. 14) 

This would have the form of a vector Poisson equation if 
we could get rid of the term grad div A. 
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To accomplish this we make a so-called gauge trans¬ 
formation. We introduce a new vector potential X' related 
to the original vector potential X by 

A* = A + grad A. (1.8.15) 

Here A is so far an arbitrary scalar field. We see that A 1 
deserves the name vector potential since, using curl 
grad =0, we find 

B = curl A 1 = curl A*. (1.8.16) 

There is thus an arbitrariness in the definition of £ 
corresponding to the scalar field A. We now choose A to 
eliminate the unwanted term in (1.8.14). Because of (1.8.16) 
the equation (1.8.14) holds for as well as "K. Choose A 
so that 


div X' = 0. (1.8.17) 

To determine a!* we then have the vector Poisson equation 

v 2 &' = - ^ y. (i. 8. is) 

All that remains is to check that it is possible to 
satisfy (1.8.17). Substituting (1.8.15) we find 

r\ 

V A = - div A (1.8. 19) 

as the equation for the appropriate gauge function A to 
achieve the desired goal. This equation has the form of 
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Poisson* s equation for a scalar function. Such an equation 
does in fact have a solution. We spend a large part of the 
present book showing how to solve such an equation. Thus 
it is possible to find the gauge function leading to the 
appropriate simplified equations (1.8.16) - (1.8.18). 

b) Vacuum Equations . Maxwell*s equations (1.8.2)- 
(1.8.5) simplify considerably when p = 0, j =0. Taking the 
curl of (1.8.4), using the identity (1.8.13) and (1.8.2), 
(1.8.3) with p = 0, |=0 we find 


2* 1 d E . 

V E - —r —- = 0. 

c bt 


( 1 . 8 . 20 ) 


A similar argument leads to 


A .iil.o. 

C bt 


( 1 . 8 . 21 ) 


Thus E and B separately satisfy the wave equation for this 
case. We must still go back to Maxwell* s equations, how- 
ever, to find the relation between E and B. 

c) General Case . We can use the same theorems from 
vector analysis and the same type of gauge transformation 
discussed under a) above. The Maxwell equation (1.8.5) 
implies that B can be written as the curl of a vector 
potential A: 


B = curl A. 


( 1 . 8 . 22 ) 


Substituting this in (1.8.4) we obtain 


= 0 , 


"■ ri + 1S 


(1.8. 23) 
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which implies the existence of a scalar potential cp such 
that 


E = - grad cp - £ •§£ . (1. 8. 24) 

Substituting (1.8.22) and (1.8.24) in the two Maxwell 
equations with sources, (1.8.2), (1.8.3), and using the 
vector identity (1.8.13), we derive the equations for cp 
and £ 

vV^ -S-S--4TTP-I ^(divA+-i-g) , (1.8.25) 

c dt 

o ( 

V 2 A ^-4= - T+grad (divA+“^®) . (1.8.26) 

c dt C C dt 

We can eliminate the last term from each of these 
equations by making a suitable gauge transformation. In¬ 
troducing new scalar and vector potentials 

cp' - q>-£ It * ( 1 . 8 . 27 ) 

A' = X+ grad A, (1.8.28) 


with A a so far arbitrary scalar field, we see that (1.8.22) 
and (1.8.24) remain invariant, i. e. , 

B = curl £', (1.8. 29) 

E = - grad cp 1 - ± ^ . (1.8.30) 

Consequently, (1. 8. 25) and (1. 8. 26) hold with cp and 2 
replaced by cp 1 and A*'. We now choose A so that 
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div A' + — = 0 

c Bt 


(1.8.31) 


and obtain the simplified equations for cp', A': 


2 i i a cp' . 

7 cp' - —y = -4fTp , 

c at 

v 2 £. . J_ = . t 

V A 2 2 c J ’ 

c 


(1.8.32) 

(1.8.33) 


In (1. 8.29) - (1.8.33) we have succeeded in writing Maxwell 1 s 
equations in a largely decoupled form. 

Substituting (1.8.27) and (1.8.28) in (1.8.31) we 
obtain the equation for that A which achieves the desirable 
result (1.8.31): 


V 2,X 

2 ^2 
c dt 


(div A + 


i _acp, 

c at' 


(1.8.34) 


This inhomogeneous wave equation is of a type which does 
have a solution. That is all we need to know; we do not 
need to actually solve the equation in practice. It is 
perhaps worth noting that (1.8.29) - (1.8.33) are invariant 
with respect to a further gauge transformation of the form 




X* —A*' = P + grad A' , 


(1.8.35) 

(1.8.36) 


where A* satisfies the wave equation 


c at 


(1.8.37) 
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since such a transformation leaves invariant 

divA" +-%L = divA' + - -^7 = 0. (1.8.38) 

c ot c ot 

1.9 SUMMARY 

The preceeding sections are of course no substitute 
for complete treatments of the various subjects covered. 

Our purpose has been merely to demonstrate that the same 
partial differential equations come up over and over again 
in different fields. We have seen that when suitable 
approximations and simplifications are made, we come back 
to three types of equations: 

v 2 -^ = -4 ttp , (1. 9.1) 

' K ft = ‘ 47rp ' 9 - 2) 

2 

= “ 4t7 > (1.9.3) 

c at 

For many applications we are interested in the homogeneous 
equations with p=0 on the right. 

If all subjects lead to the same equations, what 
are the differences between different subjects? The answer 
is that the boundary conditions are different. Laplace 1 s 
equation in electrostatics uses different boundary 
conditions from Laplace 1 s equation for the flow of an in¬ 
compressible fluid, etc. We have so far completely 
neglected this question of boundary conditions and initial 
conditions. Eventually we must return to it since we need 
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both the partial differential equation, (1.9.1) or (1.9.2) 
or (1.9.3), and the appropriate set of initial values and/or 
boundary values to determine a unique solution. 
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PROBLEMS 


1.1 a) Consider the wave equation in one dimension: 



2 

c 



0 . 


Change to variables 


5 = x - ct, T| = x + ct, 

and show that the wave equation assumes the form 
*2 

Jls. = o 

and that this has the general solution 
u = f (?) + g (r|) = f (x - ct) + g (x + ct) , 
where f and g are arbitrary functions. 


b) Interpret the two contributions f(x-ct) and 
g(x+ct) and justify the statement often made in the 
text that c is the velocity of the waves. Draw 
some pictures to explain your considerations. 

c) Suppose that u and du/dt are given at t=0: 
u(x,0) = U(x), 


- V (x). 

bt t-0 

Show that these conditions determine the functions 
f and g: 


f(x) =-| U(x) J dx' V(x'), 
a 

g(x) =-| U(x) +-^ J dx' V(x'), 


so that 
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u (x, t) = f (§) + g (T|) = f (x-ct) + g (x+ct) 


1 

1 

x-ct 

_ 1 
~ 2 

U(x- ct ) -•£ 

J dx' V(x') 


a 

i 

I 

x+ct 

+ 2 

U (x+ct) +-^ 

J dx f V(x'). 


a 


Note that the value of a is immaterial. Draw some 
pictures to illustrate the special cases V = 0 and 
U = 0. 

d) Consider now waves in a finite region, e. g. waves 
on a string of finite length 0<x<j£. Show that the 
initial conditions of section c) for the region 
0<x< A determine f(£), 0<?<^ and g (r)), ®<r\<l, 
and hence u(x, t) inside the triangle ABC in the 
(x,ct) plane. 

ct 
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Show how boundary conditions at the ends of the 
string, 

u(0, t) = u(i,,t) = 0, 

lead to recursion relations 


f(?) +g(-5) = 0, 
f (24-r)) +g(r]) =0, 

which, in addition to the initial conditions, 
determine the solution in the whole region 
°<x<i,, t>0. 


1. 2 A cowboy twirls a lariat so that the rope forms a 

perfect circle in a horizontal plane, rotating with 
angular frequency oj. The cowboy pushes the rope in 
with his boot, creating a wave pulse in the circle. 



Assume that immediately after the pulse is created 
the radial velocity of the rope (i.e. transverse to 
the rope) in the region of the pulse vanishes. 
Describe the propagation of the pulse, including 
sketches of it at appropriately chosen times 


i) in a frame rotating with the lariat, 
ii) in a fixed frame. 


1.3 


Using the method of problem la show that the general 
solution of Laplace 1 s equation in two dimensions, 


.2 

b u d u 

2 2 
bx by 


= 0, 
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is 

u(x,y) = f (x + iy) + g(x - iy), i = */-l , 

with f and g arbitrary functions, and that if u is 
to be a real function this reduces to 

u(x,y) = 2 Re f (x + iy), 

where Re signifies "real part of". 

According to the Fourier integral theorem an arbi¬ 
trary function u(x) can be expanded in the form 

® _ ikx 

u(x) = J dk u(k) e , 

-00 

where ta(k) is given by 

u”(k) = J dx u(x) e lkx . 

-00 

Use this result to find the general solution of the 
one dimensional heat conduction equation 

d^u 1 du 
dx 2 " * at ' 

Proceed via the following steps: 

a) Expand 

00 

u(x,t) = J* dk u(k,t)e ikx . 

-00 

Find and solve the ordinary differential equation 
in t for u (k,t). 

b) Using your solution for TT(k, t) and the inverse 
Fourier transform at t = 0, 
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c) Suppose u(x',0) = 6(x f -a). 
Find u(x, t) at later times 
t>0. Draw some pictures 
of u at successively later 
times. 


u(x' ,0). 




CHAPTER 2 SEPARATION OF VARIABLES AND ORDINARY 


DIFFERENTIAL EQUATIONS 


2.1 INTRODUCTION 

Various methods are available for the solution of 
partial differential equations. We consider in this 
chapter the elementary and generally useful method known 
as separation of variables. The separation procedure 
reduces the partial differential equation to several 
ordinary differential equations. In some cases these can 
be solved trivially. In several important cases we must 
resort to solution by expansion in series, so we discuss 
in a rather general way the series expansion method for 
second order ordinary differential equations. Finally we 
begin our discussion of the eigenvalue problem by a study 
of Sturm-Liouville theory for second order ordinary 
differential equations. 


H. W. Wyld, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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2. 2 SEPARATION OF VARIABLES 


The three partial differential equations under 
discussion are the homogeneous versions of (1.9.1) - (1.9.3): 


V f = 0, 

- I f . o, 

v 2 ^ - -4 -S-f - o. 
c at 


( 2 . 2 . 1 ) 
( 2 . 2 . 2 ) 

(2. 2.3) 


First we can separate off the time dependence. We assume 
a solution of the form 


= u(r) T(t). 


(2. 2.4) 


Substituting this in the diffusion equation (2.2.2) and 
dividing by ^=uT leads to 



1 1 dT(t) 

H T (t) bt ' 


(2. 2. 5) 


where k must be a constant since the first equality implies 
it is independent of t and the second equality implies it 
is independent of r. The second part of (2.2.5) is a 
simple differential equation for T(t) with solution 

2 

T = Ae" k Kt , (2. 2.6) 


and the first part of (2.2.5) is Helmholtz' equation for 
u(r): 


v 2 u(r) + k 2 u(r) = 0. 


(2. 2.7) 





30 


MATHEMATICAL METHODS FOR PHYSICS 


We can separate the time dependence in a similar way 
for the wave equation (2.2.3). Assuming a solution of the 
form (2.2.4), substituting in (2.2.3), and dividing by 
i^=uT, we find 


1 2 ,2 1 1 d 2 T 

— V u = -k =—^ — 

c St 


( 2 . 2 . 8 ) 


2 _ > 

with k a constant independent of r and t. The second part 
of (2.2.8) is again a simple differential equation for the 
time dependence, with solution 


T 


. ikct . ^ -ikct 
Ae + Be , 


(2. 2. 9) 


and for the space dependence we again obtain the Helmholtz 
equation (2.2.7). 

We note that Laplace* s equation (2.2.1), which has 

no time dependence to begin with, is the special case of 

2 

the Helmholtz equation (2.2.7) with k =0. 

To proceed further we must work in one or the other 
of the special coordinate systems. 


2.3 RECTANGULAR COORDINATES (x,y,z) 


In rectangular coordinates Helmholtz* equation 
has the form 


,2 

d u d u 

2 2 
dx z by 


, S 2 u . .2 
+-x + k u • 


0 . 


(2.3.1) 


We assume a separated solution of the form 
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u = X(x) Y(y) Z(z), 


(2.3.2) 


substitute in (2.3.1), divide by u = XYZ, and find 


1 d 2 X 1 d 2 Y , 1 d 2 Z , . 2 n 
X~l + Y—2 + Z~2 + k = °* 

ax dy dz 


(2.3.3) 


Since X(x) is a function only of x, it is clear that 
2 2 

(l/X)d X/dx is independent of y and z. On the other hand, 

2 2 

from (2.3.3) we see that (l/x)d x/dx is equal to a quantity 

.2 1 dfy 1 d 2 z 

"Y . 2 " Z , 2 > 
dy dz 

which is a function only of y and z. From these two 
statements we conclude that 


i & = _ k 2 

X . 2 1 

dx 


(2.3.4) 


is a constant. Similarly we find 


1 d 2 Y _ ,2 

Y dy 2 " 2 ' 


(2.3.5) 


i ii = _ k 2 

Z dz 2 3 ' 


(2.3.6) 


Substituting (2.3.4)- (2.3.6) in (2.3.3) leads to the 
relation 


2 2 2 2 
k x + = k . 


(2.3.7) 


The differential equations (2.3.4) - (2.3.6) are easy 
to solve, and we find 
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X = A^exp (ik^x) + B-^exp (-ik^x), 

Y = A 2 exp(ik 2 y)+B 2 exp(-ik 2 y), 

Z = A^expCik^z) + B^exp(-ik^z). (2.3.8) 

Multiplying these together we obtain solutions for u(r) of 
the form 

. j-> —* 

u(r) = Ae (2.3. 9) 

with k a three dimensional vector satisfying (2.3.7), 

ic 2 = k 2 . (2. 3. 10) 

Note that all the various possibilities exp (+ik^x+ik 2 y+ik^z) 
are obtained from (2.3.9) by reversing the signs of.the 
components of k^ an operation which does not affect (2. 3. 10)t 


2.4 CYLINDRICAL COORDINATES (r,0,z) 


In cylindrical coordinates 
Helmholtz 1 equation assumes the form 




r 




*2 9 

+ i-a + k 2 u 

Bz 2 



We assume a separated solution of the form 


u = R(r) ®(0)Z(z ), 


( 2 . 4 . 2 ) 
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substitute in (2.4.1), divide by u = R©Z, and find 

lTd 2 R . 1 SRl. 1 1 d 2 © . 1 d 2 Z , , 2 . ,, , 

The form of this equation implies 
2 


1 d 2 © 


0 de 2 


(2.4.4) 


1 d 2 Z 2.2 
7 —5 = a -k , 
Z dz Z 


(2.4.5) 


Ifd 2 R x 1 dRl m 2 ± 2 n 

i7i + 7d?J-- +a -°- 

dr r 


(2.4.6) 


where a and m are constants. 

The differential equations (2.4.4) and (2.4.15) are 
simple to solve and we find 

©=Ae^ m ^ + Be ^^A 1 cos mB + B* sin m0 , (2.4.7) 

Z = Cexpj^/i^-k 2 zJ+Dexp^-^^-k^zj = C ! cosh Jx^- k^zj 


D'sinh 


(2.4.8) 


For many (but not all) physical applications m must be an 
integer in order to insure that © is a single valued 
function, i. e. 0(0+ 2ir) = ©(0). 

In the equation (2.4.6) for R(r), if a/0, let 
r = p/a to obtain 

4+^+ (1--4r = 0 . 

dp 2 p d p p 2 


(2.4.9) 
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This famous differential equation is called Bessel's 
equation. It has two linearly independent solutions, 
which we will study in some detail later: 


R = G J (p)+HN (p) = G J (ar) + HN (ar). (2.4.10) 

m r m r m m 


The special case a = 0 deserves special mention. 
This arises in the case of z independent solutions of 
Laplace* s equation, for which a = k = 0. The equation for 
R(r) reduces to 


d 2 R 1 dR 

,2 r dr 

dr 


m 


R = 0. 


(2.4.11) 


One can easily find the elementary solutions of this 
equation: 


R (r) =< 


_ m . TT -m 
Gr + Hr 


G + H In r , 


m^O , 
m = 0 . 


(2.4. 12) 



+ k 2 u = 0. 


(2.5.1) 
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We assume a separated solution of the form 


u = R(r) Y(0,cp), 


( 2 . 5 . 2 ) 


substitute in (2.5.1), divide by u = RY, and find 

2 2 

i -t r— -s i £-■ 


lid' 

R r , 2 
dr 


(t*) eg) + ^i- i-TI 

2 Y sin 9LB0 d0 sin 0 ^ 2J 

r dcp 


+ k = 0. 


(2.5.3) 


The form of this equation implies 


and 


1 1 TJL, ■ . l aVi _ , 

Y sin 0 L96 (sln0 de ) sine 2j " X 

dcp 


R r ~2< rR ) + ■ ~^2 = 0j 

dr r 


(2.5.4) 


(2.5.5) 


where X is a constant. 

Consider first the radial equation (2.5.5). If 

2 

k ^ 0, let r= p/k and rewrite the equation in the form 


dp ■ H p. 


(2.5.6) 


This is almost Bessel's equation (2.4.9). To reduce it to 
the form of Bessel's equation, make the substitution 


R = 4s. 
VP 


(2.5.7) 


After a short calculation one finds Bessel 1 s equation for S: 
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d 2 S 1 dS 
dp 2 P d P 


+ ( 1 - 



S = 0. 


(2.5.8) 


Comparing with (2.4.9), (2.4.10) we see that this has the 
solution 


S=AJ p (p) +BN p (p) , p = , (2.5.9) 

or equivalently 

R - A i? j fi (kr>+B ^fev tr) - <2 - 5 - 10) 

. 2 

For Laplace 1 s equation, with k =0, the radial 
equation (2.5.5) is much simpler: 

1 d 2 Y 

7 o (rR) --^R = 0. (2.5.11) 

dr r 

Assuming a solution of the form 

R = r“, (2. 5. 12) 


one finds a quadratic equation for OC with roots 

a = j (-1+ a /L + 4A. ) . (2.5.13) 

The general solution of (2.5.11) is then 

QL O' 

R = Ar +Br , (2.5. 14) 

where afpC^ are the two roots (2.5.13). 

Returning now to the angular equation (2.5.4), we 


separate again. 
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Y = P(6) $(cp). 


(2.5.15) 


and obtain 

I I 


d , . _ dP. 1 1 d$ x , . 

p »ine de ( 6 de ) sl „2 9 5 ^ ’ 


which implies 

, 2 , 


and 


1 d $ 2 

$77 = _m 

dcp 


(2.5. 16) 


(2.5.17) 


1 d , . dP, , , m „ _ ,,, 

sin e de ^ Sln e d0^ + ^ ' . 2 " °* (2, 5 * 18 ^ 

sm 0 

The cp equation (2.5.17) has a simple solution 


« = Ae imc P+Be‘ imc P . 


(2. 5. 19) 


The 0 equation (2.5.18) is Legendre 1 s equation. To 
eliminate the trigonometric functions let x = cos 0. 
Equation (2.5.18) then assumes the form 




1-X 


(2.5. 20) 


or 




which has two linearly independent solutions to be studied 
in detail later: 

P = Cp”(x) + DQ”(x) , 


je(x + i) = x . 


(2.5. 22) 
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We have considered here only the three most common 
coordinate systems. Evidently the method can be employed 
in the case of the more exotic coordinate systems such as 
elliptic coordinates. 


2.6 SERIES SOLUTIONS OF ORDINARY DIFFERENTIAL 

EQUATIONS: PRELIMINARIES 

We have seen that the separation of variables pro¬ 
cedure reduces a partial differential equation to ordinary 
differential equations. In some cases the ordinary 
differential equations were trivial. In sections 2.2 - 2.5 
we came across two nontrivial cases: Bessel's equation 
(2.4.9) and Legendre's equation (2.5.21). For these and 
other cases we need a more general method of obtaining a 
solution. 

We shall study the general class of second order 
linear differential equations of the form 

^~2 + P ^ dx + q ^ U = ° ' (2. 6.1) 

dx 

We restrict ourselves to the case of a real variable x and 
assume that in some region in x of interest p(x) and q(x) 
are analytic functions except for isolated poles. When we 
say that a function f (x) is analytic at a point x q we shall 
mean that it can be expanded in a Taylor series 
00 

f(x) = Z rr f^(x)(x-x ) n 
n=0 


( 2 . 6 . 2 ) 
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which converges in some neighborhood of the point x q . A 
function is analytic in a region if it is analytic at every 
point in the region. Thus we assume that p(x) and q(x) can 
be expanded in convergent Taylor series, except that they 
cannot be expanded about certain special points, say x =a, 
near which they behave like 

—first order pole 
x~ a 

or 

- —r second order pole , 

(x-a) Z 

etc. 

If p(x) and q(x) are analytic near x q , this is 
called an ordinary point of the differential equation. If 
p(x) and/or q(x) have poles at x q but 

2 

(x-x o ) p(x) and (x-x Q ) q(x) 

are analytic near X Q > X 0 is called a regular singular point 
of the differential equation. If the singularities are 
worse than this, we have an irregular singular point . As 
we shall see shortly, near ordinary points and regular 
singular points (except when the roots of the indicial 
equation differ by an integer) we can find two linearly 


We note that the developments which follow can be carried 
through in the complex plane with p and q being analytic 
functions except for poles, the words now having their 
usual significance in complex variable theory. 
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independent power series solutions of the form 


(x - x o ) 


a 


£ 

n=0 


a (x - x ) 
n o' 


Before actually finding these solutions we dispose 
of a few preliminaries. A quantity which is sometimes 
useful is the Wronskian. Suppose we have two solutions 
u^(x) and u^(x) of the differential equation (2.6.1). Then 
the Wronskian is defined by 


du (x) 

W(x) = Ul (x) 


u 2 (x) 


d U]L (x) 
dx 


u 1 (x) 

u 2 ( x ) 

U^(x) 

w 

- CM 

3 


(2.6.3) 


Two solutions of the differential equation are 
linearly dependent if and only if their Wronskian vanishes 
identically. For if they are linearly dependent there 
exist two constants A and B, not both zero, such that 


Au^(x) + Bu^(x) = 0. 
Differentiating, we find 


(2.6.4) 


Au^(x) + Bu^(x) = 0. 


(2.6.5) 


The condition that (2.6.4) and (2.6.5) have a solution for 
A and B, with not both A and B zero, is 


W = 


= 0 . 


(2.6.6) 
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On the other hand, if W =0, we have 


u l u 2 = U 2 U 1 ' 


(2.6.7) 


which implies 



( 2 . 6 . 8 ) 


We can find a differential equation for the 
Wronskian. The functions u^(x) an< ^ u^Cx) are assumec * to 
be two solutions of (2. 6. 1): 

d 2 u du- 

+ p _ + qU l =0j (2-6.9) 

dx 


d 2 u 2 du 2 

__ + p —- + 

, 2 dx 

dx 

Multiply (2.6.9) by u 
obtain 


qu 2 = 0. 

2 , ( 2 . 6 . 10 ) 


( 2 . 6 . 10 ) 

by u^ and subtract to 


f + P W=°. 


( 2 . 6 . 11 ) 


This has the solution 


W(x) = W(x 1 )exp(-J p(x')dx'). (2.6.12) 

X 1 

We can use this result to find a second solution of our 
differential equation if we already know one solution: 


u 


2 JL 

1 dx 



(2. 6. 13) 
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X 

u 2 (x) = (x) J 1 dx 1 W 2 ^ - ^ , (2.6.14) 

x x ^(x 1 ) 

where W is given by (2.6.12). 

If we have two linearly independent solutions u^(x) 
and u 2 (x) of ( 2 . 6 . 1 ), we can construct from them a solution 

U 3 (x) = Au 1 (x) + B u 2 (x) (2.6.15) 

which has an arbitrarily assigned value and derivative at 

some point x . We want to choose A and B such that 
o 

u 3 (x 0 ) = A U;l (x o )+ Bu 2 (x q ) , 

u 3 (x Q ) = Au|(x o ) + B u^(x q ) . (2. 6 . 16) 

Since the Wronskian does not vanish for linearly inde¬ 
pendent solutions, we can solve by Cramer 1 s rule for A 
and B. 

We can now prove the theorem: There can be no more 
than two linearly independent analytic solutions of the 
differential equation (2.6,1) in the vicinity of a point x ^. 

Proof: Suppose there were three linearly inde¬ 

pendent solutions u^(x), u 2 (x), u^(x). Then u^(x) has a 

certain value and derivative at x and we know that we can 

o 

find A and B such that (2.6.16) is satisfied. From (2.6.16) 
and the differential equation ( 2 . 6 . 1 ) for u^(x), u 2 (x) and 
u^(x) we then find 

u 3 (x o ) = -P (x o )u 3 (x o )_q(x o )u 3 (x o ) 


= AifJ(x fl ) + Bu'^(x o ) . 


(2.6. 17) 



2 SEPARATION OF VARIABLES 


43 


Similarly, from derivatives of the differential equation 
we have 


u'”(x o ) = Au'|'(x o ) + Bu'^'(x o ), 

u^ n ^x ) =Auj”^ (x ) + B u< n) (x ) . (2. 6. 18) 

Jo 10 l o 

Since the functions are all assumed to be analytic in the 
neighborhood of x q , we can expand in a Taylor series: 

u 3 (x) = u 3 (x q ) + (x o ) (x-X Q ) +1 u'^ (x q ) (x-X Q ) 2 +- 

= Au^(x) + B u 2 (x) . (2.6.19) 

Thus as soon as we find two linearly independent 
solutions of our differential equation (2.6.1) we are 
through because we can express any other solution in terms 
of them. 


2. 7 EXPANSION ABOUT A REGULAR SINGULAR POINT 

We can now carry through the power series solution 

of (2.6.1) in the neighborhood of a regular singular point 

x q . Near such a point p(x) and/or q(x) may be singular, 

but (x-x )p(x) and (x-x )^q(x) are analytic. Thus we 
o ° 2 

multiply (2. 6 . 1) by (x~x q ) to obtain 

2 

(x-x 0 ) 2 ^ + (x-x q )P(x) ^ + Q(x)u(x) =0, 
dx 


(2.7. 1) 
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where 


P(x) 


(x-x o )p(x) = Yj P n ( x - x 0 )n = p o + p l (x ' x o ) 
n=0 

+ P 2 (x-x o ) 2 +.. (2.7.2) 


and 

00 

Q(x) = (x-X Q ) 2 q(x) = Y 4 n ( x_x 0 ) n = q^q^x-x ) 

n=0 

+ q 2 (x-x Q ) 2 +.. (2.7.3) 

are analytic in the neighborhood of x q and so have Taylor 
series expansions. Note that an ordinary point is the 
special case with 

P Q = q Q = = 0. (2.7.4) 

We try to find a series solution of (2.7.1) of the 

form 

00 

u(x) = (x-x o ) a [l + ^ u n (x-x Q ) n ] . (2.7.5) 

Here the leading term in the series inside the bracket has 
been normalized to unity; this represents no loss in 
generality for a linear equation like (2.7.1). The expo¬ 
nent a is to be determined and sometimes will be noninte¬ 
gral. Substituting (2.7.2), (2.7.3) and (2.7.5) in (2.7.1), 
we find 
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(x-x Q ) a [a(a-l) + Yj (n+a) (n+a-l)u n (x-x o ) n ] 
n=l 

00 00 

+ (x-x Q ) a [a+ Y (n+a)u (x-x Q ) n ]- Y P n ( x_x 0 ^ n 
n=l n=0 

00 00 

+ (x-x o ) a [l+ Y u n ( x - x 0 ) n ]* Y q n ( x - x o ) n = 0 - (2.7.6) 

n=l n=0 

Equating coefficients of successive powers of (x-x q ) to 
zero, we obtain 

a(a-l) +p Q a + q o = 0, (2.7.7) 


u 1 [(a+l)a + p Q (a+l) + q 0 ]+a p^+q^ = 0, 

u 2 [(^+2) (a+l)+P 0 (a+2)+q o ]+u^[(a+l)p^+q^]+ap 2 +q2 = 


u r [ (a+n) (a+n-1) +p o (a+n) +q 


- 0 . 


(2.7.8) 


The equation (2.7.7) is called the indicial equation. 
Since it is quadratic it will in general have two roots: 

0£ 1 , a 2 . 

For each root we can then solve the remaining equations 
(2.7.8) successively for u^ u ,-u ,- Thus we will 

obtain two solutions of the form (2.7.5) for the differen¬ 
tial equation. We note the following points: 
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1) If x q is an ordinary point, (2.7.4) holds and 
the two solutions of the indicial equation are a=0,1. 

Thus we have two solutions of the form 

CD 

u = Yj C (x-x ) n , (2.7.9) 

n v o' ’ 

n=0 

with only integral powers of n. These functions are 
analytic near x = x Q . (See point 4 below.) 

2) It is easy to verify that for p(x), q(x) more 
singular than assumed above, i.e. for expansion about an 
irregular singular point, the term a (a - 1) would not appear 
in the indicial equation. Thus the indicial equation would 
have at most one root, so we would be able to find at most 
one, and in some cases no, solution of the assumed form. 
Evidently the treatment of the irregular singular point 

is more difficult. 

3) Even in the case of the regular singular point 
there is a difficulty if the roots of the indicial equation 
differ by zero or an integer. If the two roots are the 
same, we obtain only one solution. If 

a l" a 2 = n = P ositive integer, (2.7.10) 

then since satisfies the indicial equation (2.7.7) we 
find 

(c^-hi) (^2 +n “^^ + P 0 ^ a 2 +n ^ +q o = 7. 11) 

Since this quantity is the coefficient of u r in the n t ^ 1 of 
the equations (2.7.8), we see that it will not be possible 
to solve this equation for u n - If the other terms in the 
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equation are nonzero, the equation yields u n = 00 anc * the 

procedure fails; in this case only 0^, the larger of the 

two roots of the indicial equation, will yield a solution 

of the differential equation. If the other terms in the 

equation vanish, u is not determined; in this case we can 
n 

find two solutions of the differential equation. The series 
corresponding to a ^ contains an arbitrary constant u^ 
which just multiplies an admixture of the solution corre¬ 
sponding to a^. The ordinary point provides an example 
of this second case. 

4) It is shown in mathematical works on differential 

■sV 

equations that the series in the square bracket in (2.7.5) 
actually converges and defines an analytic function in 
some neighborhood of the point x Q . The factor (x-x o ) a has 
a branch point singularity for a nonintegral. 

Consider now how to obtain a second solution near a 
regular singular point when the roots of the indicial 
equation differ by zero or an integer. We can use the 
formulas (2.6.12), (2.6.14) which give a second solution 
in terms of a first solution and the Wronskian. Using 
(2.7.2), which depends on the assumption that x Q is a 
regular singular point, we find 

p 

P ( x ') = x i ° x —t pj + P 2 (x' -x )+...., 
o 

X 

J p<*' )dx ' = P D ln(x-x o)+Pl (x-x o )-4> 2 (x-x o ) 2 /2 + const., 


•k 

See for example E. T. Whittaker and G.N. Watson, A Course of 
Modern Analysis (Cambridge University Press, London, 1952) 
page 199. ' 
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W(x) = CO " St ' exp[-p 1 (x-x o )-p 2 (x-x o ) 2 /2+...]. 


(x-V 


(2.7.12) 


Also we have 

a i V 

Uj^Cx) = (x-x q ) [1 + Z/ U n ( x_x 0 ) n ]^ (2.7.13) 

n 

where 0^ is the larger root of the indicial equation. 
Substituting (2.7.12) and (2.7.13) in (2.6.14), we find 

u 2 (x)= const. u 1 (x)J dx* - p +2a f ^ (2.7.14) 

x- f , v P o 1 

1 (x f - x q ) 

where f(x 1 ) is an analytic function which can be expanded as 


f(x') = l + Xf n (x'-x o ) n . (2.7.15) 

n 

2 

From the indicial equation a + (p Q -l)a+q Q =0 we see that 
the sum of the two roots of the indicial equation is given 
by a- + a 0 = 1 - p so that p + 2a- = 1 + s with s = a- -a 0 . 
Substituting (2.7.15) in (2.7.14) and integrating term by 
term, we find 

u 2 (x)= const. u x (x)[- 1 “-i 

vx-x o ; vx-Xq) 

+...+ f ln(x-x ) + f . - (x-x )+... +const. 

s o' s+1 o' J 


= const, f u- (x)ln(x-x ) 
Si o 
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For the case the last term in (2.7.16) can be 

a.+l “ 

replaced by (x-x ) Zj 8 (x-x ) ; this amounts to the 

n=0 

addition of some multiple of the other solution u^(x). 

The significance of the formula (2.7.16) is that it tells 
us the form of the solution. The assumption (2.7.5) did 
not work because we did not include the logarithmic term 
u^(x)ln(x-x Q ). To actually proceed, first find the 
solution u^(x). To then find u^(x), substitute a series 
of the form (2.7.16) into the differential equation and 
determine the coefficients g n so as to satisfy the equation. 

2. 8 STURM LIOUVILLE EIGENVALUE PROBLEM 

In the previous sections we have developed a 
technique (expansion in series) for solving linear second 
order differential equations. Frequently one uses this 
technique to solve a Sturm Liouville eigenvalue problem. 

This is the problem of finding solutions of a differential 
equation of the form 

, p du (x)^ 

Lu n (x) s d^L p(x) _ dT~J* < l (x)u n (x) 

= -X n p(x) u n (x) (2.8.1) 

subject to specified boundary conditions at the beginning 
and end of some interval (a,b) on the real line, e.g. 


Au(a) + Bu 1 (a) = 0, 


( 2 . 8 . 2 ) 



50 


MATHEMATICAL METHODS FOR PHYSICS 


Cu(b) + Du* (b) = 0, (2.8.3) 

where A,B,C,D are given constants. The form assumed for 
the differential operator L in (2.8.1) is rather general 
since after multiplication by a suitable factor any second 
order linear differential operator can be put in this form. 
The form (2.8.2), (2.8.3) for the boundary conditions is 
also rather general although other possibilities such as 
periodic boundary conditions 

u(x) = u(x + b-a) (2.8.4) 

are sometimes of interest. 

The eigenvalue problem (2.8.1) - (2.8.3) is an in¬ 
finite dimensional generalization of the finite dimensional 
matrix eigenvalue problem 

Mu = Xu (2. 8. 5) 

with Mannxn matrix and u an n dimensional column vector. 
As in the matrix case (2.8.1) - (2.8.3) will have solutions 
only for certain values of the eigenvalue X n * The solutions 
u n corresponding to these X R are the eigenfunctions . For 
the finite dimensional case with an n xn matrix M there 
can be at most n linearly independent eigenfunctions. For 
the Sturm Liouville case (2.8.1) - (2.8.3) there will in 
general be an infinite set of eigenvalues X n with corre¬ 
sponding eigenfunctions u r (x). 

The differential equations derived by separating 
variables in sections 2.3-2.5 are all of the form (2.8.1), 
the separation constants being the eigenvalue parameters X. 
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The boundary conditions (2.8.2), (2.8.3) are determined by 
the physical application under study. 

We can illustrate all these remarks with a simple 
example which is a special case of (2.8.1) - (2.8.3): 


Lu (x) - —r u (x) = - k u (x), 
n - z n n n 

dx 

(2.8.6) 

u(0) = 0, 

(2.8.7) 

u(b) = 0. 

(2.8.8) 

The solutions of (2.8.6) are 


u (x) = A sink x + B cos k x. 
n n n n n 

(2. 8. 9) 

To satisfy (2.8.7) we must have B^ = 0. 
are then of the form 

The eigenfunctions 

u n00 = A n sink n x , 

(2. 8.10) 

and the boundary condition (2.8.8) determines the eigen¬ 
values: 

k n = Y ' n = 0,1,2- 

(2.8.11) 


We note that there are an infinite number of eigenvalues 

and eigenfunctions. The multiplicative constant A in 

n 

(2.8.10) is not determined by the linear equations (2.8.1) - 
(2,8.3). Usually it is fixed by some nonlinear normaliza¬ 
tion condition such as 
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2 

J dx[u n (x)] = 1. (2.8.12) 

o 

The differential equation (2.8.6) also describes 
the variation with azimuthal angle (0 in sec. 2.4, cp in 
sec. 2. 5) when the variables are separated in the Helmholtz 
equation: 

d 2 2 

— u m (cp) = -m u m (cp). (2.8.13) 

dcp 

In physical problems where the complete range of cp is 
available to the system, i. e. not a wedge, the boundary 
condition is usually that u m (cp) single valued: 


u m (cp) = u m (c P +27r >* (2.8.14) 

In this case the eigenvalue m must be an integer 

m = 0, +1, +2,... (2.8. 15) 


to insure that the eigenfunctions 


u 


m 


sin m cp 
cos m cp 


(2.8.16) 


be single valued. 

The solutions u^(x), \ of a Sturm Liouville eigen¬ 
value problem have some general properties of basic im¬ 
portance. First consider the differential operator L of 
(2.8.1). We note that if u(x) and v(x) are arbitrary twice 
differentiable functions and 
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Lus ^[p(x) ^ ~ <l( x )u(x), 

Lv= -j^[p(x) d ^' ) ] - q(x)v(x), (2.8.17) 

we find by integrating by parts 

J* dx[vLu - uLv] = CP ( v - u l a • (2. 8.18) 

a 

An operator L which satisfies (2.8.18) is said to be self 
adjoint. We have noted above that any second order linear 
differential operator can be put in this self adjoint form 
by multiplication by a suitable factor. 

It is easy to show that for functions u(x), v(x) 
satisfying boundary conditions of the form (2.8.2), (2.8.3) 
or for functions u(x), v(x) satisfying the periodic 
boundary condition (2.8.4) the right hand side of (2.8.18) 
vanishes. For both of these cases we then have 

b b 

J dx vLu = J dx uLv. (2.8. 19) 

a a 

Consider now two different eigenfunctions u n ( x )j 
u m (x) belonging to different eigenvalues 

Lu n (x) = -X n p(x) u n ^ » (2. 8 - 2 °) 

Lu m (x) = -\i,P (x) u m (x) • < 2 - 8 - 21 > 

Multiplying (2.8.20) by u m , (2.8.21) by u , integrating 
and subtracting, we find 

b b 

Jdx[u m Lu n - u n Lu m ] = - (x)u n (x)u m (x). (2. 8. 22) 



54 


MATHEMATICAL METHODS FOR PHYSICS 


As we have shown in (2.8.19) the left hand side of (2.8.22) 
will vanish for either set of boundary conditions, (2.8.2), 
(2.8.3) or (2.8.4), so for either of these cases we find 

b 

J 1 dxp(x)u n (x)u m (x) =0, X n ^X m . (2.8.23) 

a 

Two functions u n (x), u m ( x ) satisfying this condition are 
said to be orthogonal with weight function p(x). If p(x) 
is non negative we can normalize the u r : 

b 9 

J dxp(x) [u^(x) j = 1 . (2.8.24) 

a 

The most important property of the eigenfunctions of 
a Sturm Liouville problem is that they form a complete set . 
This means that an arbitrary function i^(x) can be expanded 
in an infinite series of the form 

f(x) = 2au n (x). (2.8.25) 

n 

The expansion coefficients a n are determined by multiplying 
(2.8.25) by p(x)u n (x), integrating term by term, and using 
the orthogonality relation (2.8.23): 

J dxp (x)u n (x)i^(x) 

a n = - . (2. 8. 26) 

J* dxp(x)[u R (x)] 2 
a 

A precise mathematical discussion of the complete¬ 
ness of the eigenfunctions u n 00 an d the validity of the 
expansion (2.8.25) is quite involved and certainly well 
beyond the scope of the present book. Detailed discussions 
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are given by Courant and Hilbert,* Titchmarsh,t and 
Stakgold. The latter authors discuss the interesting 
singular cases in which the integration region is infinite 
or one of the functions in the differential equation 
contains singularities. We content ourselves here with 
quoting a few results from Courant and Hilbert. Normalize 
the eigenfunctions, 

b 2 

J* dx p(x) [u n (x) ] = 1, (2.8.27) 


so that the expansion (2.8.25), (2.8.26) assumes the form 

^(x) = Z c n u n ( x )> (2.8.28) 

n 

b 

c n = J* dx p(x)u n (x)|(x). (2.8.29) 

a 

+ 

According to Courant and Hilbert the system of eigen¬ 
functions u n 00 is complete in the following sense: For 
any continuous function tKx) and any positive e, arbi¬ 
trarily small, we can find a finite linear combination 

a lUl (x) +a 2 u 2 (x) +...+a N u N (x) = S N (2.8.30) 


R. Courant and D. Hilbert, Methods of Mathematical Physics 
(Interscience Publishers, New York, 1953), Vol. 1. 
t 

E. C. Titchmarsh, Eigenfunction Expansions Associated with 
Second Order Differential Equations (Oxford University 
Press, New York, 1962), 2 volumes, 
tt 

I. Stakgold, Boundary Value Problems of Mathematical 
Physics (MacMillan, New York, 1967), Vol. 1. 

4 * 

R. Courant and D. Hilbert, op. cit. , p. 424. 
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of the eigenfunctions such that 
b 2 

J dxp(x)[f(x)-S N ] <e. (2.8.31) 

a 

We obtain the best approximation for a given N, i. e. the 
smallest value for the left hand side of (2.8.31) with the 
coefficients 

b 

a n = c r = J dxp(x)u n (x)^(x). (2.8.32) 

a 


For these coefficients we have 

b 2 b 2 

Limf dxp(x)|>(x)-S ] dxp(x)[^(x)] 

N-» a a 

00 

- E c n = 0. (2.8.33) 

n=l 

The result (2.8.33) is described by saying that 
^ C n U n ( x ) converges in the mean to *^(x). For the one 
dimemsional cases under discussion here this theorem can 
be extended to an actual expansion theorem. According to 
Courant and Hilbert* every piecewise continuous function 
defined in the fundamental domain with a square-integrable 
first derivative may be expanded in an eigenfunction series 
which converges absolutely and uniformly in all subdomains 
free of points of discontinuity; at the points of dis¬ 
continuity it represents (like the Fourier series) the 
arithmetic mean of the right and left hand limits. (It 
should be remarked that this theorem does not require that 


Ibid ., p. 426, p. 


359. 
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the functions expanded satisfy the boundary conditions.) 

Finally we mention the general result which in the 
physics literature is called the completeness relation. 
Assuming normalized eigenfunctions, (2.8.27), substitute 
(2.8.29) in (2.8.28) to obtain 

^(x)=J dx' {p(x* )Z u n (x)u n (x l )hKx' ). (2.8.34) 

a n 

Since *^(x) is an arbitrary function, this implies 


p(x ! )Z u n (x)u n (x ! ) = 6(x-x f ), 


(2.8.35) 


where 6 is the so called Dirac 6 function: 

6(x-a) 


6(x-a) = 


0, x^a 


l 


in such a way that 


Jdx 6 (x-a) = 1. (2.8.27) 

An alternative way to obtain the completeness relation 
(2.8.35) is to apply the expansion theorem (2.8.28), 

(2.8.29) to the special function 6(x-x*) and use the 
general formula 

J*dx 6(x-x') f(x) = f(x') (2.8.38) 


to perform the integral in (2.8.29). 
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2.9 FOURIER SERIES AND INTEGRALS 


The most familiar examples of complete sets of 
functions are the Fourier series and Fourier integrals. 
Consider the Sturm Liouville eigenvalue problem 


dx 

on an interval 


d 2 u (x) , 

—t - = -k u (x) 

2 n n v 


(2.9.1) 


a < x < a + T 


(2. 9. 2) 


with a periodic boundary condition 


u (x) = u <x+T). 
n n 


(2.9.3) 


The solutions of (2.9. 1) are 


u n (x) = < 


ik x 
n 


-ik x 
n 


(2. 9.4) 


To satisfy the periodic boundary condition we must have 
ik x ik (x+T) 

e n = e n y (2.9.5) 

which implies 


k T = 27m , 
n 9 


n = Oj+lj+2, 


(2.9.6) 


The eigenfunctions are then 
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u r (x) = expj^i x 


n = 0,+l,+2,... 


(2.9.7) 


with the orthogonality relation 
a+T 

dx u (x)u (x) = Tc 

nm 


J dxu*(x)u (x) = T6 . 

n m nm 

a 

The expansion theorem is the Fourier series 
00 

f(x) = Jj c n ex p[ i '^ x ] 


(2.9.8) 


n=-oo 


= a + 
o 


cos x) 


&tv 

+ b R sin (^| S x)J , 


(2. 9.9) 


Using the orthogonality relation (2.9.8) we can find the 
expansion coefficients: 


a+T 


c n = j J dx e xp[-i-^7pxjf(x). 


(2, 9. 10) 


At the heuristic level the Fourier integral may be 
obtained from the Fourier series by passing to the limit of 
an infinite interval. Take a = -T/2 so that the interval 
is -T/2<x<T/2, and let T -co. Let 


k = 


27m 


(2.9. 11) 


and note that the interval 


dk - - f in 


(2.9.12) 
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between allowed k values becomes smaller and smaller so 
that the series (2.9.9) may be replaced by an integral. 


Z - i J’ dn = i ,f dk • 

n 

(2. 9.13) 

Equations (2.9.9) and (2.9.10) thus 

assume the form 

00 

f(x) J* dkc(k) e lkx , 

-00 

(2. 9.14) 

oo 

c ( k ) = T J* dxe " lkX '>K x )> 

-00 

(2. 9.15) 

or, if we let T^(k) =T c(k )/J~2w , 


00 

iKx) =y^F«J' dx ?( k > elkx > 

(2. 9. 16) 

00 

f(k) dx e ikX lK x )* 

(2.9.17) 


This is the Fourier integral theorem for expansion of an 

arbitrary function *^(x) on the infinite interval -co<x<co 

ikx 2 / 2 

in the eigenfunctions e of the operator d /dx : 



. 2 ikx 
k e 


(2. 9. 18) 


For this case of an infinite interval we have a continuous 

2 

distribution of eigenvalues k rather than a discrete set. 

The completeness relation for the Fourier integral 
(or Fourier transform of the 6 function) is easily obtained 
by the method outlined at the end of sec. 2.8 and one finds 


6 (x- 


-±i 


dk e 


ik(x-x') 


(2. 9.19) 
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2. 10 NUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS 

Numerical methods provide a useful and often un¬ 
avoidable alternative to the analytic methods discussed 
above for the solution of ordinary differential equations 
and eigenvalue problems. This is a big subject, and we 
can only scratch the surface here. Fortunately, large 
computer facilities generally have library programs for the 
solution of differential equations, which will work in all 
but the most pathological cases, so that all the user need 
supply is a subroutine to calculate the particular functions 
in his differential equation. 

A second order differential equation (linear or non¬ 
linear) can be solved for the second derivative: 

u n (x) = F(x,u,u* ). (2.10.1) 

This can be further reduced to a pair of first order 
equations 

u* = v, 

V* = F(x,u,v). (2. 10. 2) 

Since the generalization to a pair of equations is straight¬ 
forward, we shall consider in what follows only a single 
first order equation 

y' = G(x,y) (2.10.3) 


with the given initial value 
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y(* 0 > = y 0 - (2.10.4) 

The most direct method for numerically solving 
(2.10.3), (2.10.4) would be to approximate 


. = iLz 

dx Ax 


y = 


so that (2.10.3) becomes 


(2.10.5) 


Ay ^ G (x, y) Ax. (2. 10. 6) 

The solution y n = Y(x n ) at successive grid points 


x = x + nh, (2.10. 7) 

no * 

separated by an interval h, is then given by 

y ,- =“ y + G(x ,y )h. (2.10.8) 

J n+1 J n x n’ J n 

For a given size interval h, more accurate results 
can be obtained by using an interpolation formula for the 
derivative more accurate than merely its value G(x n ,y n ) at 
the beginning of the interval. One of many possibilities 
is the Runge-Kutta scheme: 

y n+l ^ y n + 6 ^ k o + 2k l + 2k 2 + k 3^ ’ (2.10.9) 


where 
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k = hG(x , y ), 

k i = hG ( x n + ^y n +^ o ), 
k 2 = hG(x n + 4h,y n + |k 1 ), 

k 3 = hG(x n + h,y n + k 2 ). (2.10.10) 

One can show by expanding all quantities in Taylor series 
in h that these formulas are accurate through terms of 
order h 4 . Also, the formula (2.10.9) reduces to Simpson 1 s 
rule for G independent of y. 

The Runge-Kutta and other more elaborate schemes are 
described in detail in works on numerical methods. An 
important question discussed in these works is that of 
stability. The differential equation is approximated by a 
difference equation. If the order of the difference 
equation is greater than that of the differential equation, 
it will have extraneous solutions. If some of these ex¬ 
traneous solutions grow in the direction of integration, the 
numerical integration scheme is unstable. Fortunately, 
with modern computers it is easy to check on questions of 
accuracy and stability by reducing the step size h and 
repeating the calculation. Some of the more elaborate 
programs for solving differential equations perform this 
sort of check during the course of the calculation and 


See, for example, F. B. Hildebrand, Introduction to Wiimpri. 
cal Analysis (McGraw-Hill, New York, 1956), Chap. 6; C.W. 
Gear, Initial Value Problems in Ordinary Differential 
Equations (Prentice-Hall, Englewood Cliffs, N. J., 1971). 
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automatically reduce the step size h as much as needed in 
regions where the solution of the differential equation 
tends to be inaccurate and/or in regions where the functions 
in the differential equation vary rapidly. 

Given a numerical integration scheme such as the 
Runge-Kutta method, we can use it to solve a Sturm Liou- 
ville eigenvalue problem, (2.8.1) - (2.8.3). To do this 
we proceed as follows: Assume some value \ for the eigen¬ 
value parameter and integrate the differential equation 

dx [ P< - x ) dx] -q(x) u (x) = -\p(x)u(x), (2. 10. 11) 

starting at the point x = a with the boundary condition 

( 2 . 8 . 2 ): 

Au(a) + Bu' (a) = 0. (2.10.12) 

The normalization of u(x) is not fixed by the linear homo¬ 
geneous equations so choose for purposes of the numerical 
integration 

u(a) = 1, 

u’ (a) = - | , (2.10. 13) 

or, if B = 0, u(a) =0, u 1 (a) =1. Then the solution of the 
differential equation and the boundary condition at x = a is 

Ku(x), (2.10.14) 


where K is an arbitrary constant. 






2 SEPARATION OF VARIABLES 


65 


On the other hand we can start at the point x = b with 
the boundary condition (2.8.3) and integrate backward with 
the same value X for the eigenvalue parameter. Call this 
solution v(x); it satisfies the differential equation 
(2.10.11) and the boundary condition 

Cv(b) + Dv* (b) = 0. (2.10.15) 

Again we can normalize in an arbitrary way, so for purposes 
of the numerical integration take 

v(b) = 1, 

v' (b) - - , (2.10.16) 

or, if D = 0, v(b) =0, v f (b) =1. Then the solution of the 
differential equation and the boundary condition at x = b is 

Lv (x), (2.10.17) 

where L is an arbitrary constant. 

We can now try to choose the constants K and L so 
that our two solutions match in value and derivative at 
some convenient point x =X between a and b. Thus we require 

Ku(X) - Lv(X) = 0, 

Ku* (X) - Lv 1 (X) = 0. (2.10.18) 

The condition that these two equations have a nonzero 
solution for K and L is 
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D(A) s 


u(X) -v(X) 
u' (X) -v' (X) 


v(X)u' (X)-u(X)v' (X) 


= 0 . 


(2.10. 19) 


The determinant D(A) here depends on the assumed value A 
used in solving the differential equation (2.10.11). For 
most values of A, D(A)/^0, i. e. it is not possible to match 
the two solutions at x = X. The values of A for which 
D(A) = 0, when it is possible to match the solutions, are 
the eigenvalues A ft , and the corresponding solutions 
Ku(x)=Lv(x) are the eigenfunctions. 

To find these special values of A one can start at 
small A=A q and then at successively larger values A= A Q 
+ nAA solve the differential equations, evaluate D(A), and 
locate the intervals in which D(A) changes sign. Inside 
these intervals one can use Newton's method to find precise 
values of A for which D(A) =0. In this way one can (very 
quickly on a big computer) find numerically to any desired 
accuracy the eigenvalues and eigenfunctions of a Sturm 
Liouvllle problem. 
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PROBLEMS 


2 . 1 


Show that, if m is not zero or an integer, the 
equation 


u" + 


a ^ 


m 



0 


is satisfied by two series about x = 0 with leading 
terms 


^<1 


l ™ 
-o-m 

\r ^ 


1 + 


16 (14m) 

2 

x 

16 (1-m) 




determine the recursion relation for the coefficient 
of the general term in each series and show that the 
series converge for all values of x. (Whittaker and 
Watson) 

2. 2 Show that the two solutions of the hypergeometric 
equation 

x(l-x) y" +[c- (a+b+l)x] y 1 - aby = 0 


are 


f 2 F i( a ^ b ; c ; x ) 


1-c 


X 2^1^“ c+a > 2-c; x), 


where the hypergeometric function is given by the 
series 

F (a b-c-x) = 1 + — — i a(a+l)b(b+l) xf 
2 F l( a,b,c,x) l+ c i;+-' c( ' + i ) y 2f + ”- * 

Show that the series converges for |x| <1. 
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By expanding about the regular singular point x= 1, 
find the series solutions of Legendre 1 s equation of 
order zero: 


(l-x 2 ) - 2x ^ + \y = 0. 

dx 


Show that both roots of the indicial equation vanish: 

a = 0,0. 

Find the first few terms in the regular solution: 

y = P(x) = 1 +-r (x-1) - 2 (x-1) 2 +-. 

2- 2 

The other solution is supposed to be of the form 
y = P(x) In (x-1) + (x-l)[b o +b 1 (x-l) +b 2 (x-l) 2 +-] . 

Substitute in the differential equation and find 

b and b-. 
o 1 

Show that the solutions of the equation 

ii , 1 i 2 n 

x 

near x = 0 are 


u^x) = 1+ Yl 


• 2n 2n 
V m x 


L/ 2n 2 ^ 

n=l 2 (n.') 


2n 2n r 

u (x) = u.. (x) In x - }j | X —2 1 + 

2 L n=l 2 (n.') 2 L 




Show that these series converge for all values of x. 
(Whittaker and Watson) 


Show that the equation 

u" + ~ (1-X 2 )u = 0 
4x 2 


has two solutions of the form 
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u l~x 2 jl + 16 + 1Q24 +--| , 


U 2 = U 1 x “ 


111 

16 


+ -- 


near x =0. (Whittaker and Watson) 

2.6 Find the eigenfunctions u (x) and eigenvalues \ for 
the differential equation 

d 2 u (x) 

- 5 - = _? Vi U n( X ) 

dx 2 n n 


in the interval 
0 <x <a 

for the following sets of boundary conditions: 

a) u(0) = 0 u(a) = 0, 

b) u(0) =0 u'(a) = 0, 

c) u 1 (0) = 0 u ! ,(a) = 0, 

d) u(0) H-au 1 (0) = 0 u(a) - au* (a) = 0. 

Each is a separate case. For case d) find the 
equation which determines the eigenvalues and verify 
that there is an infinite set of eigenfunctions and 
eigenvalues. 

2.7 Find the factor which, when multiplied into the 
general second order linear differential equation 

d 2 

f(x) —| + g(x) ^-h(x)u(x) = -Xa(x)u(x), 
dx 

converts it to the self adjoint form (2.8.1). 

2.8 Consider approximating the given function *^(x) by a 

linear combination of the orthonormal set u (x) on 
the interval a<x<b, n 
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b 

T dx u (x)u(x) = 8. 
o n m nm 

a 


a) Show that 

b N b N 

X N = J dx[f(x)- £ a n U n < - x) -' 2= I dx '^ 2 (x)- E c n 
a n=l a n=l 


N 

+ X (pc -c , 

N n n * 

n=l 


where the c are the Fourier expansion coefficients 
b n 

c n = J dxu n (x)^(x) . 
a 

b) Show that 1^ is a minimum for a given N, and thus 
that we obtain the best approximation in the mean for 
a given N, when 


c) Derive Bessels inequality 

N b 

X c n - j* dx ^ • 

n=l a 

d) We say that ^(x) is approximated in the mean by 
00 

X c u (x) provided 
n=l 


Lim J dx[i/?(x)- £ c n U n^ X ^ 2 = °* 
N-»°° a n=l 


Show that the necessary and sufficient condition to 
approximate in the mean a square integrable function 
•^(x) is the Parseval relation 

Z c n = J dx ^ ( x ) ’ 

n=l a 




2 SEPARATION OF VARIABLES 


71 


The following two computer problems will require a good 
deal of time and effort as well as the availability of a 
computer. 


2. 9 


Separating the variables, 
u (r) 


in SchrCJdinger 1 s equation, 
h 2 2 

- 2^ V f + V(r)f = Ef, 


leads to the radial equation 


h_ 

2m 


2 - d v r) 


dr 


u ^(r)] + V(r)u^(r) = Eu^(r), 


where 4=0,1,2,.... is the angular momentum quantum 
number. Consider the following three attractive 
potentials with finite range p: 

i) V(r) =-V Q exp(-r^/p^) Gaussian well, 

ii) V(r) =-V Q exp(-r/p) Exponential well, 

iii) V(r) = -V Q Yukawa well. 

The bound states are determined by the Sturm 
Liouville eigenvalue problem which consists of the 
radial equation above plus the boundary conditions 

u ,( r >-> 0 , u (r)-> 0 . 

1 r-0 1 r-co 

a) Show that for E<0 and r»p the acceptable 
solution of the radial wave equation varies as 

U / r) F^ C e " Kr ’ H = (-2mE/h 2 )^ . 


Find the first few terms in the power series 
solution consistent with the boundary condition for 
u^(r) near r = 0 for the three potentials above. 


72 


MATHEMATICAL METHODS FOR PHYSICS 


These power series are necessary for numerical work 
to bridge over the singular behavior as r -*0 of the 
Yukawa well and/or of the term £(£+l)/r 2 for £>0. 

b) Write a computer program to find the eigen¬ 
functions and eigenvalues for the radial SchrBdinger 
equation. Integrate out from r = 0, starting from a 
small nonzero r = r Q «p, where the power series of 
part a) is valid. Integrate in from a large 

r = r 00 »p where the exponential form of part a) is 
valid. Match the solutions for an r near r = p. If 
you wish use a library program to integrate the 
differential equation. Subdivide your program into 
several subroutines so that the different cases i), 
ii), iii) can be handled easily by changing sub¬ 
routines. 

c) Make plots of the eigenvalues E for several bound 
states for £=0,1,2 as functions of the depth of the 
potential V Q . For a fairly deep well with several 
bound states plot the eigenfunctions u as functions 
of r. Repeat for each potential i), ii), iii). 

2. 10 For positive energies the radial equation of problem 
2.9 determines the phase shift 6^(k). The boundary 
conditions are now 

°- 

u / r >r^ c sin ^ kr _ 1 ? + 8 / k ^> 

with 

k = (2mE/h 2 )^ . 

a) Consider the attractive potential wells of problem 
2.9. Show that for E>0 and r»p, u^(r) approaches 
the form given above. In Chapter VI [see Eqs. 
(6.2.21), (6.2.25)] it is shown that 6.(k)=0 when 
V(r) =0; thus 6^(k) is the shift in phase due to 

the presence of.the potential. 

b) Write a computer program to determine 5^(k) for 
£=0,1,2 as a function of k for the potentials i), 
ii), iii) of problem 2.9, Integrate out from r=0, 
starting from a small nonzero r = r Q «p, where the 
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power series solutions of problem 2. 9a are valid. 
Determine 6.00 from the variation with r of the 
numerically^determined wave function u . (r) at 
r = r »P: & 


6,(k)=f 


ku „( r J- 


, -i r r c°'i 

- kr + tan —pr—r- . 

“ L u !e (r »> J 


For numerical purpose choose r as small as possible. 





CHAPTER 3 SPHERICAL HARMONICS AND APPLICATIONS 


3.1 INTRODUCTION 

Spherical harmonics enter our discussion as the 
eigenfunctions of the angular part of the Laplacian in 
spherical coordinates. These functions are of basic 
importance, not only for the applications in classical 
physics which are the main focus of the present work, but 
also in quantum physics where they form the wave functions 
describing orbital angular momentum. Nearly every calcu¬ 
lation dealing with an atomic, molecular, nuclear, or 
elementary particle system employs spherical harmonics in 
one way or another. Because of this basic importance we 
give a fairly detailed treatment including many useful but 
sometimes tiresome algebraic details. 

According to the results of section 2.5 the separa¬ 
tion procedure in spherical coordinates leads to (2.5.4) 
for the angular dependence: 


H. W. WykJ, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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1 

sin 0 



sin 0 


bY(0,cp) ~ 

be . 


+ 


1 

sin^0 


a-V(e,cp) 

- 2 
Bcp 


= -\Y(e,cp). 


(3.1.1) 


According to (2,5.15) - (2.5.21) we can then separate the cp 
dependence rather trivially to obtain 

Y(0,q>) = P(0)e lmcp , (3.1.2) 


where P satisfies Legendre 1 s equation: 



2x dP 
i 2 dx 

1 “X 




= 0. 


(3. 1.3) 


In (3.1.3) we use as variable x = cos 0. 

As discussed in section 2.8 [see (2.8.14)], in the 
usual physical applications m in (3.1.2) must be an integer, 


m - 0,+l,+2, 


9 


(3.1.4) 


to insure that Y(0,cp) be single valued: 
e imcp _ e im(cpf27r) 


(3.1. 5) 


We consider only this case in what follows. 


3.2 SERIES SOLUTION OF LEGENDRE'S EQUATION - LEGENDRE 
POLYNOMIALS 


The points x = +l are regular singular points of the 
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differential equation (3.1.3). If we attempt a series 
solution about either of these points, 

00 

P= (x+l) a [l+ £ f (xTl) n ], (3.2.1) 

n=l n 

we find an indicial equation [see (2.7.7) and (2.7.1)- 
(2.7.3)] 

2 

a(a - 1 ) +a - ~ = 0 , 



For m an integer we then have the troublesome case in which 
the roots of the indicial equation differ by an integer, 
namely cx^-a^ ~ |tn|. If we expand about x = 1, one of our 
solutions will be finite near x=1; in fact very near x= 1 
it will vary as (1-x) xhe other solution will be 

infinite at x=1, varying, according to (2.7.16) like 
(1-x) m^O, or ln(l-x), m = 0, when we are very near 

x = 1. Expansion about x=-l leads to similar results) one 
solution finite, the other singular. Even if we take a 
solution which is finite at x=+1 say, when we continue it 
to the point x=-l, we will in general have unavoidably 
included some of the solution which is infinite at x=-l. 
Thus in general the solutions of the differential equation 
will be infinite at one or the other or both of the points 
x = +l. A solution finite at both x =+1 and x = -l can occur 
only under special circumstances, in fact special values of 
the parameter X in the differential equation (3.1.3). 
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Now it is just these special circumstances which are 
of interest in most physical applications. In physical 
applications there is usually nothing special about the 
points x = cos 0 = + l, i. e. 0 = O,tt. Usually we want a solu¬ 
tion which is finite at these points, just as it is finite 
at other points. It is therefore appropriate to introduce 
as a boundary condition that the solutions P(x) be finite 
for all -1 <x = cos 0 < 1 . The differential equation (3.1.3) 
together with this boundary condition forms a type of 
Sturm Liouville eigenvalue problem, the separation constant 
X which appears in (3.1.3) being the eigenvalue. Such 
problems were discussed in a rather general context in 
sec. 2.8. The case under discussion in this section is 
slightly different from that envisioned in sec. 2.8 due to 
the singularities at x = +l which appear in the differential 
equation. Thus the boundary conditions of the type (2.8.2), 

(2.8.3) or (2.8.4) have been replaced by the finiteness 
boundary condition discussed above. 

We consider first the case m=0. We write the 
eigenvalue parameter X in the form 

X = AU+1) . (3. 2.3) 

[Below we find that i- integer.] The differential equation 

(3.1.3) assumes the form 

2 

(1-X 2 ) —£ - 2x || + A(jfcfl)p = 0. (3.2.4) 

dx Z X 

Let us obtain the series solutions of this equation by 
expanding about the ordinary point x = 0, 
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P= Y, c x 11 = c n + c-x + c 0 x^ + . 
n 0 12 


n=0 


(3. 2.5) 


Substituting this series in the differential equation 
immediately leads to the recursion relation 


"n+2 = n(n+l)-j&(Jfr*-l) 

c (n+2) (n+1) ‘ 


(3. 2. 6) 


Thus we find two solutions of the form 


2 4 T C 2 2 c 4 4 *1 

C 0 +C 2 X +C 4 X + --* = c oL 1+ ^ X + ^ x + *--J (3.2.7) 

and 

3 5 T C 3 2 C 5 4 “1 

C 1 X+C 3 X +C 5 X • • * CjX^l+ — x +— x +... J . (3. 2. 8) 


According to the ratio test these series converge for |x|<l 
since we find 


Lim 


C n+2 X 


n+2 


= x 


(3. 2. 9) 


n->oo c x 

n 

The ratio test does not tell us if the series converge or 
not for x = +l. According to the discussion at the be¬ 
ginning of this section we expect the series in general to 
diverge at x = +l, and this can be shown explicitly. 

The only possibility to obtain functions finite at 
x = +l is to make the series break off and so obtain a poly¬ 
nomial solution. From the recursion relation (3.2.6) we 
see that this will happen for 


* 

Courant and Hilbert, op. cit. , page 326. 
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Z = nonnegative integer = 0,1,2,... (3.2.10) 


Thus the finiteness condition determines the eigenvalues 
\ = 4(irtl). For j£=integer one of the series (3.2.7), 

(3.2.8) breaks off to form a polynomial; the other series 
is discarded since it does not satisfy the boundary 
condition. 

From the form of (3.2.7), (3.2.8) we see that our 

solutions are either even or odd polynomials of degree Z> 

We shall call them Legendre polynomials P (x) and rewrite 

Z 

the series in the form 
r 

max 

P £ (x) = £ a r x X_2r , (3. 2.11) 

r=0 


r 

max 


1 

2 


9 


irl 
2 9 


j i even 


Z odd 


(3. 2.12) 


With this notation we can handle the Z even and Z odd cases 
together. From the recursion relation for the c* s we can 
find the recursion relation for the a 1 s: 


a r = C l-2r ^ (Sr 2r+l) (4-2r+2) 

Vl c 1 - 2r+2 (^- 2 r)(je-2r+l)-A(j&t-l) 

= ( A- 2r+l) ( 4- 2r+2) 

2r(2£-2r+l) 


(3. 2.13) 


Employing this repeatedly we can find a in terms of a : 

r o 


a 


r-1 


= ( l-2r+l) ( j,- 2r+2) 

r 2r(2A-2r+l) 
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, is2 (£-2r+l) (A-2r+2) ( $r 2r+3) (£-2r+4) 

' 2r 2(r-l) (2A-2r+l) (2£-2r+3) r-2 


= (-l) r 
= (-l) r 


£ 1 

(A-2r) 2 r r , 

_L_ 

(A-2r)! 2 r r : 


_1_ 

(2X-2r+l)(2X-2r+3)... (2£-l) a o 


(2#-2r)! 2 l £ & 

(2£)l2 l ' v U-r)l ° ' 


(3. 2.14) 


The constant a Q is a multiplicative constant which deter¬ 
mines the normalization of P (x). By convention we choose 

* a 2--1 

it to have the value a Q = (2JL)l ) ] in defining the 

Legendre polynomial. Then we find 
r 

max 


Y x) 



V (-l) r (2jt-2r)! Z-2r 

r =0 rl 


(3. 2. 15) 


The explicit expression (3.2.15) for P^(x) can be 


rewritten in a more useful form: 

r 

„ max 

P (x) = ± a!l v ua! _i.. 

* 2*dx*r=0 r! U ’ r): 

or using the expansion 


2j£-2r 


(3. 2.16) 


,, 2. l_ y . ..r £ 

(1-x ) - Zj(-D r! (j£-r)! 


2r 


= Z(-D^ r 


i! 

U-r).'r! 


x 2 *' 2r . 


*,<*> =-f- -S (x2_1) ^ 

X 2 dx" 6 


(3. 2.17) 

(3. 2.18) 


This convenient result is known as Rodrigue's formula. 
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3.3 PROPERTIES OF LEGENDRE POLYNOMIALS 

From Rodrigue's formula (3.2.18) it is easy to 
evaluate the low order polynomials: 

V x) = 1, 

Pj^x) = X, 

P 2 (x) = -|(3x 2 -1) , 

P 3 (x) =-|(5 x 3 -3x), 

P 4 (X) = |(35x 4 -30x 2 +3). (3.3.1) 

We can also easily find P (x) at x = +l from (3.2.18). 
6 6 ™ 

The factors (x + 1) (x - 1) will vanish at the end points 
unless they are completely differentiated out, and we find 

P £ (l) - 1, (3.3.2) 

PjjC-l) = (-1) A . (3.3.3) 

The constant a Q in (3.2.14) was chosen to achieve the 
supposedly desirable normalization (3.3.2), and this choice 
is by now frozen by convention. 

We can establish a couple more results which tell us 
the general form of P^(x). From Rolle*s theorem, that 
between every two zeros of a polynomial there is an odd 
number (hence at least one) of zeros of its derivative, we 
find from (3.2.18) 

P^(x) has JL zeros in the interval -1<x<1. (3.3.4) 


l 
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Another result is 


^(x) | <1 j -1 <x < 1 . 


(3.3.5) 


This can be proved from the identify (3.3.20) to be 
established below. Writing this in the form 


I,V c °s e)u A = ■ ■ = 
SL Jl-2u cos 


cos 0"Hi 


^yi-ue' 

= [l+|ue l0 +■§•■§• jr* 2iQ 

,1 3 5 1 3 3i0 , I 

+ 2 * 2 * 2 ’ 3! U 6 + ---JX 

r 1+ l ue -ie + 1.3.x -2ie 

L 2 2 2 23 

,13 5 13 -3i0 , 1 

+ 2 ’ 2* 2 33 Ue 


(3.3. 6) 


we see that P^(cos 0) , which is the coefficient of u^ when 

we multiply out the right hand side of (3.3.6), is a poly- 
i 0 “ i 0 

nomial in e and e with positive coefficients. From 
the properties of complex numbers we then see that 
|P^(cos 0) | < the same polynomial with replaced by 

|ei 1 ^| = 1, i. e. the same polynomial evaluated at 0 = 0, or 
x = cos 0=1: |P^(cos 0) | < P^(l). Using (3.3.2) we then 
obtain (3.3.5). 

For large |x|»l we obtain easily from (3.2.18) 
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P (x)~ , |x|»l . (3.3.7) 

1 2*a*> 

The Legendre polynomials P.(x) are the solutions of 

Xj 

the Sturm Liouville eigenvalue problem 

[^- x2 > “Sr] = -iCH-DP/x) (3.3.8) 

with the boundary condition 


P^(x) finite -1 <x<1. 


(3.3.9) 


It is easy to check that the differential operator on the 
left of (3.3.8) satisfies the relation (2.8.19) for 
functions satisfying this boundary condition, so that the 
standard manipulations of section 2. 8 lead to an ortho¬ 
gonality relation (2.8.23) in the usual way: 

+1 

J* i dxP J jW p m ( x ) = 0 > • (3.3.10) 


For j0 = m we can calculate the normalization integral from 
Rodrigue* s formula by integration by parts: 


+1 o 

J* dx [P fl(x)] = 


[2 A jJ! ] 2 


J Sj r\ o J & O 

J dx —(x 2 -lf —Ax 2 -D 
-1 dx* dx* 


(-1) A 
[2*j&.' ] 2 


C +1 . , 2 -.J& d 2 * 2 

I dx(x -1) —-1)* 

-1 dx^* 


- (-D A (2jQI 

[2*£ ] 2 



dx(x-l) *(x+l) 


i 
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[2^ f 


(-l/ 


£ 


.2 


(2jo: 


J' + |dx(x+l) 2i ’ 


2 

2j&fl - 


(3.3. 11) 


In summary the Legendre polynomials P (x) are an ortho- 

AJ 

gonal set normalized so that 

/|dKP i «P»(x). 6^^. (3.3.12) 

As the eigenfunctions of a Sturm Liouville problem 
the P^(x) form a complete set, and any 11 reasonable" function 

f(x) can be expanded in the interval -1 <x< 1 in the 

* 

series 


f(x) = Yj a e P o ( ' x ^‘ (3.3.13) 

J0=O 1 * 


Using the orthogonality relation (3. 3. 12) we can then find 
the a^: 


21+1 

2 


+1 

f dx f 
J -i 


P x (x')f(x'). 


(3.3.14) 


Substituting this back in (3.3.13) it is easy to establish 
the completeness relation 


Various precise mathematical statements can be found in the 
literature: Courant and Hilbert 0 £. cit ., pp. 65, 82, 513; 

Whittaker and Watson, ££. cit., p. 322; E.W. Hobson, The 
Theory of Spherical and Ellipsoidal Harmonics (Cambridge 
University Press, London, 1931), p. 318. 
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\ L (2 J e+l)P jJ (x)P A (x') = 6 (*-*'). 


(3.3.15) 


The P (x) are a set of polynomials of degree 4, 

Xj 

orthogonal in the interval -1<x<1. In fact this statement 

characterizes them uniquely, up to normalization. If one 

2 3 

starts with the sequence of powers, l,x,x ,x ,... and 
constructs from them successively polynomials of degree & 
orthogonal to the polynomials of lower order l,2,..jfc-l (the 
Gram Schmidt orthogonalization procedure), one obtains a 
unique set of polynomials which must be the Legendre poly¬ 
nomials up to normalization. We can use this fact to 
prove the most famous expansion in Legendre polynomials. 
Expanding in a power series in u we find 


jr- 


2ux-Ki^ 


= Z R/x)u £ , |u| <1, 

4=0 l 


I 

where R^(x) is some polynomial of degree j l in x. 
have 


(3.3. 16) 


Then we 


Jl- 2ux+u 2 JT- 2vx+u 2 


4,m=0 


(3.3.17) 


We can integrate the left side of (3.3.17) with respect to 
x using elementary techniques and expand the result in a 
Taylor series to obtain 


J* / X 


1 ^4-2ux+u^ ^/4-2 vx+v 2 



1+A/fiv 

1-^/iv 


00 


-I. 

4=0 


2 


24+1 


(uv) 1 . 


(3.3. 18) 
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Comparing this with the integral of the right side of 
(3.3.17) we find 

+1 2 

J*^dxR x (K)R m (x) = 6^ 2^1 . (3.3. 19) 

Since the R^(x) are polynomials of degree i with exactly 
the same orthogonality and normalization properties as the 
P^(x), we see that in fact R^(x) = P^(x). Thus we can 
rewrite (3.3.16) as 

F(u,x) = ” / -- 1 -£ P (x)u^ |u|<l. (3.3.20) 

Jl- 2ux+u z i * 

Because of this property the function on the left of 
(3.3.20) is sometimes called the generating function of 
the Legendre polynomials. 

The relation (3.3.20) can be used to derive some 
useful identities satisfied by the P^(x). Differentiating 
the generating function with respect to u we find 


& m - F 

SU l-2ux + u 2 ' 

(l-2ux+u 2 ) = (x-u) F. (3.3.21) 


Substituting the series expansion on the right of (3.3.20) 

o 

for F and equating coefficients of u yields the recursion 
relation 


(^+l)P j0+1 (x)-(2^+l)xP je (x)+jeP^ 1 (x) = 0. (3.3.22) 


Differentiating with respect to x we obtain 
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(l-2ux+u 2 ) I 2 = uF , (3.3.23) 

ox 

and substituting the series yields 

P W (x) ‘ 2xp, A (x)+ p, x . 1 (x)-P ja (x) = 0. (3.3.24) 

Differentiating (3.3.22) and combining with (3.3.24) to 
eliminate P f ^_^ or yields some simpler relations: 

xP f ^(x)-P , ^ 1 (x)-^P^(x) =0, (3.3.25) 

p, ^ + l( x )“ xP ^ x )“(^ fl ) p J ^( x ) = 0, (3.3.26) 

We have gone to some effort to derive a number of 
the properties of the Legendre polynomials. The results 
derived above as well as many other relations for Legendre 
polynomials and other functions are recorded in various 
mathematical handbooks.* Such books are invaluable to the 
reader with enough basic knowledge to use them intelligently. 
A primary objective of the treatment in this book is to 
provide this basic knowledge. 


* 

W. Magnus, F. Oberhettinger and R.P. Soni, Formulas and 
Theorems for the Special Functions of Mathematical Physics 
(Springer-Verlag, New York, 1966). 

E. Jahnke and F. Emde, Tables of Functions (Dover Publica¬ 
tions, New York, 1945); 

M. Abramowitz and I. Stegun, Handbook of Mathematical 
Functions (National Bureau of Standards Applied Mathematics 
Series. 55, Washington, D. C., 1964); 

A. Erdelyi, W. Magnus, F. Oberhettinger and F. C. Tricomi, 
Bateman Manuscript Project: Higher Transcendental Functions . 
Vols. I-III, Tables of Integral Transforms . Vols. I, II 
(McGraw-Hill, New York, 1953). 
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3.4 THE SECOND SOLUTION Q^(x) OF LEGENDRE'S EQUATION 

For i an integer the Legendre polynomials provide 
one solution of the differential equation 

nr ? dp / x > 

fa ) —fa— J+ A(AM)P^(x) = 0. (3.4.1) 


A second solution of this equation exists, although 
naturally it violates the finiteness boundary condition 
imposed to obtain the P^(x). A useful way to write the 
second solution is 


■ 2 J> 


Vt) 

Z-t 


(3.4.2) 


The integral in this expression is not well defined for z 
on the real axis between -1 and 1. However, for any other 
value of z in the whole complex plane Q^(z) we H defined 
by (3.4.2). We can approach the line -1<z=x<1 by a 
limiting procedure, either from above or below. Another 
possibility would be to define Q^(x), -1<x<1, as a Cauchy 
principal value integral: 


Q (x) = lim 
1 e-0 



p .. (t > 

x-t 



+1 


dt 


x+e 


p >. (t) 

x-t 


(3.4.3) 


To verify that Q.(z) satisfies Legendre's equation, 

Jy 

differentiate under the integral sign in (3.4.2), integrate 
by parts, and use (3.3.2), (3.3.3): 


d V z) i 

dz 2 


J\ dt v« £ A 

* I 
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1 .+ 1 ., dp j (t) / dt ii.i (-»* 

2 0^ Z“t 2 z-1 2 z+1 


(3.4.4) 


2 dP«(t)-, 

d fn dQ ^ (Z) l 1 p +1 Jt dt[ (1 ‘ t } dt -_J 

ii (1 - z > “dr-J-2 J , dt ^ 


. +1 2 2 dP (t) , , . 

. Id (> i , t " z x ■*• / i \ 

+ 2 dJ I. 1 dt “^r“dT” + 2-2 ( - 1) 


1 r +1 j L ^ (1-t)— dT - ^ 
= 2 


(3.4.5) 


Using (3.4.1) for P^(t) we then find 
j - 9 d Q (z)-. 

di L (1 - z > "il—J +AU+1)Q / z) - °- 


For Z=0 and 1 we find 


Si’ 


(3.4.6) 


(3.4.7) 


_ , . 1 p . t 1 . z+1 n 

Q l ( z) =2 J dt = 2 Z ln z^l " 1 * 


(3.4.8) 


More generally we have 

1 1 z+1 

Q / z) = 2 I _ 1 dt z-t = 2 P / z) ln z+L 

+ 2 g * ( 2t p * 00 • 


(3.4.9) 




90 


MATHEMATICAL METHODS FOR PHYSICS 


Now P^(t)-P^(z) is of the form 
Pfc (t) ‘ P / z) = (t " z) * 

[Polynomial of degree ji-1 in z and t], (3.4.10) 

so that (3.4.9) has the form 

V z) v z) ln Si 

+ [Polynomial of degree j£-l in z]. (3.4.11) 


This formula explicitly displays the singular behavior at 
z =+1. 

Finally, note that if we had used the definition 
(3.4.3) for -1 < z = x <-KL, 


lim 

0—* 0 



+1 

X+G 




(3.4.12) 


and the factors ln—r in (3.4.7), (3.4.8) and (3.4.11) 
2-1 1+x 

would be replaced by ln . On the other hand, if the 
Q (z) are defined in the complex z plane according to 

Ju 

(3.4.2) and we then approach the real line -1<x<1 from 
above and below, z = x + ie, we find that the logarithmic 
factor is discontinuous: 


z=x+ie 


(l-x)e J 


iir . (3. 4. 13) 

1-x 


These complications will become much clearer when we come 
to Part III of the book, where complex variable theory is 
discussed. We bring them up here only to avoid misunder- 
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standing through oversimplification. 

The asymptotic properties of the Q (z) are simple: 

Xj 



The first term in the series which contributes is (t/z)^ 
since powers of t of lower order than H can be expressed 
in terms of Legendre polynomials of lower order than JL and 
these are orthogonal to P^(t). Thus we find 


= 2i 
(2j&fi)i z jh-i ' 


(3.4.15) 


where the integral was calculated by using Rodrigue 1 s 
formula (3.2.18) and integrating by parts. The asymptotic 
form (3.4.15) for Q^(z) is to be contrasted with that for 
P A (z), (3.3.7). 

From (3.4.2) we can easily find an expansion theorem 
for (z-x) with -1<x<1 and z a real or complex number 

outside this interval. With x in the specified interval we 
can expand according to (3.3.13), (3.3.14): 

00 

, (3.4.16) 



(3.4.17) 
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Using (3.4.2) we then obtain 

00 

■TZ - Z (2jfrt-l)Q .(z)P (x). (3.4.18) 

Z_X in 0 1 1 

3.5 ASSOCIATED LEGENDRE POLYNOMIALS 
For m^O Legendre's equation is 

£[a-x 2 )f]+[x-^4>-°. <3.5.1) 

In (3.2.2) we found the roots a = +m/2 of the indicial 
equation for expansion about x = +l. For solutions finite 
at x = +l we can then separate off the behavior near x = +l 
by writing 

P= (l-x) m / 2 (l-hs) m / 2 R(x) = (l-x 2 ) m//2 R(x), (3.5. 2) 

where in these expressions and below we take m to be a 
positive integer. Substituting (3.5.2) in (3.5.1) we find 
as equation for R(x) 

2 

(1-X 2 ) 2(nri-l)x ||+ [X-m(m+l)]R = 0. (3.5.3) 

dx 

On the other hand if we differentiate m times the 
equation (3.3.8) for the Legendre polynomials we find 

•J - 2(m+l)x 


dr d p i (x) ~i 
dxL . m J 

dx 


2 r d n P J (x) 
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r dmp »( x )i 

+ { j£( -m(nri-l) } -—— = 0. (3.5.4) 

L dx J 

Comparing (3,5.3) and (3.5.4) we see that for X- 4(4+1) we 
have found a solution of (3.5.1), namely 


P - p“(x) - (l -* 2 )” /2 


A 111 

dx 


q-x 2 ) 1 ^ 2 

i l i\ 


jm+i, 2 o 

d -:(x 2 -l)^, 


dx 


m+4 


m = 0,1, 2,. 


X. (3.5.5) 


Just as for the P.(x), it can be verified from study 
JL 

of the series solution that only for X = 4(1+1) can we find 
a solution finite at x = +l. Thus we have solved the Sturm 
Liouville eigenvalue problem 


, r „ dP”(x)-. 2 

sf' 1 -* > lt ~] - 7^2 p >> ■ 0-3.6) 

p'J(x) finite in interval -1<x<1. 

The eigenfunctions P^(x), 4 = m, m+l,...,of this Sturm 
Liouville problem form a complete orthogonal set in the 
interval -1<x<1: 

+1 

J* ^dxp“(x)p” (x) = 0, SLfV . (3.5.7) 

In order to calculate the normalization integral it 

is convenient to first find a new formula for P™(x). From 

4 

the old formula (3. 5. 5> we find 
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( - 2 >^p>)=pr«- 


mx 


(l-x") s 


(3.5.8) 


nri-1. . . 2.i 

P £ (x) = (1-x )‘ 


dP>) 

dx 


+ - 


mx 


(l-x Z ) s 


pm /x). 


(3.5.9) 


o m 

On the other hand, multiplying (3.5.4) by (1-x ; 2 and using 
the definition (3.5.5) leads to the result 


_mH-2 , v 0N x ^m+1 / x 
P zi (x) • 2 (nri-1) o i P q (x) 

1 (1-xV X 

+ {j&(£+-l)-m(m+l)} P™(x) = 0. 


(3.5. 10) 


Using the formula (3.5.9) with m->m+l for P^ (x) in 
(3.5.10) and solving (3.5.10) for P™(x) gives 

Xj 


P 


m 

i 


(x) 


1 _ 

j&(£bl)-m(m+l) 


L (l-x A ) 2 axJ Z 


m -1 _ 1 _d_ 

(jfchn+1) (JL-m) (1 _ x 2 ) m/2 dx X 

m+1 

[(l-x 2 ) 2 P* +1 (x)] . (3.5.11) 

The identity (3.5.9) enables one to increase the value of m 

by one; the identity (3.5.11) enables one to lower m by one. 

By employing (3. 5. 11) repeatedly one can express P 1 *! in 
a ** 

terms of P A : 

a 

P m (x) =_ Li} _ i=n _ a. x 

V ' (j^+mfl) (j£-m) (jfrtmri-2) U-m-1) (1 . x 2 ) m/2 dx X 
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= (-l) A ' m (jfrMn).' 1 d A ~ m 

(2 1)1 U-m)'. (1 _ x 2 ) m/2 

[(I-xVp^(x)] . 


(3.5.12) 


From the old formula (3.5.5) we can obtain pj(x): 

Xj 

P^(x) = I- 1 -^ 2 )^ 2 (x 2 -l)4 -^ili(l-x 2 )^ 2 .(3^.13) 


2 A Hi dx 2A 


2 i Jli 


Substituting this in (3.5.12) leads to the desired new 
formula for P^(x): 


P m = f-n m (#*0* _ 1 _ 

1 2 l & U-m)! (l-x 2 )®/ 2 dx A " m 


J O A 

(x-1) . (3.5.14) 


This result is to be contrasted with (3.5.5). 

With these two formulas it is easy to calculate the 
normalization integral: 

Ifk ^A 


(A+nOJ 

+1 p 

r dx [- 

<JM» ).' 

L 

(jfc+ni).' 

2 

a-m)! 

2jW-1 ‘ 


'i\ 


(3.5. 15) 


Here we have used our previous result (3.3.11) for the 
normalization integral of the P^(x). 
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3. 6 SPHERICAL HARMONICS 


We have now completed the solution of the problem 
posed in sec. 3.1. We have solved the eigenvalue problem 


1 9 / • . BY. 1 d 2 Y _ . __ 

sine ae <sl " e se> + sl „2 e ^2 ‘ 


(3.6.1) 


with boundary conditions that Y be 


1. single valued 

2. finite (3. 6. 2) 


over the sphere. We have found 


X = JLU+l), A = 0,1,2,... (3.6.3) 

Y = P'Vcos 0) e ±imcp , m = 0,1,2,... 4 . (3.6.4) 

jC 


At this point it is convenient to change the notation 
slightly by letting m take on positive and negative values 
and to use the result (3.5.15) to introduce normalized 


eigenfunctions called spherical harmonics: 



imcp 

*> os »iw> 


m>0, 


(24+1 

(4- m 

)•' 

2 

(4+ m 



rr P 1 (cos e) 


e imcp 


y m < 0, 


Sb 0; 1, 2, . • • y m ~ Qjy ” 1 y ■ . . 1 y JL y 


(3.6.5) 


where 
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2. m/ 2 , £hn 

P>) = ^-7- 

1 2 hi dx^ 


(X 2 -1) A 


= _1__ J^( x 2 -l)* 

n i., 7i 2. m/2 , A-m'' ' 

2 £ (A-m): (1-x ) ' dx 


(3. 6. 6) 


The choice of phase in (3.6.5) is convenient in the quantum 
theory of angular momentum and is called the Condon and 
Shortley choice of phase. Note that with this choice 


y'J* (e,cp) = C-l)V £ m (e,cp). (3.6.7) 

It is easy to calculate the low order spherical 
harmonics from the explicit formulas (3.6.5), (3.6.6): 

H- 0: 


Y o (e ' C P )= 

1: 

Y i (e ^ ) = '^ sin0eicp 

oc(x+iy) / r 

(3. 6. 8) 

Y°(e,cp) = J- ^ cos e 

ee z/r 


Y“ 1 (e,cp) =J^. sin Se' 19 

ce(x-iy)/r 

(3.6. 9) 

Y2<e,9) =-|J^sin 2 ee 2ic P 

«(x+iy) 2 /r 2 


Y* ( 0, Cp) = ‘ sin 0 cos 9 e lc P 

oez(x+iy)/r 2 


Y 2 (B ’^ = 2M c °s 2 0 -1 ) 

, 0 2 2 2., 
°c(2z -x -y )/ 

2 

r 

Y 2 1 (9, q>) = sin 0cos 9e’ 1Cfl 

«z(x-iy)/r 2 


Y 2 2(6 ^ )= 4/S sin2ee " 2iCP 

ce(x-iy) 2 /r 2 

(3. 6.10) 




98 


MATHEMATICAL METHODS FOR PHYSICS 


4=3: 

v 3, . 1 [35 . 3 3im , . .3/ 3 

Y 3 ( 6 , cp) = - 4 sin 6 e Y «(x+iy) /r 

Y 2 ( 0 ,cp) = ^//^p sin 2 0 cos 0e 2 ic P« z (x+iy) 2 /r 3 

Y*( 9 ,cp) = - sin 9 (5 cos 2 e-l)e lcp 

oc(4z 2 -x 2 -y 2 ) (x+iy)/r 3 

Y°( 0 ,cp) cos 0 (5 cos 2 e-3)«(2z 3 -3zx 2 -3zy 2 )/r 3 

Y’he^cp) = zJM sin 6 (5 c °s 2 e-l)e' lcp 

ce(4z 2 -x 2 -y 2 ) (x-iy)/r 3 

Y 3 2 ( 0 ,cp) = £ sin 2 0 cos 0 e“ 2 :LCf cez(x-iy) 2 /r 3 

Y 3 3 (0,cp) =^J^. sin 3 0 e" 3lcp «(x-iy) 3 /r 3 (3.6.11) 

For m=0 we see from (3.6.5) that 

Y°(e, cp) = P° (cos 0 ) . (3. 6 . 12 ) 

The spherical harmonics are orthonormal in the sense 

7r 2ir * , 

Jsin0d0 J* dcp Y^''(0,cp)Y je , (9,cp) = 6^, 6^,. (3.6.13) 

Here the cp integration forces m = m f for a nonvanishing 
result, and the orthogonality property (3.5.7) then forces 
l - 1' for a nonzero result. The factors in (3.6.5) have 
been chosen so that the normalization integral with 1= , 

m = m* is unity. 

Since the e lm( ^ form a complete set for functions of 

cp and the P™(cos 0 ) a complete set for functions of cos 0 , 

the YA 0 ,cp) form a complete set for functions of angle on 
hi 
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the sphere. Thus we can expand an arbitrary function 
f(0, ep) in the series 

OO +jj 

f(e,cp)=Z Z c Y"ke,cp). (3.6.14) 

z=0 m— 1 m * 

Using the orthonormality property (3.6.13) we can evaluate 

the C . : 

J&n 

n 2rr . 

0^ = J^sin 6' de' J 1 dcp' (6' ,cp' )f (0' ,cp’ ). (3.6.15) 


Substituting (3.6.15) in (3.6.14) we derive the 
completeness relation: 


00 



+z 


Z "^(^cp) y" 1*(e’,cp') = 

m=-j0 


6(e-e')6(<p-q)') 

sin 0* 


(3. 6. 16) 


3.7 THE SPHERICAL HARMONICS ADDITION THEOREM 

We complete the formal part of our study of spherical 
harmonics with a derivation of the addition theorem which 
expresses P^(cos ®) , © being the angle between two 
directions in space, in terms of Y**!(0,cp) and ,cp ! ), 

0, cp and 0 f ,cp* being the spherical coordinates locating 
the two directions in question. These angles are indicated 
in the figure. 


x 

Courant and Hilbert, _op. cit . p. 513; Hobson, jjg. cit . p. 342. 
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The proof Is based on the invariance of the differ¬ 
ential operator 

L i i r lU( jlu -ljsI 

sin e 30 L 30j sin 2 e Scp 2 

2 

= £ = ~ } ' A -A ["sin 0 -^r~l +—^ (3. 7.1) 

sin® S® L 3©J s . n 2 @ ^2 

with respect to rotations of coordinates (x,y,z) -»(X,Y,Z). 
This follows from the invariance of the Laplacian 


v 2 = ^i + ^i + jii = v t2 

dx 2 ^y 2 dz 2 


2 2 2 

= - S - 5 +-^2+-^, (3.7.2) 

3X 3Y 3Z 


since L is just the angular part of 

the Laplacian. Now the Y°!(0, cp) are 

& 

the eigenfunctions of L, 

L Y^(0,cp) = -£(#-1) y”(9^)> 
and since L = £, we have 

iZ Y^(0,cp) = -£(£+1) Y*J(0,cp). 



(3.7.4) 


On the other hand, the eigenfunctions of £ belonging to the 
eigenvalue £ are the Y^(©,$), so we must have 

A) 
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Applying this result to the problem in hand, by 
taking the new z axis along one or the other of the two 
directions 0,cpor 0 1 , cp f , we see that 

Y°(@) = Z a m (®' ><p' ) Y^(e,cp) 

= Zb m , (0,q>) ^(eScp'). (3.7.6) 

m ! 

Together these imply 

y >>- ^ °- 7 - 7) 

* m, m T 

Consider now a rotation around the z-axis. Neither © nor 
cp-cp* changes, but in the terms in (3.7.7), containing the 
factors 

im 1 cp* +imcp 

e 9 

we must have m 1 =-m. Thus (3.7.7) reduces to the form 

Y l (@) = Z c m Y'f (e'jcp’^ce,?). (3.7.8) 

m 

We can use orthogonality of the Y^(0',cp') to find c^: 

c m Y^(e,cp) = Jsin 9' de’ J'dcp’ Y^(9',cp')Y°(©). (3.7.9) 

Now imagine rotating coordinates so the new z axis 
points along the direction 0,cp. Then (3.7.5) implies 

Y“(e I ,cp')=ZA m , Y^(©,®, (3.7.10) 

m* 

where ©,<£ are the spherical coordinates of the direction 
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0 f ^ cp 1 with respect to the new set of axes with the z axis 

along 9,cp. From orthogonality of the Y™(®,$) we obtain 

JL 

A o = Js in @ d ©J d $ Y^(e',cp') Y°(0). (3.7.11) 

Since the element of solid angle is invariant, we see from 
(3.7.11) and (3.7.9) that 

c m = V (3.7.12) 

But if we set 0=0 in (3.7.10), 9, qj -»9',cp' and all 
Y^(©,<!>) vanish except when m' = 0 [see (3.6.6)], so we find 

Y^(0,cp) = A q Y°(0). (3.7.13) 





Y°(0) Y°(0) = ZY^eScp') ^(e^). (3.7.15) 

m 

Using (3.6.12) and (3.3.2) this can be put finally in the 
form 

i 

P A (cos©) = ^- Yj Y^ x (e' ,cp') Y^(e,cp), (3.7.16) 

where 


cos © = cos 0 cos 0* + sin 0 sin 0* cos (cp-cp* ). 


(3.7.17) 
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The remarkable addition theorem (3.7.16) enables one to 
separate the dependence on the two directions 0, cp and 
B’jCp 1 , between which © is the angle. 

3.8 MULTIPOLE EXPANSIONS 

In the remainder of this chapter we study some basic 
applications of spherical harmonics. First we consider the 
multipole expansion of the electrostatic potential due to a 
charge distribution p(r*). For a point charge e at r 1 the 
electrostatic potential at r* is given by 

|r-F' | * (3.8.1) 

For a distribution with charge density p(r ! ) the electro¬ 
static potential at r is given by 

cp(?) = J* d 3 x' |^|, | . (3. 8. 2) 

This is the solution of the Poisson equation 
2 -» 

V cp(r) = -47rp(r). (3.8.3) 

In terms of cp(r), the electric field E* is given by 

E(r) = - grad cp (?) . (3.8.4) 

Suppose all of the charge is located in a finite 
region, r 1 <R, and we ask for the potential outside this 
region, r>R. We can use our results for Legendre 
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= _ 1 _ 

I * 2 

rvl-2— cos © + (—) 

= 7 I V cos 0) ' r ' <r * (3.8.5) 

r i r A 

We emphasize that this series converges only for r' <r. 

The spherical harmonics addition theorem (3.7.16) can now 
be employed for P^(cos ©) : 

V cos ®>= vk 2 ^(eScp’) (3 * 8>6) 


|r-r' 


-Z 

l, m 


4t r 

2 J2H-1 


Vf(e',cp') -£j ^(0,cp). (3.8.7) 


In this expression 0, cp are the spherical angles of r, and 
e'jCp 1 are the spherical angles of r 1 . The formula (3.8.7) 
spearates the dependence on r from the dependence on r 1 . 
The price paid is that there is an infinite sum of such 
separated terms. Substituting (3.8.7) in (3.8.2) we find 

y y js_ . Y >’’" ) 

L . r £+l 

£=0 m=- X, r 





(3.8.8) 
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where 


q“ = J d 3 x' Y?(e',qW A p<?). (3.8.9) 

From the identity (3.6.7) we see that 

q 7 = ( ' 1>m • (3.8.10) 

The multipole expansion (3.8.8) provides a nice separation 
of the potential cp(r) into pieces each of which has a 
distinctive angular distribution and dependence on r. 

The terms with larger % have a more complex angular distri¬ 
bution and fall off more rapidly with increasing r. 

The multipole moments q™ characterize the charge 
distribution p(r*). It is instructive to work out some of 
the low order moments. Using the explicit formulas 
(3.6.8) - (3.6.10) for the low order spherical harmonics 
we find 


% - ;^F J d3 *' ^ ' 

where q is the total charge, 

q i = 'Ji I d3x ’ r ’ sine ' e " lcp 
IT 

8ir 

J 8t r ^ p x ’ 


J* d 3 x' (x 1 -iy') p(r' ) 


q i = J^r I d3x ' r ' C0S 6 ' p( ^' ) 

'/att p z ’ 


(3.8.11) 


(3.8.12) 
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where 


p = J* d 3 x' r' p (r' ) 
is the dipole moment, 

q 2 = 4 -/S I d3x ' r ' 2sin2e ' e " 2lCP P^') 

m lM J’ d3x ' ( x, - i y , > 2 p( ?, > 


(3.8.13) 


12\/27r (Q ll‘ 2lQ 12' Q 22 ) * 

A. ,■ 2 .i 


8ir 


J d^x 1 r* z sin 0* cos 0 f e ic ^ p(r*) 



q° = iMf ***' r ' 2 < 3 cos 2 e'- 1 ) p(?') 

J d3x ' (3z ' 2 - i ’ 2) p (?,) 

= 1 /X Q 

2V 47T o3 ' 


> (3.8.14) 


where 


Q ij = / d3x ' ( 3 x [ x j- r ' Z S i j) p(r') 

is the quadrupole moment tensor satisfying 
3 

Z Q.-.- = o • 


» 


i=l 


ii 


(3.8. 15) 


(3.8. 16) 


We note that and p are spherical and cartesian components 
for the same quantity as are q™ and Q . Note in particular 
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that there are three independent real numbers in q!^ or p 
and five independent real numbers in q™ or Q„. 

Substituting (3.8.11), (3.8.12), and (3.8.14) in 
(3.8.8) and using (3.8.16) we find 

cp(^) = r ^ Q ii“S J " , " , ' # ■ (3.8.17) 

r i,j J r 

This can also be obtained by expanding |r-r f | 1 in a Taylor 
series, but the expansion in cartesian coordinates becomes 
more and more awkward for the higher terms. The general 
case is handled much more easily by the expansion in 
spherical harmonics (3.8.8). 

We can also expand in multipole moments the energy 
of a charge distribution p(r): 


W 


= J d 3 x p(r)cp(r). 


(3.8.18) 


Expand cp(r) in a Taylor series around the point r =0, 
assumed located inside the charge distribution: 

<p(?> = cp( 0 ) + £ x . -g- + I £ x . Xj ... 

1 1 1, J L j 

1 V' 3^ 

= cp(0) -r-E(O) - 2 2j x i x i + 
i,j i 

IV 9 3E 

= cp(0) -r.f(0) - ^ Ox^-S^r ) ■^ 1 +... 

*>3 1 n 


(3.8.19) 


Here the last step depends on the assumption 
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valid for an electric field E produced by sources outside 
the region in question. Substituting (3.8.19) in (3.8.18) 
and using the definitions (3.8.13), (3.8.15) we find 


w= qcp(0) - p-if(O) Yj Q t1 

M 


3E. 



(3. 8. 21) 


We can use this to calculate the interaction between 
two dipoles pp p^. The potential due to p^ at distance 
r relative to p^ is then 


cp(r) = 


p r r 


(3.8. 22) 


and the electric field is 


E = 



3p x -r 


r 

r 


The interaction with the second dipole is 



P r p 2 P r rp 2 .r 

o “3 r 


(3.8. 23) 


(3. 8. 24) 


Since atoms and nuclei have multipole moments, the 
expressions derived in this section are important in various 
atomic and nuclear problems. 


3.9 LAPLACE 1 S EQUATION IN SPHERICAL COORDINATES 

We have already done all the work for this problem. 

It is only necessary to assemble the pieces. The separation 
of variables was carried out in section 2.5. The appro¬ 
priate single valued, everywhere finite solutions of the 
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angular equation (2.5.4) are the spherical harmonics 

cp), and the separation constant X is the eigenvalue 
\ = £(JH-1) according to sec. 3.6. With this value of X we 
find from (2.5.13), (2.5.14) as solution of the radial 
equation 


R = Ar A + B 



(3. 9.1) 


Multiplying together the radial and angular parts we obtain 
a solution of Laplace 1 s equation 


[Ar* + B -^]y^(e,cp). (3.9.2) 

A general solution of Laplace’s equation is a super¬ 
position of such solutions: 

oo a 

«?>- £ (3 - 9 ' 3) 

That a superposition of solutions is also a solution follows 

from the linear homogeneous form of Laplace* s equation. To 

see that (3.9.3) is a general solution requires more effort. 

First we note that the form (3.9.3) is convenient for 

problems involving boundary conditions given on the surfaces 

of spheres, and convenient only for such problems, so we 

restrict ourselves to that case. As we show in the examples 

below the arbitrary constants A. and B can then be 

mm 

chosen to satisfy arbitrary boundary conditions for on the 
surfaces of spheres or arbitrary boundary conditions for 
Sniff’d r on the surfaces of spheres. On the other hand with 
either f or b^/br given on surfaces of spheres, f is 
uniquely determined. To see this suppose we have two 



110 


MATHEMATICAL METHODS FOR PHYSICS 


solutions both satisfying Laplace* s equation and 

both satisfying the same boundary conditions for or the 

normal derivative b^/bn on some surface S (not necessarily 

spheres) of a volume V. Then u = sat ^ s ^^- es Laplace* s 

equation and the boundary condition u = 0 or 3u/Bn = 0 on S. 

2 2 

Applying Gauss* theorem to V • (uVu) =uv u+ (Vu) we find 

J 1 d£- uvu = J d^x[uV^u 4- (Vu)^], (3.9.4) 

°S V 

from which for either case we obtain 

f d 3 x(Vu) 2 = 0. (3.9.5) 

V 

Since the integrand is always positive we find 

Vu = 0. (3. 9. 6) 

* 

For the case u = 0 on the boundary (3.9.6) implies u = 

= 0 everywhere. For the case bu/dn = 0 on the boundary ^ 
and -\j /2 can differ only by a constant. 

We can now apply our general solution (3.9.3) to 
various examples of boundary value problems: 

1) Interior Problem , r<a 
a) i/( a, 0,cp) = u(e,cp) given 

If we specify in addition that ij/ be finite everywhere, then 
we have 


Jim 


= 0, 


(3.9.7) 
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= Z A r*Y*(9,cp). (3 * 9 ' 8) 

On the surface of the sphere this becomes 

f(a, ©jcp) = u(0,cp) = Z A^a^Y^OjCp). (3.9.9) 

Since the Y^(0, cp) form a complete set, this expansion of 
the arbitrary function u(0,cp) is possible. Using the 
orthonormality of the Y^(0,cp) we can solve for the co- 

Xj 

efficients A . : 

m 

i IT 2rr * 

A = —f sin 0d0 f dcp Y (9,cp)u(0,cp). (3.9.10) 

m J 0 0 1 

= v(9,cp) given 

r=a 

Specifying ij/ finite at r = 0 eliminates the as above and 
we find 



iKr,0,ep)=Z A J ta r£Y A <e,<:p), 

(3.9.11) 

l,m m 


br = 1 V* 1 Y l (0,cp) ' 

(3.9.12) 

v(6,cp) = Z A a a A_1 Y B *(9,cp), 

(3.9.13) 



A fm" 1-1 J daY l (e,q?)v(9,cp), 1^0. 

(3. 9.14) 


A qq arbitrary. 
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2) Exterior Problem , r>a 
a) *^(a, 0, cp) = u(0,cp) given 

If we specify in addition that f-*0 as r then we have 


> 

II 

o 

V. 


(3. 9. 15) 

II 

15- 

CD 

•s 

u 

Z B l, ?><P>, 

(3. 9.16) 


Jfc,m r 


B . =a i+1 
im 

J* <*QY^* (©, cp> u (e, cp). 

(3. 9.17) 

! 

/-s 

rn 

= v(6,cp) given 



r=a 


Specifying *^-♦0 at r -*oo eliminates A^ as above and we find 

n r,e,cp)= Z (3.9.18) 

r 

2 

B im = " J' dnY l* (e,Cp)v(e ^ ) * (3.9.19) 

3) Region Between Two Spheres , a<r <b 
a) ^(a, 0,cp) = u(6,cp) given 
cp) = v(9, cp) given 


We need all the terms in the expansion: 

*<r, e> <p) -Z [V^V -£i] ^<9.9)- O.9.20) 

fL,m r 


The boundary conditions now read 
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^<a,e,cp) -u(e,cp) = E [ A ta l aA+B to _ m] Y l (e > c P ) » 

a, m a * 

(3. 9. 21) 

^0>,e,q>) =v(e,cp) + 5 ] Y^(e,cp) . 

(3.9.22) 

Using the orthonormality of the Y^(9, cp) we obtain 

A fm aA + B im 7^I = «f dQ (3.9.23) 

A fm bA + B jto ~itl = / da <©,cp)v(e,cp). (3.9.24) 

b 

These two equations can be solved for and B . 

c), d), e) Using obvious extensions of the above 
techniques, we can also solve the cases in which b^/br is 
given on both surfaces or f is given on one surface, 
b^/br on the other. 


3. 10 CONDUCTING SPHERE IN A UNIFORM EXTERNAL 
ELECTRIC FIELD 

This is a favorite exterior problem. f(r) is now 
the electrostatic potential, and the boundary conditions 


^(a, 0, cp) = const. 


(3. 10. 1) 
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9 > <P) ’ E 0 r cos 6 * (3. 10 * 2 ) 

where E is the external electric field, assumed in the z 
o 7 

direction: 


-V(-E o r cos 0) =VE o z = E q £. (3.10.3) 

The general solution of Laplace*s equation for the electro¬ 
static potential outside the sphere can be written in the 
form (3.9.3): 


«?> -Z t [A«/+v -y <3 - 10 - 4) 

Using Y°(0) = Jif 47 r cos 0 we see that to satisfy the 
boundary condition (3.10.2) we must take 



A - = 0, £> 2. 

j2m 7 — 


(3.10.5) 


Thus r) has the form 

B 




B 


+ Z 


Z,ta r 


(3. 10. 6) 


where S’ is a sum over all £,m pairs except 0,0 and 1,0. 

To satisfy the boundary condition (3.10.1) we must 
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have 


At t „ B 10 n 

-VT V + ~ “ °> 

a 


B u _ B i-i _ °» 


Bjta = °' i - 2 • (3.10.7) 

Since only V*^=-E has physical significance, the constant 
Aqq can be dropped. On the other hand b qq/\/^t is the 
charge Q on the sphere, so finally we obtain 

3 

•^(r) = - E o [r. *^1 cos 0. (3.10.8) 

r r 

Comparing this formula with (3.8.17) we see that the 

3 

external field E has induced a dipole moment p = a E q in 
the conducting sphere. 


3.11 FLOW OF AN INCOMPRESSIBLE FLUID AROUND 
A SPHERICAL OBSTACLE 


This is very similar to the problem just worked, 
but with a different boundary condition at the surface of 
the sphere r = a. The fluid velocity is 

v = -Vtf , (3.11.1) 


where 


v 2 -^ = 0. 


<3.11. 2) 
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The boundary conditions are 

v = - = 0 at r = a. (3.11.3) 

r dr 7 

^—> - v r cos 0. (3.11.4) 

y r-»°° o 

The boundary condition (3.11.3) says that the flow at the 
surface of the obstacle must be tangent to the surface. 

The asymptotic boundary condition (3.11.4) is essentially 
identical to the boundary condition for the electrostatics 
problem above. By the same reasoning as used there we 
conclude that the only non-vanishing terms are 

f(r) = a + ^ 4- (-v Q r+-~) cos 0. (3.11.5) 

r 

The boundary condition (3.11.3) then leads to 


b = 0 , 

-v --“7 = 0. (3.11. 6) 

o 3 
a 

The constant a has no significance since v = so we 

finally obtain 


f(r) = “V 


r + —7 cos 0 y 
2r J 


(3.11.7) 


3 3 

v = -Vf = v o F 1 - cos 0 r-V Q £l + -^-^j sin 0 0. (3. 11. 8) 


2r~ 


There are a large number of possible variations of 
the examples in secs. 3.10 and 3.11. We consider some of 
these variations later when we study boundary value problems 
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in dielectric and magnetic media. In all cases only the one 
term 


[“ + 5] 


cos 0 


(3.11. 9) 


from the general solution (3.9.3) is needed to satisfy the 
boundary conditions. 
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PROBLEMS 


3.1 


Expand the 


step function 


f (x) 



-1 <x <0 
0 <x <1 


in a series of Legendre polynomials P (x). Obtain 
an explicit formula for the expansion'xoefficients. 

3.2 Consider the integral z 

I = J* dQ f (cos a) g (cos p) 

= J sin 0 d0 d0 f (cos a) g(cos p), 

where f and g are two arbi¬ 
trary functions and a = 0 
and p are the angles between 
the integration direction 
(0,0) and two fixed axes 
(the z axis and the z 1 axis 
at an angle y with respect 
to the z axis in the x,z 
plane). 

a) By transforming integration variables show that I 
can be written in the form 

I=2r 1 d(cosa) f 1 d(cos p) f (cos a) g (cos p) 

J -1 J -1 



I 


2 2 2 
9(l-cos a-cos p-cos y+2cosa cos p cos y) 

2 2 2 ^ 
-cos a-cos p-cos y + 2cosa cos p cos y 


where 0(x) is the step function 


e(x) 


1, x>0 
0, x<0 


b) By expanding f (cos a) and g(cosp) in series of 
Legendre polynomials and using the spherical 
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harmonics addition theorem show that I can be 
written in the form 

00 

1 1 V 

I=f d(cosa) r d(cos {3) TT h (2Jgrl-l)P (cosa)x 

-1 -1 jBfO 1 

P (cos p) P -(cos y) X f (cos a) g(cos p) . 

fj jL 


c) Derive the identity 


TT Yj (2j&tl)P (x)P (y)P (z) = 
j6=0 1 1 * 


29(l-x 2 -y^-z 2 +2xyz) 
^•-x 2 -y^-z^+2xyz 


3. 3 Find the electrostatic potential at large distances 
due to the following arrangements of point charges. 
The charges have equal magnitudes q and signs (+) 
as indicated. a > | 

y • + y • + • “ 

a) •+ b) a c) a d) 

1 . - • + 

a + 

What is the lowest order multipole moment in each 
case? 



3.4 


3.5 


Show that in charge free space the value of the 
electrostatic potential at any point is equal to the 
average of the potential over the surface of a sphere 
of arbitrary radius centered on the point in 
question. This is called the mean value theorem. 


Two concentric conducting 
spheres of radii a and b 
are separated into four 
hemispheres by a noncon¬ 
ducting sheet. The upper 
outer and lower inner hemi¬ 
spheres are kept at potential 
+ V while the upper inner 
and lower outer hemispheres 
are kept at potential -V. 



Find the electrostatic potential in the region 


between the two spheres. Evaluate the expansion 
coefficients explicitly for terms up to 4 = 4. 
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3.6 The electrostatic potential *^(r, 0, 0) inside a 

sphere of radius a satisfies Laplace's equation 

2 

V f = 0 

and the boundary condition 


iKa, 0) = V(0, 0). 


Show that the potential inside the sphere is given 
by 


0 , 0 ) = 4 ~ 


J d0 - 


_ V(Q 1 » 0' ) _ 

9 o 3/2 9 

(r z +a -2arcos y) ' 


where 


cos y = cos 0 cos 0' + sin 0 sin 0' cos (0 - 0* ). 

To carry out the derivation of this formula sum the 
series (3.9.8), (3.9.10), using the spherical 
harmonics addition theorem, the generating function 


2 2 _ 

(r +a -2arcos y)^ l a 


V 1 

\ “fe V C 0 S Y>> 


and its derivative with respect to a. 

3.7 The z independent solutions of Laplace's equation 

in cylindrical coordinates are 

00 

■*= < A o +B o ln r) (C o + D o 0) + 2 <V m + V’ m) X 

m=l 


(C e im0 + D e- ime ). 
m m 


Study the (z independent) interior problem for the 
cylinder. Find the finite solution which satisfies 
the boundary condition 

iKa, 0) = u(0). 

Sum the series and show that your solution can be 
written in the form 
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fix, 9 ) 


2 

a -r 

2t r 


2 


2^- 

f de' u(9') 

J o 


1 


2 2 

a +r -2arcos(0-0 ! ) 


3.8 a) Use the method of eigenfunction expansions in 
rectangular coordinates to find the solution of 
Laplace 1 s equation 

= 0 

for the region inside the cube 
0<x<a, 0<y<a, 0<z<a, 

which satisfies the boundary conditions 
f(0,y,z) =u 1 (y,z'), 
f(a,y,z) =u 2 (y,z), 

f(x,0,z) =^(x,a,z) =^(x,y,0) = i/(x,y,a) =0. 

b) Apply this solution to find the electrostatic 
potential inside a hollow cube with conducting walls 
when the right and left sides of the cube are kept at 
constant potential V and the other sides are kept at 
zero potential. Evaluate the expansion coefficients 
explicitly. 

c) Evaluate numerically the potential at the center 
of the cube. How many terms of the series are 
necessary to obtain a result to three significant 
figures? 

d) Find the solution of Laplace*s equation for the 
inside of the cube which satisfies nonzero boundary 
conditions on all six sides: 


f(0,y,z) 

a,y,z) 

i^(x,0,z) 

f(x,a,z) 

T^(x,y,0) 

iKx,y,a) 


= 

= u 2 (y,z), 

= Vj^z), 

= v 2 (x,z), 

= Wj^y), 

= w 2 (x,y). 



CHAPTER 4 BESSEL FUNCTIONS AND APPLICATIONS 


4.1 INTRODUCTION 

When one separates variables in the Helmholtz 
equation in cylindrical or spherical coordinates the radial 
equation is Bessel’s equation or can be reduced to Bessel’s 
equation (see sections 2.4, 2.5). Bessel functions come up 
in many calculations in physics. Many important integrals, 
for example, can be expressed in terms of them. In fact, 
Bessel functions are similar in many respects to trigo¬ 
nometric functions and it is necessary to have a working 
knowledge of them for the same sorts of reasons that it is 
necessary to have a working knowledge of trigonometric 
functions. 


H. W. Wyld, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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4.2 SERIES SOLUTIONS OF BESSEL* S EQUATION; 

BESSEL FUNCTIONS 

As we saw in sec. 2.4 Bessel*s equation is 

We shall obtain series solutions according to the method 
of sec. 2.7 by expanding around the regular singular point 
x = 0: 

00 

u(x) = x a \l + Yj u 4 1 • (4. 2. 2) 

L j=l J J 

Substituting this series in the differential equation 

2 

(4.2.1), after multiplication by x , we obtain 

00 

x a f"a(a-l) + Yj (a+j) (QH-j-l)u. x-^ 1 
L j=l J J 


+ x a [a+ Yj (QH-j)u xU 
L j=l J J 

+ x a j"x 2 + U. x^ +2 -m 2 -m 2 Y u.x^l= 0. (4.2.3) 

L j=l J j=l J J 

Equating coefficients of successive powers of x to zero we 
obtain first tlfe indicial equation 

2 

a(a-l) + a-m = 0, a = +m, (4.2.4) 


then 
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[(a+l)a + a+l - m 2 ]u 1 = 0, 

(4. 2.5) 

2 

[(G+2) (q+ 1) +GH-2 - m ]u +1 = 0, 

(4. 2. 6) 

[(a+j) (a+j-l)+a+j - m 2 ]uj+Uj_ 2 = 0. 

(4. 2.7) 


Using the indicial equation, (4.2,5) reduces to 

(2a + l)u 1 = 0. (4.2.8) 

For a^-1/2 this implies u^ = 0; in fact we can and do take 
u^ = 0 even for a=-l/2. The recursion relation (4.2.7) 
then implies 


U 1 U 3 


= u 5 = , 


= u 


2n+l 


= 0. 


(4. 2. 9) 


2 2 

Using the indicial equation a =m in the recursion 
relation (4.2.7), we find it can be rewritten in the form 


u U 2(j-1) = _ U 2(. j-1) 

2 j <W- m 2 ' 


(4. 2.10) 


Applying (4.2.10) repeatedly we can express u^^ in terms 

of u = 1: 
o 


u =( _i) 2 _ U2 a- 2 ) _ 

2j <■ L) 4j(j-1)(j-to)(j+ai-1) 


(-1) j rCi-Ha) 
2 2j j!r(j-t<«-i) 


(4. 2.11) 


where p fs the gamma function. Substituting (4.2.9) and 
(4.2.11) in (4.2.2) we find two solutions corresponding to 
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the two roots of the indicial equation (4.2.4): 


x m£ r(m+l)(-l) r x 2r 
r=0 2 2r r.' r(r+nri-l) 


u(x) = < 


00 


z 


r(-nri-l) (-1) r 
2 2r r.T(r-m+l) 


2r 


x 


(4. 2. 12) 


Multiplying by 2 +m /r(+nH-l) we obtain the conventionally 
defined Bessel functions: 

00 


j «-<f m z 

m z n 

r=0 


(-D r ( 2£) 2r 

r! r(r+m+l) V > 


(4. 2.13) 


J m (x) = (^) 

-m z 


-m 


z 

r=0 


- SlD l— 

r 1 r(r-m-KL) 



(4. 2. 14) 


These series converge for all x according to the ratio test. 


<!> 


r (r+m) r-*<» 


(4. 2.15) 


and- so define two solutions to Bessel's differential 
equation (4.2.1). 

The two solutions obtained above are well defined 
and independent except for the difficult case in which the 
roots of the indicial equation differ by an integer, 

2m = integer. Even for 2m = odd integer the two solutions 
above are well defined and independent - the vanishing 
denominators appear in the terms u^, u^, u^, ..., which 
have been set to zero. For m=positive integer the first 
few terms in the series (4.2.14) vanish because the gamma 
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functions in the denominator are infinite for negative 
integer arguments: 

r(r-m-KL) = o°, r+l-m = 0, -1, -2,... , 

r = m-l,m-2, . ..,0. (4.2.16) 


Leaving out these terms and changing the dummy summation 
index we find from (4.2. 14) 


j / x \ _ (~)~ m y 

-m W ( 2 > rl r(r-nri-l) 


r=m 


(f) 2r 



(nH-s)! r(s+l) 


/Xv 2 (m+s ) 


CO 


= (-l) m 



(-1) S /*n2s 

si r(s+m+l) k 2 j 


= (-l) m J m (x), m=0,l,2,... . (4.2.17) 

Thus for the case m = integer we have found only one 
solution. 


4.3 NEUMANN FUNCTIONS 

For the case m= integer the general theory discussed 
in sec. 2. 7 tells us there will be a second solution of 
the form 

00 

J (x) In x + x m Tj a x r . 
nr i-'n r 


(4.3.1) 
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We could substitute this in Bessel* s equation and determine 

the a so as to obtain a solution. It is conventional to 
r 

proceed differently. The second solution of Bessel* s 
equation (the Neumann function) is defined by 


N (x) = 
m 


J (x)cosm 7 t-J (x) 
m _ -m 

sin mTT 


(4.3.2) 


For m^ integer this is a perfectly well defined linear 
combination of J m (x) and J_ m (x). For m=integer the 
formula (4.3.2) reduces to 0/0 in virtue of (4.2.17). 

The Neumann function N m (x) is then defined for m integral 
by de 1* Hospital* s rule: 


N (x) = Lim 

m-dnteger 


J (x)cos mTT-J (x) 
m -m 

sin mTT 


dJ (x) 


dJ (x) 


= Lim 

m-dnteger 


-f^-cos mTT-Trsln m 7 rJ m (x)-=g- 

7T COS mTT 


i r dJ m (x) 


-?[■ 


dm 


(-D 


dJ (x) 


dm 


m = integer. (4. 3. 3) 


We can see that this actually satisfies Bessel* s equation 
for m=integer by differentiating Bessel*s equation with 
respect to m: 


V* o 

m 

-j ' 

dx 2 

_ j . 

X 

A\ 

-dJCx)-. 
m 1 

dx 2 * 

_dm J 


dJ (x) 2-. 

J V*> -°. 


(4.3.4) 


_dJ (x)- 


2-, dJ (x) 
il m v J 


dm 


2m 

2 

x 


J (x) 
m 


9 


(4.3.5) 
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d 2 [ ~ dJ -m (x) 
d x 2 L dm 



(x) 



1 - 



dJ m < x > 

-m 

dm 


2m T , N 
= -o J m (x) . 
£ -m 
x 


(4.3.6) 


Multiplying (4.3.6) by (-l) m , subtracting the result from 
(4. 3. 5), and using (4.2.17), we immediately find that (4.3.3) 
is a solution of Bessel 1 s equation. 

To calculate the derivatives with respect to m 
which appear in (4.3.3) we use the series expansions 
(4. 2.13) and (4. 2. 14): 


dJ (x) 
m 

dm 


00 


= J m (x) lnf+(|) m Z Q 


(-l) r 

r.* 



JL 

dt 


1 

r(t) 


> 

t=m+r+l 


(4.3.7) 


d J (x) 
-m 

dm 


- J . m (x) Inf - (f 




X 


_d_ 

dt 


1 

r(t) 


t=-m-fr+l 


(4.3.8) 


We need the derivatives of the gamma function: 


_d_ 1 1 r' (t) 

dt r(t) r(t) r(t) 


r(t) dt 


-TT In r(t). 


(4. 3. 9) 


Repeated use of the recursion relation for the gamma 
function yields 


r(t) = (t-i)r(t-i) = (t-i)(t-2>... (t-n+i)r(t-n+i). 

(4. 3.10) 
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Taking the logarithm of (4.3.10) and differentiating, we 
obtain 


r!i£l 

r(t> 



■ -JL— + H ( t -n+ ll 

t-n+1 T (t-n+1) 


(4.3.11) 


If we now let t=n= integer in (4.3.11), we obtain 


r(n) 




r' (i) 
r(D ' 


(4.3.12) 


The quantity r*(l)/r(l) is by definition the nega¬ 
tive of Euler's constant y. A formula for y can be 
obtained by taking the limit of (4.3.12) as n-»°o and using 
Stirling's formula for r(n) for large n: 

r(n+l) n n4 ^e' n , (4.3.13) 


r'(n+l) 
r(n+l) 


n-«> 


In n 


(4. 3.14) 


r 1 (1) 
r(i) 


Lim Jj + -| + 

n-*» L 


1 r* (n+l)l 
n " T(n+1) J 


= - Lim 

n-*c© 


o 


1+1 + 

1 2 # * 




y 


= -.5772_ 


(4.3. 15) 


Combining our results we find 
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d 1 


at r(t) 


= < 


t=n 


- 1 l). , [n-l + n-2 + "* + 1 " Y ]> n - 2 ’ 

(4.3.16) 


(n-1) 


n = 1 . 


For some of the terms in (4.3.8) we need this 
derivative when t is 0 or a negative integer. To handle 
this case use (4.3.11) with t-»t+k-HL, n -»k+2: 


r' (t+k+i) = l —L- + + I + C M 

r(t+k+i> t+k t+k-i t r(t) > 


(4.3.17) 


i_L = r' (t) = _i_ x 
dt r(t) r 2 (t) r(t) 


l , l , .1 r’ (t+k+i) ~| 

t+k t+k-1 *•* t r(t+k+l) J * 


(4.3.18) 


Now set t =-k, k = 0,l, 2,... . For these values of k, 
r(-k) = so we obtain from (4.3.18) 


A 1 , . 1 1 

dt r(t) t= . k - t r. k r(t) t+k 


t(t+ i ),.,.,(t+k-i) 

J“ k r(t)t(t+i).(t+k) 


= Lim 

t-*-k 


t(t+l)..... (t+k-1) 
r(t+k+l) 


= (-l) k k.', k = 0,1,2,. (4.3.19) 


We can now combine formulas (4.3.3), (4.3.7), (4.3.8), 
(4.3.16), (4.3.19) to obtain the Neumann function N m (x) 
for m an integer: 
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N (x) =— J (x) In — 
m v y 77" m' y 2 

+ 1 f f ^ 2r (,T. l) X 

Tr T r.' (m+r).' 


r=0 


f-L 

j m+r 


1 1 . , I 

+ . __ i + • • • + i "Y . 


m+r m+r -1 
m-1 


. 1 , „ s m ,x x -m Y (-1) /X N 2r, , x m-r-l, 

+ “ (-1) (^) L 7T" < 2 ^ (" 1 ) (m-r-1). 

r=0 

+ 1 ( .n m /2£)- m f (~l) r ( x.2r 

+ T <. i) i 2 ) L r . l 2 ) (r _ m) . X 

r=m 


{ 


1 1 . 1 

+ 1 +•••+-! — Y 

r-m r-m-1 1 


m-1 


2 T , xf-. x . 1 1 /Xx-m V (m-r-1). 1 ,x N 2r 

■ u J „< x) L ln 2 + 4 w <2> 4 ,i <2> 


r=0 


1 ,x v m 1 


. -i (^) ui 4 + -L. + + 1 

7T K 2 j ml 1m m-1"*^ II 


. I V _ (-D r 

7T V £ r.' (nri-r).' V 


J- + ^_ + + i + I + J^ + + ll 

m+r m+r-l + "- + l r r-l l| 


(4.3. 20) 


This function has the expected singular behavior near 
x = 0 -- see (4. 3. 1). 
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4.4 SMALL ARGUMENT AND ASYMPTOTIC EXPANSIONS 


We have now explicitly constructed the two solutions 
of Bessel's equation, the Bessel function J m (x), m>0 , 
and the Neumann function N (x). J (x), m>0, is finite 
at x = 0, and N m (x) is infinite at x = 0. Our power series 
solutions give explicitly the behavior near x=0: 


J (x) 


1 ,x^ m 

\rs) y 


nT ' x-»0 r (mH-1) v 2 
1 


(4.4.1) 


smmTT -m 


J „ ( x ) = " 




N m (x) ^W (ln 2 + y) > m = °’ 


sin mirTC-m+l) 2 

integer, 


(^) m , m = integer ^ 0 . (4. 4. 2) 


Using the known result [see (13.2.12)] 


r(m) r(l-m) 


7T 

sin mTT 


(4.4.3) 


for the T function we see that the m^O cases can be 
described by the same formula whether m is an integer or 
not: 


r(m) 

7T V 9 


m 0 , 


N (x )—j 
m x->0 \ 


| (In f + v), m = 0 , 


IT 


y = .5772 


(4.4.4) 
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Formulas for the asymptotic behavior of J" m (x) an d 

N (x) for x->oo can be derived by using complex variable 
m 

techniques and will be derived in that part of this book 
dealing with such methods -- see Chapter 13. Here we quote 
the results: 

J m (x) J5 C ° S [ X - ? ’ 9 ' (4 ' 4 ’ 5) 

N m (x) M Sin [ x ' f ~ f] * (4 - 4 * 6) 

The formulas (4.4.1), (4.4.5) for J m (x) anc * (4.4.4), (4.4.6) 
for N m (x) together give a good picture of the general 
behavior of these functions. The small argument behavior 
changes to the large argument behavior in the region x~m. 

The asymptotic formulas (4.4.5) and (4.4.6) show 
the similarity of Bessel functions to trigonometric 
functions. As in the trigonometric case it is convenient 
to introduce linear combinations corresponding to complex 
exponentials. The Hankel functions are defined by 

H m 1)(x) = J m (x) + 1 N m (x) > (*.4.7) 

H m 2)(x) = J m (x) - 1 N m (x) • ( 4 - 4 - 8 ) 

Referring to (4.4.5), (4.4.6) we see that these functions 
have the asymptotic form 

(x) ^ expj~+i(x - 7 “ - ?)1 , ( 4 . 4 . 9 ) 

u (2) ( . v f~2 f r wr TT.l 

H (x) 7 /— exp -l (x - — - 7 ) 

m x -* 00 V ttx r L 2 4 y J 


(4.4. 10) 
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For small argument, x the Hankel functions are dominated 
by the singular behavior of the Neumann function N m (x). 


4.5 BESSEL FUNCTIONS OF IMAGINARY ARGUMENT 


Bessel functions of imaginary argument often occur 
in practice and have special names and symbols. The 
differential equation 


d^u 1 du 

,2 x dx 

dx 



can be written in the form 


d 2 u 


d (ix) 


1 du 
ix d(ix) 





and has solutions 


(4. 5.1) 


(4. 5. 2) 


r j x<« 

|b x ( 1x) 


(4.5.3) 


It is convenient to define new functions which are real 
for real x: 


I x (x) = e'^ Xwi J x (ix) 



r! r(r+\+l) k 2 j ’ 


(4.5.4) 
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¥» 


TT 

2 sinXTT 


IT 

2 


e^J 


^(ix) -e” s ^ n " 1 J^(ix) 
sin Xir 


(4.5.5) 


Solving (4.3.2) for J (ix), substituting in (4.5.5) and 

_ 4 n \ 

using the definition (4.4.7) of (ix), this becomes 

K^(x) = ^ i e 8 ^ (ix) . (4.5.6) 


Using the small and large argument expansions given 

above for J (x), N (x), H x ^ (x) and H.p^ ( x ) it is easy to 

A. A. A. A. 

find the small and large argument expansions for I^(x), 
K^(x): 


l x M 

x-»0 

1 

r(x+i) 

<i) 1 , 


(4.5.7) 


i 

r 

|r(x) 

(!>" x , 

x^o , 


v*> 

x-*0 




(4.5.8) 



- (In 

§ + v>, 

X = o , 



X—* 00 

1 

a/2t nx! 

X 

e ) 


(4.5.9) 

V*> 

X-»o> 


X 


(4. 5.10) 


4.6 LAPLACE 1 S EQUATION IN CYLINDRICAL COORDINATES 

We have already carried through the separation of 
variables for the Helmholtz equation in cylindrical 
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2 

coordinates in sec. 2.4. Setting k =0 so as to reduce 
Helmholtz’ equation to Laplace* s equation and forming a 
superposition of the solutions of sec. 2.4 so as to obtain 
a general solution of Laplace’s equation, we find 

V 2 f(r,0, z) = 0, (4.6.1) 

t(r,9,z) = Z [AJ m (ar) +BN m (ar)] X 
a,m 

[Ce ime + De- ime ] [Ee az + Fe- az ] . (4.6.2) 

In (4.6.2) the constants A,B,C,D,E,F are functions of the 
separation constants a,m. We choose these constants and 
sum or integrate over OL and m in whatever way is dictated 
by the boundary conditions imposed on *^(r, 0, z). For most 
physics problems we will want to impose a boundary condition 
of single valuedness, 

^(r,0, z) = 0+ 2 tt, z), (4.6.3) 

which requires that m be integral, 

m — 0,1, 2 ... . (4. 6. 4) 

4.7 INTERIOR OF A CYLINDER OF FINITE LENGTH 


As a first example suppose 
we wish to solve Laplace’s equation 
for the interior of a cylinder of 
finite length with ^(r,0,z) given 



r=a 
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on the surfaces: 


f(r,e,b) 


i^(r, 9,0) > given . 


i (a, e,z) J 


(4. 7.1) 


We can divide this problem into three parts, in each of 
which ^ reduces to the given function on one of the 
surfaces and 0 on the other two surfaces: 


Y' = *1 + * 2 + % > (4. 7 * 2 > 

= V 2 f 2 = V 2 f 3 = 0 , (4.7.3) 

Yj_“ f(r, 0 ^ b ) ? Y^(t > 0 j^) “ ^ j Y^(a^ 0 > z) = 0 , 

(4.7.4) 

= °; i/ 2 (*,S,0) =i/(r,Q,0), 0, z) = 0, 

(4.7.5) 

f 3 (r, 0 ,b) = 0 , f 3 (r,Q,0) =0, = iK a , 0 ,z). 

(4.7.6) 

Consider first the boundary value problem for Y^» 

We use the general expansion (4. 6 .2) for To insure 

that Y'i vanishes on the surface z = 0 choose F = -E so that 

„ az _ -az az -az. „„ . ._ 

Ee + Fe =E(e -e ) = 2E sinhaz . 


(4.7.7) 
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As for the r dependence, we first impose the con¬ 
dition that ^ be finite at r =0. Because of the singular 
behavior of N m (ar) for r ->0 [see (4.4.4)] this implies 
B * 0. We have also imposed on the boundary condition 
^ = 0 at r = a. With B = 0 this implies 

J (aa) = 0. (4.7.8) 

Now, J m ( x ) is an oscillatory function with infinitely many 
zeros [see for example the asymptotic form (4.4.5)], so 

there is an infinite set of solutions of (4.7.8). Let x 

h 11111 

be the n zero (counting out from small x) of J^(x), 


J (x ) = 0. 
m mn 


(4.7.9) 


Then the solutions of (4.7.8) are given by 


a = a 


mn 


mn 


(4.7.10) 


We have now satisfied the ^ =0 boundary conditions 
on the bottom and sides of the cylinder and in so doing 
reduced the general form (4.6.2) to 


A (r > z) = E E W) sinh x 

m=0 n=l 


(C e lme + D e' ime ) 
mn mn 


OO 00 


= A AC Ji I (a, | r) x 

^ mn m m n 


m=-oo n=l 


sinh(a |m|n z)e:Lme - 


(4.7.11) 
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Notice in particular how the form of summation over a in 

(4.6.2) has been determined by the boundary condition at 

r = a. We are left with the arbitrary constants C in 

mn 

(4.7.11) which we can use to satisfy the boundary condition 
on the top of the cylinder, ^(r,Q,b) = 0,b). 


4.8 THE STURM LIOUVILLE EIGENVALUE PROBLEM 
AND EXPANSION THEOREM 

With regard to the expansion problem just discussed 
in sec. 4.7 we note that the e lm ^ form a complete set for 
functions of 0, so that we have no difficulty expanding an 
arbitrary function of 0 in these functions. As for the 
radial functions we note that the set of functions 


u (r) = J (a r), n = 1,2,... , 
n m' mn 7 77 7 


(4. 8. 1) 


form the solution of the Sturm Liouville eigenvalue problem 


d u (r) .. du (r) 2 

n v J , J. n v 7 m 


dr 


r , r - ^5 u (r) = -cTu (r) 
r ar ^ n mn n 

r 


with boundary conditions 


(4. 8. 2) 


u n (r) finite at r = 0, u n ^ a ^ = 


(4.8.3) 


This can be put in the self adjoint form 
Lu (r) = 


j r du -i 2 o 

xT r - — u = -a ru 

drL dr J r n mn n 


(4.8.4) 
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It is easy to check that for functions u and v 
satisfying the boundary conditions (4.8.3) 


J 0 dr uLv = J’ n dr u [d7 (r d?> 'IT v ] 


= f dr(Lu)v 

J o 


(4. 8. 5) 


In this connection we note that for m^O the eigenfunctions 

(4.8.1) vanish at r = 0 [see (4.2.13)] so that the term 
2 

involving m converges when integrated in (4.8.5). The 
relation (4.8.5) implies by the standard argument (2.8.23) 
the orthogonality of the eigenfunctions: 


a 

[ rdr J (a r)J (a r) = 0, p^m . (4.8.6) 

.) n m mn m mp ’ v 1 v y 


We note in (4.8.4) and (4.8.6) the appearance of the 
weight function p = r, which has its origin in the volume 

3 

element d x = rdrd0dz in cylindrical coordinates. 

As usual our eigenfunctions J (a r) form a complete 

m mn 

set, so that an arbitrary function f(r) in the range 
0<r<a can be expanded 
00 

f '< r > ■ £ °n V“- r > • < 4 - 8 - 7 > 

n=l 


Using the orthogonality relation (4.8.6) we can solve for 
the expansion coefficients 

f rdrJ (a r)f(r) 

J q m mn 

c = - 

n a ? 

r rdr [J (a r)] 

J L m mn 
0 


(4.8.8) 
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To evaluate the integral in the denominator of (4.8.8) we 
note that 


f-[(a 2 r 2 -m 2 ) J 2 (a r) +{r J (a r)}*] 


„ 2 ,2, 2 2 2v _ dJ m 

= 2a r J + 2 (a r -m ) J -jr 
mn m mn m dr 


dJ , dJ 

+ 2r “r— — (r ) 

dr dr dr 


2 2 
= 2a^ r J 
mn m 


(4. 8. 9) 


where we have used the differential equation (4.8.4) 

satisfied by the J (a r). Integrating (4.8.9) we find 
m mn 


r rdr [ j m ( a mn r )] 2 = ~V'* 

J Q m mn ^2 


mn 


[(a 2 r 2 -m 2 ) J 2 (a r) + [r J (a r)} 2 ] 

L mn 7 m mn 1 dr m v mn / J 0 



L m mn 


(4. 8.10) 


Here we have used J (0) =0, m^O. 
m 


4.9 INTERIOR OF A CYLINDER OF FINITE LENGTH - CONTINUED 


Return now to the expansion problem (4.7.11). 
Setting z = b and using the boundary condition 
^(r, 0,b) = i^(r, 0,b) we hav6 
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00 00 

lKr,e,b)=Z S C m J |m| (a |m|n r) x 

m=-oo n=l 11 11 

sinh(a> | b)e im ® . 

|m|n 


(4. 9. 1) 


Together the Bessel functions ^j m | ( a j m | n r ) an( * t ^ ie 
nometric functions e^ m ^ form a complete set for functions 
of r and 0, so the expansion (4.9.1) is possible. Using 
the orthogonality and normalization relations (4.8.6), 
(4.8.8), (4.8.10) for the Bessel functions and the 
corresponding relations for the trigonometric functions 
e^ m ^, we can solve for the expansion coefficients C 


mn 


C = 
mn 


2tt a 

r de r rdr e 
*0 J o 


-im0 




| m |n 


r)f(r, 0,b) 


^T^'|m| (0! |m]n a)] sinh < a |m|n b) 


(4. 9. 2) 


We can solve the boundary value problem (4.7.3), 
(4.7.5) for -^2( r >9, z ) by similar means: 

00 00 

f 2 (r,e,z) =Yj E V J H (a |n|n r) X 

m=-oo n=l ' ' 11 

sin h[a|m| n ( b -z)]e ime , 

(a |m|n r) ^ (r,9,0) 

^mn 2 2 

^Tt J |m| (a |m|n a > ] sinh < a |m|n b > 

To complete our job we must solve the boundary value 
problem (4.7.3), (4.7.6) for In applying the general 

solution (4.6.2) to this case we see that in order to have 


2tt a 

r d@r rdr 

J o J o 


-im0 
e J i 


(4. 9. 3) 

(4. 9.4) 
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vanish on both ends, z = 0,b, we must take 


F = -E, a=ip, n, n = 1, 2,.. 


(4.9.5) 


so that 


Ee az + Fe‘ az =E[e lPz -e' lPz ] = 2iE sinP z 


= 2iE sin (?nz) . 

D 


(4. 9. 6) 


Again we impose the boundary condition that be finite 
for r ->0, so that the coefficient of the Neumann function 
in (4.6.2) must vanish. Thus we obtain a series of the 
form 

CO 00 

%(r,e,z)=Z E E mn I| m |(fnr)sin(Jnz)e lme , (4.9.7) 

m=-oo n=l ' 1 

where we have used (4.5,4) to replace J^Car) =J^Cipr) by 
an I function with a real argument. The double Fourier 
series in z and 6 can be used to fit an arbitrary function 
^(a, 0 ; z) 0 ; z ) on the curved surface of the cylinder, 

and we obtain for the coefficients 


E = 
mn 


lrt,I lm| ( b na ) 


b 2 tt 

dzj d0 sin(^nz) X 


e im %(a, 0, z) . 


(4.9.8) 


We remark in passing that similar techniques would 
suffice if the boundary condition involved the normal 
derivatives of the function at the surface instead of the 
function itself. 
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4.10 EXTERIOR OF AN INFINITELY LONG CYLINDER 

We suppose that 0,z) is given. In the general 
solution (4.6.2) take QC = ik, with k a continuous variable. 
Then (4.6,2) reduces to 
00 

iKr,e,z) = Z J dk e lme e lkz x 

m=-oo -oo 

[A m (k)J| m |(ikr)+B m (k)Nj m |(ikr)] . (4.10.1) 

With the Fourier series in 0 and the Fourier integral in k 
we can fit an arbitrary boundary value function ^(a, 0,z). 

Before doing that let us consider the r dependence. 

It is convenient to rewrite the Bessel and Neuman functions 
of imaginary argument which appear in (4.10.1) in terms 
of I and K functions, so that (4.10.1) becomes 
00 

*<r,e,z)«Z f dke ime e ikz x 

m=-oo -oo 

£ C m (k)I |m| ( ' k ' r) +D m (k)K |m| ( l k l r)] ' < 4 * 10 * 2) 

Referring to the formulas (4.5.9) and (4.5.10) for their 
asymptotic forms, we see that the I|^ (|k|r) function grows 
exponentially as rwhile the K | m |( k|r) function decays 
exponentially. We shall impose the boundary condition that 
7^(r,0,z) —*0 as r -*oo. This implies C m (k) =0. Thus we find 

OO 

OO 

tf(r,e,z )=Z ,f dk e ime e ikz D m (k)K, ,(|k|r). (4.10.3) 

m=-co ' -oo ' r > 
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Using the inversion formulas for the Fourier series 
(2.9.10) and Fourier integral (2.9.17) we can find D m (k) 
such that (4.10.3) satisfies the boundary condition at 
r = a: 


D(k) 

m 


1 _ 

( 2tt) 2 K | m j ( I k I a) 


2ir 

I d9 * 


J dz e '*' m ®e . (4.10.4) 


4. 11 CYLINDER IN AN EXTERNAL FIELD 

There are cylindrical analogues to the electrostatic 
and hydrodynamic examples of secs. 3. 10 and 3. 11. Let us 
consider here the flow of an incompressible fluid transverse 
to the axis of an infinitely long cylinder. 

x 

The velocity of the fluid is given by 

v = -grad (4.11.1) 

where -\j/ satisfies Laplace 1 s equation 

v 2 f = 0. ' (4.11.2) 

At the surface of the cylinder the boundary condition is 
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= 0 , (4. 11.3) 

r=a 

and at r -*<» the boundary condition is 

ii 7^, -v Q x = -v Q r cos e , (4.11.4) 

so as to obtain uniform flow in the x direction far from 
the obstacle: 

v —> v n i . (4. 11. 5) 

r-><» o 

In the problem as posed above there is no z de¬ 
pendence, so we need the solutions (2.4.12) for the radial 
equation. The general z independent solution of Laplace* s 
equation then assumes the form 

00 

•t^(r, 0) = A +B lnr+^ (A r m + B -—) X 
r 7 o o *■“- m mm 

m=l r 

(C cosm 0 + D sinm 9). (4.11.6) 

m m 

This can also be obtained from the more general result 
(4.6.2) by taking the limit a->0 to eliminate the z de¬ 
pendence and using the small argument expansions (4.4.1) 
and (4.4.4) for the Bessel and Neumann functions. 

Just as for the spherical examples of sections 3.10 
and 3.11, the angular dependence of the asymptotic boundary 
condition imposes itself on the whole problem, so that we 
only need one term from (4.11.6): 


dr 
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We must then have A^ = -v to satisfy (4.11.4) and 
A^-B^/a 2 = 0 to satisfy (4.11.3). We finally obtain 


iKr, 0) = ~ v 0 [ r + ~\ cos 0 > 

v = -V*^ = vj^ 1 - cos 0 r 

2 _, 

- v o [l + ~ 2 J sin 6 ® • 


(4.11. 8) 


(4.11. 9) 


4. 12 SPACE BETWEEN TWO INFINITE PLANES 


We wish to solve Laplace's _ z=b 

equation in the space 0<z<b 

between two infinite planes with _ z = 0 

the boundary condition that f is given on the planes z = 0 
and z =b. 

We can work this problem in either cartesian or 
cylindrical coordinates. In cartesian coordinates the 
solutions of Laplace's equation are of the form 


e iax+ipy+iy z 


(4. 12. 1) 


with 


2 2 2 

a +P +y = 0. 


(4. 12. 2) 


Take y = + and form a superposition of such solutions: 


2_2 
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f(x,y,z) = J da J dp e lQ!X+iPy x 
-00 -00 

[A(a,P)e^ a Z + B(a,p)e"^ a z ] . (4.12.3) 

With this double Fourier integral we can satisfy the 
boundary conditions at z = 0 and z = b. Inverting the 
Fourier transforms in (4.12.3) according to (2. 9. 17),we 
find for z = 0 

CO 00 

A(a,p) +B(a,p) = - 2 J dx J dy x 

(2tt) -» -» 

e' iaX 'i p5 V(x,y, 0) (4.12.4) 


and for z = b 

aL 2 +6 

A(a,p)e vu ^ °+B(a,p)e 

= —f dx J dy e iax L ^ y i^(x,y,b) . (4.12.5) 

(2ir) -oo -oo 

These two equations can be solved for A(a,£) and B(a,p). 

Let us now solve the problem over again in cylindri¬ 
cal coordinates. We can use the general result (4.6.2). 

In order to insure that be finite at r = 0 we set B = 0. 
Since there are no boundary conditions on r at finite 
values of r, a can take on a continuous range of values. 

Thus (4.6.2) assumes the form 

00 

^(r, e,z) = Y.' J 1 ada Ji | (ar)e im@ x 

m 0 i I 


•Va 2 +p 2 b 
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[E m (a)e az + F m (a)e‘ az ] . (4.12.6) 

We have inserted an extra factor a here for later con¬ 
venience. 


4. 13 FOURIER BESSEL TRANSFORMS 


To complete the calculation of (4.12.6) we need the 

concept of Fourier Bessel transforms. These are related 

to the expansion (4.8.7) in Bessel functions for a finite 

region 0<r <a in much the same way as the Fourier integral 

is related to the Fourier series. Thus we shall imitate 

here the developments in sec. 2. 9 by letting a in the 

expansion (4.8.7), (4.8.8), (4.8.10). According to 

(4.7.10) the parameter a mn which appears in these equations 

is related to x , the n^ zero of J (x), 
mn m 


a 


mn 


x 

mn 

a 


(4.13.1) 


For a to remain different from 0 as a -«d we must have 
mn 

x^ -* 00 , i. e. n so that we can use the asymptotic 

expansion (4.4.5) for J (x) to determine these zeros x 

m mn 

Thus we see that for large n the distance between suc¬ 
cessive zeros is 


x . -j — x = 7 r 

mn+1 mn 


a , - - a = da = — . 

m n+1 mn a 


(4. 13. 2) 
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With da-»0 we can rewrite the summation in (4. 8.} 
integral: 

00 

f( r ) J ( a r) -♦ [ da | c J (ar). 

n m N mn 7T n m v y 

n 0 

Similarly in the normalization integral (4.8.10) 
the asymptotic form (4.4.5) for J (x): 


J 1 (a a) = - /■ ^ . 

m mn V TO_„a v mn 2 4 


2 . , mjr 77\ 

sm(a a - —-7-) 


mn 




TO a 9 
mn 


since at the zeros of cos x , sinx = +l. Thus (4. 
becomes 


\ [J* (a a)]-* — 
2 L m v mn J TO 


so that (4.8.8) becomes 

00 

c n IT f rdr J (Ofr)f(r) . 
n a J q m 

Finally (4.13.3) and (4.13.6) can be rewritten as 
00 

f (r) = T ada g(a) J (ar) , 

^ r\ m 


g(a)= r rdr J (ar) f(r) . 
J 0 m 


’) as an 

(4. 13. 3) 

we can use 

(4.13.4) 
8 . 10 ) 

(4.13. 5) 

(4.13. 6) 

(4.13.7) 

(4.13.8) 


This pair of Fourier Bessel integral transforms provides 
an expansion for an arbitrary function f(r) in a way quite 
analogous to the Fourier integral theorem of (2.9.16), 
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(2.9. 17). 

4. 14 SPACE BETWEEN TWO INFINITE PLANES - CONTINUED 

Armed with the transforms (4.3.17), (4.3.18) we can 
complete the solution of the boundary value problem above, 
which we had carried to the stage given in (4.12.6). 

Setting z = 0 and z = b in that result and inverting the 
transforms we find 

. 2rr . 

E _(oO "hF (O!) = j- f de e‘ lme X 
m m 27T Jq 

00 

1* rdr J. . (ar) ^(r,0,O) , (4.14.1) 

J 0 l m ! 

9rr 

„ - v ab , _ . A -ab 1 p -im0 

E m (a)e +F m (a)e = - ^ d 0 e x 
00 

J rdr J| f (ar) *^(r, 0,b) . (4.14.2) 

0 |m l 

These two equations can be solved for E (a) and F (a). 

mm 
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PROBLEMS 


4.1 Find the Wronskian for the following pairs of 
functions: 


a) 

J(x) 

and 

J (x) 


m 


-m 

b) 

J (x) 

and 

N (x) , 

m 


m 7 

c) 

p / x > 

and 

V x) • 


[Use the formula (2.6.12) to determine the functional 
form; find the unknown multiplicative constant by- 
using the asymptotic or small argument expansions.] 


4. 2 


By expanding the exponential, rearranging the series, 
and using the series expansions (4.2.13), (4.2.14), 
show that 



n=-oo 


h n j (x) 
n 


The quantity on the left is thus a generating 
function for the Bessel functions of integral order. 
Use this generating function to derive the following 
identities: 


dJ (x) 1 

a) dx " 2 " J n+l (x) ^ > 


b) x V x) = 2 '\-l (x)+J n+l (x):! > 

OO 

c) J n (x + y)-Z J m (x) J n _ m (y) , 

m=-oo 

d) e ikrcos 9 = f i m e im9 J (kr) . 


m=-oo 


The last expression here is the expansion of a plane 
wave e^kx in cylindrical waves. 
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4. 3 The ends of a cylinder of length b and radius a are 
kept at 0 potential. The curved side of the 
cylinder is held at constant potential V. 

a) Find the series for the electrostatic potential 
on the inside of the cylinder. 

b) Find the simplified series which gives the 
potential along the axis of the cylinder. 

c) Evaluate numerically the potential at the center 
of the cylinder for the special case a/b =l/2. 
(Tables of Bessel functions of imaginary argument, 
i.e. I functions, are given by Jahnke and Emde and 
Abramowitz and Stegun.) 

4.4 The part of the x,y plane outside of a circle of 
radius R centered on the origin is held at zero 
potential. The inside of the circle is held at 
constant potential V. Show that the electrostatic 
potential in the region z>0 above the plane is 
given by the expression 
00 

n -CtZ 

i/(r,z) =VR j da J^aR) J Q (ar) e . 

0 

Show that for r = 0, i.e. above the center of the 
circle, the potential is given by 



(The necessary integral involving a Bessel function 
is given, for example, by Magnus, Oberhettinger, 
and Soni, p. 91. ) 



CHAPTER 5 NORMAL MODE EIGENVALUE PROBLEMS 


5.1 INTRODUCTION 


In Chapters 3 and 4 we have discussed the solutions 
of Laplace 1 s equation. These solutions are useful for 
certain electrostatics problems, steady state temperature 
distributions, and steady flow of an incompressible fluid. 

The time dependence in the heat conduction equation 
and the wave equation adds another dimension compared to 
Laplace*s equation, and after separation of the time de¬ 
pendence, leads to the Helmholtz equation 

V^u(?) + k^u(r) = 0. (5.1.1) 

With suitable boundary conditions the Helmholtz equation 

becomes an eigenvalue problem with a complete set of eigen- 
—» 2 

functions u n (r) and eigenvalues k^. These are the normal 
modes of the problem. We can form superpositions of the 
normal modes to satisfy initial conditions imposed at some 
initial time, say t = 0. 

H. W. Wyld, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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5.2 REDUCTION OF THE DIFFUSION EQUATION AND WAVE 
EQUATION TO AN EIGENVALUE PROBLEM 


Consider first the diffusion equation 


V 2 tK r, t) 


1 SiKr 1 1) 

H St 


( 5 . 2 . 1 ) 


We wish to solve this equation 
in a region V subject to a 
boundary condition and an initial 
condition of the form 



boundary condition: 

*^(r, t) on S given and independent of time, (5.2.2) 


initial condition: 

^(r,0) given throughout V. (5.2.3) 

In Chapters 3 and 4 we have learned how to solve, 
at least for simple surfaces S, the problem 

2 *4 ^ 

V f' (r) = 0, rf' (r) on S given and independent of t. 

(5. 2.4) 

If we now let 

= f (r) + -f (r, t), (5.2.5) 

we see that (r,t) is determined by 

vV(?,t) ML&t} 


(5. 2.6) 
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with a homogeneous boundary condition: 


(r, t) = 0 for r on S. 

(5.2.7) 

The initial condition on (r,t) is determined by 

(5.2.5): 

(5. 2.3), 

iJ/"( r, 0) given throughout V. 

(5. 2.8) 

To proceed further we separate the time dependence as 

in (2. 2. 4) - (2. 2. 7) to obtain 

/'(r,t) = e xk fc u(r) , 

(5. 2. 9) 

V 2 u(r) + k 2 u(r) = 0 . 

(5. 2.10) 


The homogeneous boundary condition (5.2.7) can be applied to 
(5.2.9) and becomes 

u(r) = 0 for r on S. (5.2.11) 

The Helmholtz equation (5.2.10) plus the boundary 
condition (5.2.11) form an eigenvalue problem, a three 
dimensional Sturm Liouville problem. There is an infinite 
set of solutions, i.e. eigenfunctions u n (r) and eigenvalues 
satisfying 

V 2 u (r) + k 2 u (r) = 0 , 
n n n 


(5. 2. 12) 
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u (r) = 0 for r on S. (5. 2. 13) 

n 

We can use the identity known as Green 1 s theorem, 

f d^x(uv 2 v - vV 2 u) = f d£*(uVv - Wu) , (5. 2. 14) 

J v J s 

to prove that eigenfunctions belonging to different eigen¬ 
values are orthogonal. For two eigenfunction , eigenvalue 

^ 2 _4 2 

pairs u (r), k and u (r), k we find 
^ n * n m x y ' m 

d^xfu V 2 u -u V 2 u ] = T d£*[u vu -u Vu ]. (5.2.15) 

r L n m m n J .1 L n m m n J 

The right side of (5.2.15) vanishes in virtue of the 
boundary condition (5.2. 13) /C ; using (5.2.12) to evaluate 
the left side of (5.2.15) we find 

(k^-k5 f d 3 x u (r)u Jr) = 0 , (5.2.16) 

n m n m 

i. e. 

f d 3 x u (r)u (r) = 0 , k 2 ^ k 2 . (5.2.17) 

J n m ’ n' m 


Note that the right side of (5.2.15) vanishes also for the 
boundary condition $u/dn = normal derivative = 0 on surface S. 
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As usual the eigenfunctions form a complete set and 
we can expand an arbitrary function f(r): 


f(r) = Yi c n u n (?)• (5.2.18) 

n 

Using the orthogonality relation (5.2.17) we can evaluate 

the c : 
n 


j' d 3 x u n <r^)f(r) 

""jAivrtF 

V 


(5. 2. 19) 


Returning now to the diffusion equation we see that 
we have produced an infinite set of solutions satisfying 
the boundary condition (5.2.7): 

-nk^t 

i'( r,t) = Z C n e n u n (?) . (5.2.20) 

n 

The C can now be chosen to satisfy also the initial 
condition (5.2.8). Using the expansion (5.2.18), (5.2.19) 
we find 
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For the wave equation there is a similar story. 
Because the equation is second order in the time, the 
initial conditions consist of a specification of both and 
df/dt at the initial time t = 0. The problem thus assumes 
the form 


2., , v 1 t) 

V y V > 

(5. 2. 22) 

c at 


boundary condition: 

i^(r, t) on S given and independent of t, 

(5.2.23) 

initial conditions: 


^(r,0) given throughout V, 

(5. 2. 24) 

given throughout V. 

O*- 4 — r\ 

(5. 2. 25) 


Subtracting an appropriate solution of Laplace 1 s equation 
(5.2.4) we obtain a homogeneous boundary condition: 


^(r,t) = f’ (r) + , 

(5. 2. 26) 

vV(?,t) - 

(5. 2. 27) 

c at 


^"(r,t) = 0 for r on S , 

(5. 2. 28) 

*^ ,f (r, 0) given throughout V , 

(5. 2.29) 

given throughout V . 

(5. 2. 30) 
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The separation of the time variable leading to the Helmholtz 
equation is given by (2.2.8), (2.2.9). The eigenvalue 
problem is exactly the same as for the diffusion equation, 
(5.2.12), (5.2.13). A general solution satisfying the homo¬ 
geneous boundary condition (5.2.28) is 


*^"(r, t) = Yj [A n cos k^ct + B^sin k^ct]^ (r). (5.2.31) 


The constants A and B can be chosen to satisfy the 
n n 

initial conditions (5. 2.29), (5.2.30): 

,3_ 


f ax u (r)^"(r,0) 
u TT n 


A = 


” J;/*[»„ ® V 


(5. 2. 32) 


B 

n k c 


[ d\ u n (?)|f 


t=0 


n C J d J x[u 
V 


(5. 2.33) 


Finally we point out the similarity to Schrb’dinger 1 s 
equation: 

- ^ V 2 ^(r,t) +V(r)-^(r,t) . (5.2.34) 

. — 

If the energy eigenfunctions are u n (r), 

.2 9 

- ^ V u n (r)+V(r)u n (r^ = E n u n (r) ; (5.2.35) 

the general time dependent solution is 

• V 

= 1 , c n e u n (?) . 


(5. 2.36) 
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The c can be used to satisfy an initial condition on ^ 
n 

at t = 0. For V(r) =0 quantum mechanics is diffusion theory 
with an immaginary diffusion constant. The time dependence 
is thus oscillatory rather than damped. 

The remainder of this chapter is devoted to examples. 


5.3 THE VIBRATING STRING 


This system is described by the one dimensional 
wave equation (1.4.4) with the wave velocity given by 
(1.4.5). The solution obtained by separating variables is 


u(x f t)-Eu (x)(A cosk ct + B sink ct) , (5.3.1) 

7 n n n n n 


where the u are the solution of the Sturm Liouville problem 
n 


d 2 u (x) „ 

—V + = ° ' 

dx 


(5.3.2) 


u (0) = u (a) = 0 . (5.3.3) 

n n 

In (5.3.3) it is assumed that the ends of the string are 
fixed at x = 0 and x = a. The solutions of (5.3.2), (5.3.3) 
are [compare (2.8.10), (2.8.11)] 


u (x) = sin k x . 
n n 9 


(5.3.4) 


k 


n 


nTT 

a 


(5.3.5) 


These are the normal modes of oscillation of the string: 
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5.4 THE VIBRATING DRUMHEAD 

For this case the wave equation and wave velocity are 
given by (1.4.7), (1.4.8). We can apply our general result 
(5. 2.31): 
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u(r,t) = 7! [A cos k ct + B sink ct]u (r) , (5.4.1) 

' ' ^ L n n n n n 

n 

V^u (r)+k^u (r) = 0 , (5.4.2) 

n n n v y ' 

i (?)=° on edge of drumhead . (5.4.3) 


We shall consider a circular drumhead for which it is 
appropriate to use the solutions of the Helmholtz equation 
in cylindrical coordinates. These were obtained in sec. 

2.4. To reduce the three dimensional case studied there 
to the two dimensional case of interest for the drumhead, 
we eliminate the z dependence by taking a= k in (2.4.8). 

Thus we find as solutions of the two dimensional Helmholtz 
equation in cylindrical coordinates 

u(r, 0) = [AJ m (kr) + BN m (kr) ][C sin m0 + D cos m0]. (5. 4. 4) 

We consider a circular drumhead of radius a with 

center at r = 0. We can take as boundary condition that 

our solutions be finite at r = 0; this implies B = 0 in 

(5.4.4) in view of the singular character of the N (kr) as 

m 

r -*0. The boundary condition that u(r, 0) vanish on the 
edge of the drumhead at r =a leads to 

J m (ka) = 0 , (5.4.5) 

which has solutions 
x 

k = 111111 

mn a ’ 

where x is the n^ zero of J (x). 
mn m 


(5.4.6) 
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Some of the low order zeros of the low order Bessel 

_ . * 
functions are 


x 01 = 2.405 

X 11 = ^32 

X 21 = 

5. 136 


*02 = 5 * 520 

x 12 = 7.016 

X 22 = 

8.417 


x 03 = 8 - 654 

x 13 = 10.173 

X 23 = 

11.620 

(5.4.7) 

Thus we obtain as 

eigenfunctions 

of the 

Helmholtz 

equation 

the normal modes 





/*“N 

CD 
v—</ 

II 

r r)sin 

m mn 

J (k r)cos m0 
L m mn 



(5.4.8) 


n = 1 m = 0 J Q (k Q1 r ) 



Frequency 
= 2. 405 


n = 2 m = 0 J Q (k 02 r) 


n = 3 m = 0 Jq (kp^r) 



A complete table is given by M. Abramowitz, and I. Stegun 
op . cit . , p. 409. 


lo PJ lo P3 lo 
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n = 1 m = 1 J^(k^^r)sin0 



a),- = 3. 832 - 
11 a 


Jl(kn r ) cos 0 


n = l m=2 J 9 (k 2 ^r)sin 20 


“11 = 3- 832 I 



u> 0 , = 5.136 - 
2 1 a 


J 2^ k 21 r ^ COS 20 


co 01 = 5.136 - 
21 a 


Superposing the normal modes enables us to satisfy 
initial conditions on the displacement and velocity of the 
drumhead. Our general solution is 


u(r,0,t) = Yj [(Asin m 0 + B cos m0)cos k ct 


m mn L mn 


+ (C sinm0 + D cos m0)sink ct] . 
mn mn mn 1 


(5.4.9) 


At t = 0 this gives 


u(r,e,0)=2 ^(k^rJCA^sinme + B^cos me], (5.4.10) 


=Z J m ( k r ) C k c(C sin m0 + D cosm0)] 
ot . n m mn L mn mn mn z 


t=0 n,m 


(5.4.11) 
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Here we have a combination Fourier series in 0 and series 

of Bessel functions in r of the type given in (4,8.7), 

(4.8.8). The orthogonality properties of the trigonometric 

and Bessel functions can be used to solve (5.4.10), (5.4.11) 

for the constants A , B , C , D . 

mn mn mn mn 

5.5 HEAT CONDUCTION IN A CYLINDER OF FINITE LENGTH 

If the temperature is designated by 
the formulation (5. 2. l)-(5. 2. 21) applies 
* exactly to this problem. Laplace* s 
equation for , which satisfies the time 
independent boundary condition - see 
(5.2.2), (5. 2.4), (5.2.5) - was solved 
in section 4.7. We are left with the 
Helmholtz equation (5.2.12) with homo¬ 
geneous boundary condition (5.2.13) for 
a cylinder. The solutions of the Helm¬ 
holtz equation in cylindrical coordinates 
were obtained in sec. 2.4: 

u(r, 0,z) = [AJ m (ar) +BN m (ar) ][C sin m0 + D cos m0]x 

<5.5.1) 

We can now apply the boundary conditions that 
u(r, 0, z) be finite throughout the interior of the cylinder 
and vanish on the surfaces of the cylinder. In order for 
u(r,0,z) to be finite at r =0, we must have B =0. In order 
that u(r,0,z) vanish for r = a, we take 
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a = a , 

mrr 


th 


a a = x = n zero of J (x). 
mn run m 


(5.5.2) 


In order that u(r,0,z) vanish for z = 0 and z=b, we must 
have 


F = -E , 

Va 2 -k 2 = ip , 

f3b = p7T , p = 1,2,3,... , (5.5.3) 


so that 


Ee 




k2z + Fe^ 


2 2 
a -k z 


= 2iE sin 


EL 


(5.5.4) 


Combining (5.5.2) and (5.5.3) we obtain the eigenvalues k 

? 

- 2 2 

-H- 2 — . (5.5.5) 

b 


2 2 2 2 2 
k z = k =cr + p =CT + 
mnp mn 


2 2 x 
P 7T mn 

K 2 2 " 

b a 


The eigenfunctions corresponding to these eigenvalues are 
then 

{ sin m0 

. (5.5.6) 

cos m0 

These eigenfunctions can be used in the general 
formulas (5.2.20), (5.2.21) to satisfy the initial 
conditions on the temperature. 

It is important to appreciate the distinction between 
solving Laplace 1 s equation and solving the Helmholtz 
equation as an eigenvalue problem. We have just obtained 
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the eigenfunctions (5.5.6) for the interior of a cylinder 
with the boundary condition that u vanish on the surface. 
On the other hand the only solution of Laplace 1 s equation 
for the interior of the cylinder satisfying the boundary 
condition that u = 0 on the surface is the trivial solution 
u = 0 everywhere. This is equivalent to the statement that 
k =0 is not one of the eigenvalues (5.5.5) of the Helm¬ 
holtz equation. 


5. 6 PARTICLE IN A CYLINDRICAL BOX (QUANTUM MECHANICS) 


The energy eigenfunctions for this problem satisfy 

- ^ V 2 u = Eu (5. 6. 1) 

2m 


with the boundary condition u = 0 on the walls of the 
cylindrical box. This is the problem we have just solved 
in (5.5.5), (5.5.6). The energy eigenfunctions are given 
by (5.5.6) and the energy eigenvalues are obtained from 


(5.5.5): 


E 

mnp 



(5.6. 2) 


5.7 NORMAL MODES OF AN ACOUSTIC RESONANT CAVITY 


We consider sound waves in a gas 
inside a cylindrical box. In sec. 1. 6 
we showed that the density and pressure 
fluctuations p* and p 1 satisfy the wave 



z=b 


z=0 
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equation with the sound velocity given by (1.6.5). The 
appropriate boundary condition at the walls of the box is 


dp 1 _ dp 1 


bn 


bn 


= 0 


(5.7.1) 


where d/bn means derivative normal to the wall. This 
boundary condition follows from Newton 1 s second law in the 
form (1.6.1), 

p 0 f:= -S rad p' > (5.7. 2) 


and the assumption that there is no motion normal to the 
walls. 

Separating the time dependence in the wave equation 

we find 


p (r, t) =Tj u (r) [A cos k ct + B sink ct] , (5. 7. 3) 

r ' -^n L n n n n J * x 7 

n 

where the normal modes u^(r) are determined by the eigen¬ 
value problem 

V 2 u n (r)+k^u n (r) = 0 , (5.7.4) 

(n. V)u n (r) = 0 , r on surface. (5.7.5) 

The eigenvalue problem here is similar to that 
solved in (5.5.5), (5.5.6). The difference is due to the 
boundary condition (5.7.5). This boundary condition that 
the normal derivative vanish on the surface leads to eigen¬ 
functions 
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u mnp (r ’ 9 ’ z)=J mfr r ] COS f 2 ^ 


and eigenvalues 


_ y 2 2 

i 2 mn , p 7 T 

h o o 9 

nuip 2 h 2 

th. 

where y is the n zero of J* (x), 
•'mn ni 


sin m0 
cos m0 


(5.7.6) 


(5.7.7) 


J' (y ) = 0 

m ,/ mn 


(5.7.8) 


Some of the low order solutions of this equation are'' 


o 

h- 1 

II 

O 

y n = 1.841 

y 21 = 3.054 


y 02 -3.832 

y 12 = 5,331 

y 22 = 6.706 


y 0 3-7.°W 

y u - 8. 536 

y 23 = 9.969 

(5.7.9) 


Initial values p'(r,0) and dp'/dt t=Q can be fit by suitable 
superposition (5.7.3) of the normal modes. 


5. 8 ACOUSTIC WAVE GUIDE 


Consider the propagation of acoustic waves down a 


circular pipe of radius a. 



z 


A complete table is given by M. Abramowitz and I. Stegun, 
op . cit . y p. 411. 
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The density fluctuations satisfy the wave equation 
2 , 1 

v P = — — y • 

c dt 


(5.8.1) 


Assume a sinusoidal disturbance of the form 


p 1 (r,0,z,t) = F(r,0,z)e 


-icot 


(5.8. 2) 


Substituting in the wave equation (5.8.1) we find the 
Helmholtz equation 




(5.8.3) 


with solutions in cylindrical coordinates 


F(r, 0, z) = [AJ m (ar) + BN m (ar) ][C sin m0 + D cos m0]x 


^Ee^ a2_Uj2 / c2z + Fe ^ 2 -^ 2 /^ 2 zj _ 


(5.8.4) 


In order to obtain from (5.8.2), (5.8.4) a wave propagating 
down the pipe in the z direction we take 


12 272 

Va -a) /c = ik , 


^ = a 2 + k 2 . 

C 


(5.8.5) 


Then (5. 8. 2) becomes 


p' (r,0,z,,t) = G(r, 9)e 1 ^ kz ' (ut ^, 


(5.8.6) 


where 
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G (r, 0) = [AJ^ar) + BN^Car) ] [C sin m0 + D cos m0], (5. 8.7) 


We can impose the boundary condition that G(r,0) be 
finite at r=0, which leads to B =0. The boundary condition 
on the side of the pipe is 


3G(r,9) 

dr 


= 0 . 

r=a 


This gives 


a = a 

mn 



(5.8.8) 


(5.8.9) 


with y^ given by (5.7.8), (5.7.9). 

In summary the allowed modes for propagation down 
the pipe are 




(5. 8. 10) 


r y fsin m6 

G (r,0) = J [— rl J , 

mn ' mLa J cos me 


(5. 8. 11) 


with frequency oo and wave number k related by 

2 y 2 

Vk 2 + -= ■ 

c a 


(5.8. 12) 


We can single out of these modes a particularly 
simple one corresponding to the zero =0 of J^(x) at 
x = 0. This mode is independent of r and 0 and has the form 


Poi = c e 


i (kz-uot) 


y 


(5.8. 13) 
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with C a constant and to and k related by uo = kc. This is an 
evident solution of the wave equation and the boundary 
condition (5.8.8). 

The other modes have a more complicated form. The 
wave guide propagates waves of all wavelength X and wave 
number k = 2 tt/ X, 

0 <k <oo . (5.8.14) 

According to (5.8.12) the corresponding frequencies lie in 
the range 

u min (m,n) <(U< ” > (5.8.15) 


where 


(0 . (m.n) 
min 9 ' 


c 

— y 
a mn 


(5.8. 16) 


is the minimum frequency which can be propagated in the mode 
mn. If one attempts to propagate at a frequency (0 < ^ min (m,n) 
in the mode mn, Eq. (5.8.12) tells us that 


k 


2 


2 

0 ) - 0 ) 


mm 


'(m,n) 


2 

c 


= - P ^<0 . 


(5.8.17) 


so that k = + ip is pure imaginary. Thus the wave does not 
propagate but is in fact exponentially damped: 
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PROBLEMS 

5.1 A vibrating string of mass 
per unit length a and length 
£, under tension T, is clamped 
at one end and attached 
at the other end to a massless 
ring which slides freely on a fixed rod. Find the 
normal modes and their frequencies. Draw some 
pictures to illustrate the shapes of the three modes 
with the lowest frequencies. 

5.2 a) Find the normal modes and normal frequencies for 
a square drumhead of side a. 

b) By suitable superposition of degenerate modes, 
i.e. different modes with the same frequency, find 
the normal modes and 
normal frequencies 
for a drumhead having 
the shape of an isos¬ 
celes right triangle. 

a 

5.3 A drumhead has the shape 
of a sector with opening 
angle a of a circle of 
radius R. The drumhead 
is clamped down on the 
sides and has mass a per 
unit area and is under 
tension T. 

a) Find the normal modes of vibration for this 
drumhead and their frequencies. 

b) For which values of the opening angle a are all 
the normal frequencies a subset of the normal fre¬ 
quencies for the full circular drumhead? Which 
subset? 

c) Show that for a = 2 tt/ (2£ + 1), £=0,1,2,..., the 
modes with no angular nodes (except the edges of the 
drum) are expressible in terms of spherical Bessel 
functions - see (6.1.6). Study in particular the 
case £=0. Find the normal modes and normal fre¬ 
quencies exactly. Is such a drumhead realizable 
physically? 
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5.4 


A circular drumhead of radius a, tension T, mass per 
unit area a, is struck at the center at t = 0 by a 
drumstick so that the displacement and velocity at 
t = 0 are given by 

t (r, 0,0) = 0, 



6(r)/27rr . 


Find the subsequent motion of the drumhead. 

5.5 A cylindrical object of radius a, length b, is made 
of a thermally conducting material with ft, = K/cp. 

At t = 0 the object has a uniform temperature T 
throughout. At this time it is immersed in a heat 
bath held at a different uniform temperature T^. 

a) Find the temperature throughout the interior of 
the object at later times. 

b) Find a simple expression for the temperature at 
large times. What defines large times? 

5.6 Work problem 5 for an 
object having the 
shape of a cylindrical 
wedge of opening angle a. 

5.7 A thermally conducting 
object with arbitrary 
shape is kept in a heat 
bath at fixed temperature 
T . At time t =0 it is 
heated locally at the 
point r f so that at this 
instant the temperature 
is given by 

T(r,0) = T £) + T 1 6(r - r*). 

a) Find the temperature at later times in terms of 
the eigenfunctions and eigenvalues of the Helmholtz 
equation: 
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V 2 u (?) + k 2 u (?) = 0, 
n n n 9 

u (r) =0 on surface S. 

Assume the eigenfunctions are normalized 

J d 3 x[u n (r)] 2 = 1. 
v 

b) Find the dominant term in the series at large 
times. What determines large times? 

c) For short times assume the effect of the boundary 
is negligible and so use the eigenfunctions for an 
infinite region in your series derived in part a). 
Find an explicit formula for T(r,t). Compare with 
prob. 4, Chap. 1. At what time will the approxi¬ 
mation fail? 

5.8 Work out a theory for the emission of cylindrical 

waves analogous to the theory presented in sec. 6. 5 
for the emission of spherical waves. Suppose the 
radiating source is a cylinder of radius a with axis 
along the z-axis and take the boundary condition at 
the surface of this cylinder to be 

tf(a,e,z,t) = F (9) e" ia>t , 

where F(9) is a given function. Notice that the 
source is z-independent. Work out the analogues of 
Eqs. (6.5. 19)-(6. 5. 26). 

5. 9 Work out a theory for the scattering of a plane wave 
by a cylindrical obstacle analogous to the theory 
presented in sec. 6. 6 for the scattering by a 
spherical obstacle. Take the incoming wave to be 
along the x-axis and use the result in prob. 2, Chap. 
4 for the expansion of a plane wave in cylindrical 
waves. Assume the cylindrical obstacle is of radius 
a with its axis along the z-axis, and take the 
boundary condition to be 0 at the surface of the 
cylinder. Work out the analogues of (6.6.13), 
(6.6.18), (6.6.7). 



CHAPTER 6 SPHERICAL BESSEL FUNCTIONS AND APPLICATIONS 


6.1 INTRODUCTION 

The solutions we obtained in sec. 2.5 for the Helm¬ 
holtz equation 

V 2 u(r) + k 2 u(r) = 0 (6.1.1) 

in spherical coordinates were of the form 

u= i A ^/j[=r Jp(kr)+B N^(kr)| Y(9,cp), P = *A + i • 

( 6 . 1 . 2 ) 

The boundary condition that the angular function Y(0, cp) be 
everywhere single valued and finite leads to 

X = IU+ 1) , 

Y = Y^(G,cp) , (6.1.3) 

H. W. Wykl, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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which implies that the order of the Bessel functions in 
(6.1.2) is 


P=V^+|=je+|, J- 0,1,2,... (6.1.4) 

Thus the solutions (6.1.2) of the Helmholtz equation in 
spherical coordinates become 


u = {Aj ^(kr)+ Bn^(kr) } Y^(6,cp) , 


(6.1.5) 


where the so-called spherical 
are defined by 



Bessel and Neumann functions 

( 6 . 1 . 6 ) 

(6.1.7) 


These functions give the radial dependence of mono¬ 
chromatic spherical waves. They are important in all 
problems having to do with the emis sion or scattering of 
waves by systems of finite extent such as atoms, nuclei, or 
elementary particles. 


6. 2 FORMULAS FOR SPHERICAL BESSEL FUNCTIONS IN TERMS 
OF ELEMENTARY FUNCTIONS 

Although expressed in terms of Bessel and Neumann 
functions in (6.1.6), (6.1.7) the spherical Bessel and 
Neumann functions can also be expressed in terms of sines, 
cosines, and inverse powers of x. Consider first j Q (x) and 
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refer to the series (4.2.13) for the Bessel function. 
We have 


V x) 



2 r to rTTci+r+I) 



( 6 . 2 . 1 ) 


Using the recursion relation of the gamma function and the 
value of r(l/2) we find 


r(4+r+l) = (r+%) (r+g-1) . I T(|) 


= 12r+l). (2 r_ -l) ^^i (i) 

,r+l r< - 2 ' 


= ig r+l),' . r= 

9 >--4-1 V" • 


2 2r+1 rl 


Substituting this in (6.2.1) we obtain 


00 

V (-l) r 2r sin x 

= h ( 9i-4-i 'i' x = 


j o (x) “ Lj r , (2r+l)I 
r=0 


( 6 . 2 . 2 ) 


(6,2.3) 


by recognizing the well known Taylor series for sinx. 

By using a recursion relation for the Bessel function 
we can find j (x). The series (4.2.13) for the Bessel 

Xj 

function can be written in the form 


(x/2) P 


00 


-Z 


ml 

r.'r(r+p+l) 



(-l) r 

r! r(r+p+l) 


X 


(* 2 /2) r 


(6.2.4) 


If we now apply the operator 


1 J_ = d 
X dx = d(x 2 /2) 


(6. 2.5) 
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i times to (6.2.4), we find 


"1 _dl X J p (x) _ V (-l) r 


_x dxj (x/2)P ^ 

= V .(-D ^ s 

g* T' ( g-4- 


= y _ izi 

(r-DJ 


2/o.r-jJ 


r(r+p+l) 


( «7 2 ) 


(^ 2 /2 ) S 


s! r(s+j^t-p+l) 2 £fs 


(-1) A J p+/ x) 


2^ (x/2) P+ ' e 


( 6 . 2 . 6 ) 


l. e. 


Wil. ( . x) * q aV ^. 

„P Lx dxj p 


(6. 2.7) 


Setting p = l/2 in this general result and using (6.1.6) 
and (6.2.3) we find 


. , , . . i ri d -|A rsin x-l 

V x) = ( - x) Lx tej L~it“J • 


(6. 2.8) 


As for n.(x), we find, using the definition (4.2.19) 

X> 

for the Neumann function and cos(£ + ^)tt= 0 for & integral. 


n / x) = *w (x) 

rw J ^ (x)cos( ^ )7r ~ J -^ (x) 

V 2x s in (jfc+%) 7T 


- J -i-4 w ■ 


(6. 2. 9) 


For 4=0 this gives 

n o (x) = -ft J -* (X) 
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-l) r /x\ 2r 


2x \2) ^ r.'r(r-tfl) ^2 


( 6 . 2 . 10 ) 


From (6. 2. 2) we have 


r<r-#H) - J* - -gH 

2 ^r-l).' 2 r 


77 . ( 6 . 2 . 11 ) 


So we find 


(x) = - i V (- 1 ) x 2r _ _ cos X 


x ^ (2r) I 


( 6 . 2 . 12 ) 


To find n^(x) we need a recursion relation similar to but 
different from (6.2.7): 


:LLL. y (-D r (x 2 /2) r -- 

(x/2> p r-0 r.T<r-p+l) 2 r-p 


(6. 2. 13) 


Q a - / J -p (x) = y (-D r (x 2 /2) r ~p~^ 

Lx dxj ( x /2) p r=0 r 'r( r ‘P-4 +1 ) 2 r-p 


x' P ~ A y (-l) r /x) 2r “ p " e 


2 F r=0 


r.'r(r-p-i+l) l 2 


7T V/ 00 ’ 


(6. 2.14) 


J .(x) = x P+£ P -f~| 
-p-A Lx dxj 


i J „ (x) 


(6. 2. 15) 


Setting p = l/2 and using (6.2.9) and (6.2.12) we find 




(6. 2.16) 
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We can easily calculate j ^(x) and n^(x) f° r small Si 
from (6. 2. 8) and (6. 2.16): 


V x) 

jj/x) 


sin x 
x 




sin x cos x 

2 x 

x 





3 

x - —2 cos x 

X 




(6. 2. 17) 


n o (x) 

n L (x) 

n 2 (x) 


cos X 

X ' 

sin x 
x 

3 . 

— sin x 

x 


cos x 

2 

X 



11 

- — cos X 


(6. 2. 18) 


The spherical Hankel functions are defined by the 
same formulas as used for the ordinary Hankel functions, 
(4.4.7), (4.4.8): 

h l 1)(x) = j X (x)+in / x) = ( ‘ x)A [x^llt^r} (6-2.19) 

(x) = V x) - in i (x > = ( - x) z fi (6 * 2 - 20) 

The small argument expansions of these functions are 
easily obtained from the power series: 
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r=0 


r(r+j&+|+l) 12 


2r 


_^ Hr 1 'x\ d 

x-*0 V 2x Hifl+i) \^2J 




(2jtn ).' 


( 6 . 2 . 21 ) 




/ 2 X ,2j r ^ Q r.' r(r-£-#fl) x 


V _ i=£l 

u . r! r<r-#.- 


2r 


x—* 0 


fl L 

- L teY 

V 2x 

r(-£-i+i) \ 2 j 




(21)1 

2 l & 



( 6 . 2 . 22 ) 


To obtain the asymptotic expansions we could use the 
results quoted in sec. 4.2 for Bessel and Neumann functions 
--(4.4.5), (4.4.6), (4.4.9), (4.4.10). We can also 
proceed directly from the formulas (6.2.19), (6.2.20) just 
derived. For x -+co the largest contribution in these 

ix 

formulas is obtained by applying all derivatives to e 
rather than the inverse powers of x. Thus we find 


h^GO—» 

l X->co 


h (2) (x) —» 
a x— >o ° 


exp{i[x-(jjfl)-|]} 


expOitx-U+l)^]} 


(6. 2. 23) 


x 


(6. 2. 24) 
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Combining these we obtain 

j/x) ^ x cos , (6.2.25) 

n^OO x sln [ x -(-W- 1 )' 2 ^ • (6.2.26) 

6.3 EIGENVALUE PROBLEM AND EXPANSION THEOREM 

The functions j^(kr) satisfy the differential 
equation [see (2.5.5)] 

2 

r 7l|fV kr) ]" j ^ (kr) = _k2 j/ kr) • (6.3.1) 

This can be put in a slightly simpler form by defining 

u(kr) = rj^(kr) , (6.3.2) 

which satisfies 
2 

Lu=-^u(kr) - u (kr) = -k 2 u(kr) . (6.3.3) 

dr r 

By imposing suitable boundary conditions we obtain 
a Sturm Liouville eigenvalue problem for the spherical 
Bessel functions analogous to the eigenvalue problem for 
ordinary Bessel functions discussed in sec. 4.8 -- see 
(4.8.2), (4.8.3). Thus we take as boundary conditions 


u(kr) =0 at r = 0 and r = a . 


(6.3.4) 
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The Sturm Liouville eigenvalue problem defined by (6.3.3) 
and (6.3.4) has as solutions 

u n (k in r) = rj / k Xn r) ' (6 - 3 - 5) 


where 


k Xn a = z in = ^ zero of j 4 (x) 

= = n th zero of J .,1 (x) . (6.3.6) 

jc n Xj-rg 

We note that the functions rn (kr) are not allowed by the 

Xj 

boundary condition of r = 0. 

It is easy to check that the differential operator 
on the left of (6.3.3) satisfies the condition 

a a 

f dr uLv = f dr vLu (6.3.7) 

J o J o 

for functions u and v satisfying the boundary conditions 
(6.3.4) so that by the usual argument, (2. 8. 19) - (2. 8. 23), 
eigenfunctions belonging to different eigenvalues are 
orthogonal: 

a 

J* dr rJ / k jen r) r V k j&n r) = °> n ^ m * (6.3.8) 

We can obtain the normalization integral by using the 
corresponding result (4.8.10) for the ordinary Bessel 
functions and the definition (6.1.6): 
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= 2^ tW ]2 

= 2 a3 [j !e (k in a):i2 • 


(6.3.9) 


The functions (6.3,5) form a complete set and we can 
expand an arbitrary function rf (r) in terms of them, or 
after cancelling a factor r, 


f (r) 



(6.3. 10) 


Using 


(6.3.8), (6.3.9) we obtain the expansion coefficients 



(6.3. 11) 


Finally by letting a ->oo we obtain a Fourier Bessel 
transform in terms of spherical Bessel functions analogous 
to (4.13.7), (4.13.8) in terms of ordinary Bessel functions. 
Rather than go through the limiting process all over again 
we can apply the results (4.13.7), (4.13.8) with m= jfrfSr 
to a function Jr and use the definition (6.1.6) of 

the spherical Bessel functions to obtain 


f (r) = f k 2 dkh(k) j .(kr) , (6.3.12) 

J 0 1 

CO 

h(k) = ^ (* r 2 dr j (kr) f (r) . (6.3.13) 

7T t 


A completeness relation can be obtained in the usual way by 
substituting (6.3.13) for h(k) in (6.3.12) and noting that 
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since f(r) is arbitrary we must have 


f k<lk j (kr)j.(kr') = ~ 6(r-r'). 
•0 1 1 2r Z 


(6.3.14) 


6.4 EXPANSION OF PLANE AND SPHERICAL WAVES IN SPHERICAL 
COORDINATES 

Consider the spatial part 


ik- r ikrcos 9 
u(r) = e = e 


(6.4.1) 


of a plane wave e^ k r UJt ' > propagating in the z direction. 
This is a solution of the Helmholtz equation 


(V 2 +k 2 )u(r) = 0 


(6. 4. 2) 


and so can be expanded in terms of the solutions (6.1.5) of 
the Helmholtz equation in spherical coordinates. For propa¬ 
gation in the z direction there is no dependence on cp, so 
only contributions (6.1.5) with m=0, Y° (0) ocP (cos 0) , will 

Xj ji 

enter. Since the plane wave (6.4.1) is finite at r=0 
there will be no contribution from the singular terms n (kr). 


Thus we find 


f 


g ikrcos 0 = c ^j^(kr)P^(cos 9) . 


X=0 


(6.4.3) 


To find the coefficients c^ we use the orthogonality 


properties (3.3.12) of the P^(cos 9) : 


c *V kr) = 1 f i 


ikrx „ , . 
e P.(x) . 


(6.4.4) 


188 


MATHEMATICAL METHODS FOR PHYSICS 


To calculate the integral use Rodrigue's formula (3.2.18) 
for P^(x) and integrate by parts: 




2H-1 

2^U 


l 

l 


ikrx 


(x 2 -l)* 


-1 


dx 


= (-ikr)^ f dx e lkrx (x 2 -l)^ . 

J -1 


(6.4.5) 


The integral in (6.4.5) can be further reduced by integra¬ 
tion by parts: 


f dx e 

-1 


ikrx 




1 e ikrx 2 l -1 
6 x(x -1)* 


= -21 J^dx ikj . 


2 £ d r» ikrx 

= k7 1(M e 


(x 2 -l) 


1-1 


- [2i,][2(i-l)] kr d(kr) kr d(kr) x 


r* , ikrx , 2 . v ir 2 
dx e (x -1) 

-1 


ikrx 


2* , ~jt! [j 


j&H,i | _1 d ~ 1 sin kr 
kr d (kr) J kr 


(6.4. 6) 


Substituting this result in (6.4.5) we find 


c ^j^( kr ) = (2i+l) 




_3_1 

d(kr)J 


a 


sin kr 
kr 


(6.4.7) 
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Comparing with the formula (6.2.8) for j^(kr), we see that 
(6.4.7) is consistent, and we find 


c £ = (2jJfl)i £ . 


(6.4.8) 


Substituting (6.4.8) in (6.4.3) leads to the desired 
expansion 

00 

e ikrcos 6 = ^ (2jfrfl)i^j (kr)P (cos 0) . (6.4.9) 

4=0 x 1 

A slightly more general result for propagation in an 

arbitrary direction It can be obtained by using the spherical 

harmonics addition theorem (3.7.16) for P (cos ©) with 

4 

cos ® = £*• r/kr: 

v'pJ • 

r r 

(6.4.10) 



These expansions of a plane wave in spherical waves are 
essential in the theory of scattering -- see sec. 6. 6. 

A related expansion can be obtained for a displaced 
spherical wave. From (6.1.5) for 4 = 0, or by elementary 
calculation, we see that 



ikr 
e__ 

ikr 


(6.4. 11) 


is a solution of the Helmholtz equation. If we displace 
the origin of this wave from r=0 to r=r 1 we obtain, since 
the Laplacian is invariant with respect to translations, 
another solution of the Helmholtz equation: 
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ik|r-r'I ikvr^+r 1 ^-2rr'cos © 
v(?,?') = 6 — __ ' = *- - , (6.4.12) 

^\ r r I ikx/r^+r 1 ^-2rr’ cos 0 
with cos 0=r*?/rr' . 

We can expand (6.4.12) in Legendre polynomials, 

00 

v(r,r') = Yj f .(r,r 1 )P .(cos 0) , (6.4.13) 

1=0 1 1 

and since v is a solution of the Helmholtz equation, we see 
by comparison with (6.1.5) that f^(r,r f ) must be a combina¬ 
tion of spherical Bessel and Neumann functions. The 
particular combination needed can be inferred from the 
form and properties of the function v(r,r ! ), (6.4.12); 


a) v(r,r') =v(r T ,r) is the same function of r* as it 

—* 

is of r. 

b) As r ->0, v(r,r 1 ) remains finite so that in this 

limit only j .(kr) is allowed, not n (kr). 

e ikr r f ^ 

c) As r ~» 00 j v(r,r*) -* —— F(— , cos©), so that in 
this limit only the spherical Hankel function 
h^(kr) is allowed, not h^(kr) see (6.2.19), 
( 6 . 2 . 20 ). 

d) The discontinuous jump from behavior b) to 
behavior c) occurs at r = r* where the function 
(6.4.12) is infinite for cos ©= 1 . 

From these properties we infer 


f/r,r’) 


A (kr* )h^ X) (kr) , 

< 

a^h^Lkr^j^kr) , 


r >r* 


r <r f 
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= a A j / kr < )h l 1)(kr > ) ' 


(6.4.14) 


To obtain the coefficients a^ we consider the limit 
r' -*®. According to (6.4.14) we find for r'>r 

00 

_ y . (i) 

v(r,r ) H H (kr f ) j ^(kr)P^(cos ©) . (6.4.15) 


In the limit r f -*oo we have 


I 2 2 

Vr +r f -2rr ! cos©->r* -r cos®, 

ikr*-ikrcos © 


v(r,r') —>■ 


h^ 1) (kr')- 


ikr' 


i[kr'-(jfcH)f] 


kr 1 


(6.4.16) 


so that (6.4.15) becomes 

00 

e*ikrcos © _ ^ a .(-i)^j .(kr)P (cos ©) . (6.4.17) 

!s=0 1 

Comparing with complex conjugate of (6.4.9) we find 


a ^ = 2JI+ 1 . (6.4.18) 

Combining our results (6.4.13), (6.4.14), (6.4.18) 
and the spherical harmonics addition theorem (3.7.16) we 
finally obtain 

iklr-r* I ikvr^+r 1 ^-2rr* cos © 
e 1 1 _ e_ 

lk l^ I ” n~ 72—:- 

ikryr +r f -2rr*cos© 
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00 

= E ( 2 j&f l)^(kr^h^ (kr^P^cos ©) 

JL—O 


i 



(6.4.19) 


This formula, which is a generalization of (3.8.7), is 
needed for the multipole expansion of a system radiating 
waves. 


6.3 THE EMISSION OF SPHERICAL WAVES 


As we discussed in Chapter I, the propagation of 
many types of waves is described by the wave equation 


2 

V f = 


_L 

2 **.2 ' 
c dt 


(6.5. 1) 


where c is the wave velocity. Simple plane wave solutions 
of this equation are 


If 


A ±i£*r±i(jut 
A e 


with 



> 


u) = kc . 


(6.5. 2) 


(6. 5.3) 


By superposition of the solutions (6.5.2) we obtain other 
solutions. Thus 
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e i (k .r-cot) 
cos (lc*r-(j 0 t) 


are traveling waves moving in the direction k, 


i (k*r+uot) 


cos (£• r+uot) 


(6.5.4) 


(6.5.5) 


are traveling waves moving in the direction (-k), and 


cos k*r e 


f = < sin k-r e 

cos k>r cos cot 


(6.5.6) 


are standing waves. 

More generally if we separate off the time dependence 


f(r,t) = u(r)e 10Jt , 


(6.5.7) 


the wave equation (6.5.1) leads to the Helmholtz equation 


v 2 u(?) +k 2 u(r) = 0 , k= ^ , 


(6.5.8) 


for u(r). The spherical wave solutions of this are of the 


u( -> 

l n j‘ kr)Y " <6 '*’ ) 


(6.5. 9) 


yielding 


= [Aj^(kr) +Bn^(kr) ]Y^(9,cp)e 


(6.5.10) 
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The waves (6.5.10) are spherical standing waves. Like the 
plane standing waves (6.5.6) they have nodal surfaces where 
i]/= 0 for all t. Such standing waves are useful for solving 
normal mode problems. 

Thus, for example, the normal modes for sound waves 
inside a spherical enclosure of radius a are 


W r > t) = 


■iuo„ t 
j2n 


(6.5.11) 


with 


j f (k a) = 0 , 

J i SUa. ’ 

k. a = zero of j'(x). (6.5.12) 

m Jo 


To obtain traveling waves instead of the standing 
waves of (6.5.10) we use spherical Hankel functions in place 
of the spherical Bessel and Neumann functions: 




(kr)Y^(0,cp)e" luJt 


, (jo = kc . 


(6.5. 13) 
(6. 5. 14) 


For large r we can use the asymptotic forms (6.2.23), 
(6.2.24), and (6.5.13), (6.5.14) reduce to 




i(kr-uot) 

*•.*> 


, -i(kr-hut) 

L --- ^(0,cp) 


(6.5.15) 


kr 


(6.5. 16) 
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For any value of r we see from (6.2.19), (6.2,20) that 

h^ 1} (kr) « e ikr , (6.5.17) 

Jb 

hf> (kr) cce' 11 " . (6.5.18) 

Thus with the conventional time dependence e ltWt , (D>0, 

(6.5.13) involving h^ (kr) is a traveling outgoing 

*> ( 2 ) 

spherical wave and (6.5.14) involving h^ (kr) is a 
traveling ingoing spherical wave . We emphasize that this 
depends on the convention for the time dependence; with 
time dependence e +ia)t the roles of h^ (kr) and h^ (kr) 
would be reversed. 

Consider now the radiation of waves by a source of 
some type, a loud speaker or antenna for example. When we 
discuss Green 1 s functions we will be able to express the 
radiation in terms of a source density function. For the 
present we specify the source by a boundary condition at 
some radius r =a within which the source is located. For a 
monochromatic source we then take 

f(si, 0,cp, t) = F (0, cp)e ia)t (6.5.19) 

with F (0, cp) a given function determined by the source. 

For r>a the radiation is a superposition of waves 
of the type (6.5.13): 

tf(r,e,q>,t) = Jj a j&[i h^ 1) (kr)Y^(e,q 3 )e' iu,t . (6.5.20) 

Here we include only outgoing waves. Ingoing waves (6.5.14) 
are omitted for a source emitting radiation, not absorbing 
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it. The coefficients a^ are determined by the boundary 
condition (6.5.19). Evaluating (6.5.20) at r =a and using 
the orthogonality properties of spherical harmonics, we 
find 


F(e,ep)=X a J e m h ^ 1)(ka)Y i (0jC P ) > (6.5.21) 

a. = “7TT- f dfl Y“*(e,cp)F(e,cp) . (6.5.22) 

m h^ ; (ka) ° 1 

For r -»oo^ far from the source, we can use the 
asymptotic form (6.5.15) for the spherical waves in (6.5.20) 
to obtain 

i(kr-uut) 

■>Kr, e,ep,t)jr^f (6,cp) ---- (6.5.23) 


with 


f (e,cp) = (-i) A+1 a Y”J(e,cp) • (6.5.24) 

The exact expressions for energy density and energy 

flux depend on the kind of waves under consideration. 

However, it always turns out that for large r, with a 

simple monochromatic wave like (6.5.23), the flux of energy 
• ) 

is in the direction r with a magnitude 

2 

Energy f lux = c.Energy density eec |i^(r, G,cp, t) | 

= c 1 . . ( 6 . 5 . 25) 

r 

The rate of emission of energy through solid angle dQ is 

2 

then obtained by multiplying by the area r dQ subtended by 
dQ. Finally, the rate of emission of energy per unit solid 
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angle, i. e. power per unit solid angle, is 

« c | f ( 0, cp) | 2 • (6.5.26) 

We see how the factors of r have cancelled to give a 
sensible result. 


6.6 SCATTERING OF WAVES BY A SPHERE 

Suppose a monochromatic plane wave of unit amplitude 
moving in the z direction, 

, i(kz-(jut) ikrcos 0 -io)t , - 

f=e = e , ( 6 . 6.1 

impinges on a spherical obstacle of radius a centered at 


198 


MATHEMATICAL METHODS FOR PHYSICS 


The result of the interaction of the incoming plane wave 
with the spherical obstacle will be the production of an 
outgoing spherical wave, called the scattered wave,in 
addition to the incoming plane wave. With a monochromatic 
incoming wave such as (6.6.1) we can expect a monochromatic 
scattered wave with the same frequency as response. Thus 
the total disturbance will be of the form 

f . e l(kz-«t) +v( - t) ( (6.6.2) 

where i/ is a superposition of outgoing spherical waves 
r sc 

of the type (6.5.13): 

■^ gc (Xj t) = (kr)Y^(0, Cp)e~ 1UJt , u) = kc. (6.6.3) 

j2m 

The coefficients b . are determined by the boundary 
Jon 

conditions, whatever they happen to be, at the surface 
r = a of the spherical obstacle. We discuss some examples 
below. Before doing that, let us consider the asymptotic 
form of (6.6.3) for r -*«. Using the asymptotic form 
(6.5.15) for the spherical waves we find 

i(kr-aut) 

4c ( ^ t) T^ f(e ^ Cp) --r- > (6.6.4) 

with the so-called scattering amplitude f(0, cp) given by 

f(e,q>) = £ Z b (-^^y'Jo,^) . (6.6.5) 

j2m 

Using the same kind of 'expressions for energy flux 
alluded to at the end of sec. 6.5, we can calculate the 
so-called cross section: 
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Flux through dQ of scattered wave 
Flux per unit area of incident wave 


= clf(e ,c p) l 2 d Q 

c | e i(kz-u>t )|2 ' 


or 


( 6 . 6 . 6 ) 


dg = 
dQ 


f (0,cp) 


2 


(6.6.7) 


As a first example consider the scattering of sound 
waves by a spherical obstacle. For this case the boundary 
condition is 

= 0 . ( 6 . 6 . 8 ) 

r=a 

Because of the symmetry about the z axis the solution of 
this problem must be independent of cp. Thus we need only 
the terms with m= 0 in (6.6.3) and can write 


dr 


f sc (r,t)=Jj a^h^ (kr)P^(cos 0 ) e ' 1 


icot 


( 6 . 6 . 9) 

The expansion of the incoming plane wave is given by (6.4.9): 


s i(krco s e-„t),£ (2 *-l)lV (kr) P (cose).' 1 ”* . 

( 6 . 6 . 10 ) 


Adding (6.6.9) and (6.6.10) to obtain the total field f 
[see ( 6 . 6 . 2 )], and using the boundary condition ( 6 . 6 . 8 ), 
we find 

^[a^ 1V (ka)+ (2j&fl)i A j^(ka)]P £ (cos 0) = 0 , (6.6.11) 
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which implies 

i j i (ka) 

a t~~ (2i.+l) * TTTi - . (6.6.12) 

(ka) 

This determines the scattered wave ( 6 . 6 .9) for all 
r>a. The scattering amplitude is determined from the 
asymptotic form of ( 6 . 6 . 9): 

i(kr-aot) 

^sc f (0) *-7- , ( 6 . 6 . 13) 


f (0) = -r Z a (-i) (cos 0) 

i 1 * 

i v 

= l -L ( 2 ^-D -?Tv- V cos e> • 

k l (ka) 1 

This can be simplified after some manipulations: 

ij'^(ka) ij^(ka) 1 

hd ) 1 (ka) = j' i (ka)+ln' A (ka) = n^(ka) . ’ 

j'^ka )* 1 


Define the so-called phase 
j' (ka) 

tan 6 / k) " > 


shift 6 ^ by 


and use 


ctn 6^(k) ■ 


i6 / k) 

e sin 6 ^(k) 


( 6 . 6 . 14) 


( 6 . 6 . 15) 


( 6 . 6 . 16) 


( 6 . 6 . 17) 


Substituting in (6.6.14) we then find for the scattering 
amplitude 
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16„<k) 


f(0) Z (2jW-l)e 1 sin SjOOP (cos 0). (6.6.18) 


1=0 


To see the origin of the name phase shift we can 
rewrite the asymptotic form of the wave: 


,x.\ i(krcos 0-u)t) , , \ 

f(r,t) = e ° +i, (r,t) 

IT l 6 i> 

cos{kr-(jfrfl)-^} e sin 6^ 


r-*» 


Z(2j&H)[i 

l L 


kr 


ikr 


— J P/cos 0) 


-iout 


V 

ikr 


i \-\ r j - xvj - „. i -ikr 2 i 6 „ 

= 2 lk Z(2m)[ £ 7-+(-D^ ^—+ (e £ -l) X 


ikr. 


LIVi —1 . 

—J Pj^cos e) e -1 


-ioot 


’ 25 Z'<2»l)[e 


2 i§ ikr - 

1 H-(-l)^ 1 ^ 


ikr 
r J 


P^(cos e) e 


■ioot 


( 6 . 6 . 19) 


The effect of the sphere has been to shift the phase of the 

2 i 6 0 

outgoing wave by 26 ^ i. e. l-*e 

The formulas ( 6 . 6.16), (6.6.18) simplify somewhat 
in the limit of large wavelengths or small wave numbers. 

For 


ka « 1 , \»a, ( 6 . 6 . 20 ) 

we can use the small argument expansions ( 6 . 2 . 21 ), ( 6 . 2 . 22 ) 
for the spherical Bessel and Neumann functions to evaluate 
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(6. 6.16): 


tan 6,(k) 


_S__£fiUL_ (ka) 2 ^ 1 


ka«l jfrH1 (2i)! (2jfrH)J 


( 6 . 6 . 21 ) 


In this limit we then have 8^«1, so that 


e sin 8^ =* 8^ tan 8^ 


( 6 . 6 . 22 ) 


The phase shifts fall off rapidly with increasing & so that 
we only need to keep the first few terms in the series 

(6.6.18) . For this particular problem the term &=0 is a 
special case because of the factor & in the numerator of 
(6.6.21). For 1= 0 we must keep the next higher term in 
the expansion. Using the explicit formulas (6.2.17) and 

(6.2.18) for j Q (ka) and n Q (ka) we find 


3 ' 0 (ka) 


tan ka 


tan6 0 (k) n ^ (ka) ka 1+ka tan ka ka Jo " 3 (ka) 


(6. 6. 23) 


From (6.6.21) we have 
6 x (k) = -|(ka) 3 . 


(6. 6. 24) 


Keeping just the first two terms in (6.6.18), we thus find, 
for ka « 1, 


f(0) 



(ka)^P Q (cos 0) +3-|(ka)^P^(cos 0) 

2 3r- 3 /i 

a 1 - cos 0j . 


] 


(6. 6. 25) 
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In the above example we have used the boundary 
condition (6.6.8) appropriate for sound waves. In quantum 
mechanics one frequently studies so-called hard sphere 
scattering, which is described by the formulation above with 
the one change that the boundary condition (6.6.8) is 
replaced by 

*^(a, 0,cp) = 0. (6.6.26) 

Proceeding as above we find a scattering amplitude given 
by the formula (6.6.18) with (6.6.16) replaced by 
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PROBLEMS 


6. 1 Find the frequencies of the lowest three modes, i. e. 
the three modes with the lowest frequencies, for an 
acoustic resonant cavity consisting of a sphere of 
radius R. 


6 . 2 


Find the radiation by a spherical source of radius 
a. The disturbance satisfies the wave equation 


c at 




and the value of the disturbance at the surface of 
the source is given by 

=a, 0, 0, t) = F( 0) cos oot 

with 


IT 


F(9) = 


+ V, 0 < 9 < ^ 


IT 


- v , - < 9<7T 


and V = constant. Write your result in the form 

i(kr-a)t) 


f(*, e, Re f(e) 


and evaluate f(9) numerically for the case 
ka=f a = 0. 20 . 


6.3 Consider the propagation of 

sinusoidal surface temperature 
variations into a semi-infinite 

thermally conducting solid vacuum solid 

with k = K/ pc. Suppose the 

surface temperature is given by -x 

T (x = 0, t) = T q cos ojt = Re T o e LtWt . 

Assume a complex solution of the 
heat conduction equation of the 
form 
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r / \ iu>t 
f (x) e , 

substitute in the heat conduction equation, solve 
for f(x), impose an appropriate boundary condition 
at x -»oo, and obtain 

T(x, t)=Re f (x)e ia)t = T^e ^ X cos (uot-px) , 


with 



Apply this formula to study the penetration of 
surface temperature variations into the earth. 

Take h=. 01 cm^/sec for rock. At what depth have 
daily and yearly temperature fluctuations fallen off 
by l/e? At what depth are daily and yearly tempera¬ 
ture fluctuations 180° out of phase with the 
variations at the surface? 

6.4 Study the propagation of sinusoidal surface tempera¬ 
ture variations into a thermally conducting sphere 
of radius R with h = K/pc. Suppose the surface 
temperature is given by 

T(r=R,t) =T o cos (jot = Re T o e la)t . 

Obtain a solution as the real part of a complex 
solution of the heat conduction equation: 

T(r,t) =Re f(r)e LUJt . 

You need to impose an appropriate boundary condition 
at r = 0. 

6. 5 a) Work problem 4 for a general boundary condition. 

Suppose the temperature at the surface of the sphere 
is given by 

T(r = R, 0,0, t) = F(6,&t) , 

where F(0, 0,t) is a given periodic function of time. 
F(9j 0* t) can be expanded in a Fourier series 
«; iu) t 

F(e,0,t) = l f ( Q ,0)e n 

n=-co n 
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with 

2tt 

<i) = — ri, T= period of temperature variation, 

and the F (0,0) can be expanded in spherical har¬ 
monics 

F„<9,0> ■ Z 

j£,ni 

The F are given constants. Find a series 
solution for T(r, 0, 0, t), r<a. 

b) Discuss how one could add a transient to the 
solution of part a) so as to satisfy an initial 
condition throughout the sphere: 

T(r, 0, 0, t =0) = G(r, 0,0) . 

Find the appropriate series for the transient and 
use it to satisfy the initial condition. 

6.6 a) Work problem 5 for the wave equation. Assume 
that *^(r, 0, 0, t) satisfies the wave equation 

2 i ajfc n 
V * - = 0 
C dt 

inside a sphere of radius R and a boundary condition 
l^(r - R, 0, 0, t) = F(0,0,t) , 

where F(0, 0,t) is a given periodic function of time. 
Find *^(r,0, 0, t), r < a. 

b) Discuss the analogue of the transient of problem 
5b. Note that it is no longer transient, i.e. does 
not decay in time. Show how it can be used to 
satisfy initial conditions on and d^/dt through¬ 
out the interior of the sphere. 
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SUMMARY OF PART I 

SUMMARY OF RESULTS FROM SEPARATING VARIABLES IN 
LAPLACE 1 S EQUATION AND HELMHOLTZ* EQUATION 

Cartesian Coordinates 
Helmholtz* Equation: 


(V 2 + k 2 ) f(r) = 0, 

„ i (k- x + k„y + k_z) 

•>Kr)=Z A (£) e ' r = ^,A(lt)e , 


C* 2 2 - i 2 .2 

k =k^+k2 + k^=k ; 


alternatively 

'=Z(A sin k^x + B cos k^x) (C sin k^y + D cos k^y) x 




(E sin k^z + F cos k^z) . 


Laplace*s Equation: 


V ^=0 , 

_ i(k-x + k 9 y)-az o o 9 

f=Z'Ae , c/ = k^ + k^, 

s ^- n + B cos k^x) (C sin k 2 y + D cos k 2 y) > 

otz , _ -az N 
(E e + F e ) . 


The sums above and below can be taken over all allowed 
values of the separation constants subject to the 
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2 2 2 2 

restrictions such as =k , etc. Depending on the 

problem, the sums may be integrals over continuous ranges 
of parameters kp etc. 

Cylindrical Coordinates 
Helmholtz 1 Equation: 

(V 2 + k 2 )^=0 , 

f = Yj [ a J m ( ar ) + B N m ( ar ) ] [C e lm6 + D e -11 " 6 ] X 

[.,^ t fe ^]. 

Laplace 1 s Equation: 

v 2 f = o , 

^=Zc a J m ( ar ) +BN m (ar)][Ce lm9 + De' lme ] X 

r _, az , „ -az n 
[E e +Fe J . 


Spherical Coordinates 
Helmholtz* Equation: 


(V 2 + k 2 )^=0 , 

(kr)+Bn jJ (kr)]Y^(0,cp) . 
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Laplace 1 s Equation: 

V 2 f = 0 , 

if = £[Ar X + Y™(0,cp) . 

THE WAVE EQUATION, THE HEAT CONDUCTION EQUATION, 
EIGENVALUE PROBLEMS, AND LAPLACE'S EQUATION 

The Helmholtz equation arises from separating the time in 
the heat conduction equation or the wave equation: 

1 ^u 

h it = 7 u ’ 

u(r,t) = h A f(r)e' k Kt , 

(v 2 + k 2 )^(?) = 0 , 


and 


Z^(?)[A sin kct + B cos kct] , 

(V 2 + k 2 )^(?) = 0 . 

2 

The separation constants k , m, H, a, etc. are determined 
by the boundary conditions. For the case of the Helmholtz 
equation (i.e. as it arises from the heat conduction or 
wave equations) one can impose homogeneous boundary condi¬ 
tions: 


_L 

c 2 dt 2 


v(r,t) = 
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f(r) =0 on a closed surface 
or 

^ = 0 on a closed surface, 
dn 

Boundary conditions of this type together with the Helm¬ 
holtz equation form an eigenvalue problem: 

(v 2 + k 2 )f n (?) = 0 . 

The infinite set of solutions of this problem form a 
complete orthogonal set: 

J d 3 r . 

v 

The i/ (r) are the normal modes of the system. The solution 
r n 

of the heat conduction equation is then 

9 

~\ Kt 

u(r,t) = A n \^ >e 
n 

The initial value of u, u(r,0), can be specified arbi¬ 
trarily; the A n are determined to fit this value: 

Jd 3 x^*(r)u(r,0) 

Jd 3 xf*(r)f n (r) 

The solution of the wave equation is similarly 

v(r,t) =^]^ n (r)[A n sink n ct + B n cosk n ct] . 
n 


u(r,0) = XI A n ^ n <r) , A n 
n 
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The two sets of constants A can be chosen to fit 

n' n 

arbitrary values for v and dv/dt at t = 0: 


v(r,0) = 


B = 
n 


Jd 3 x ^*(r)v(r,0) 


dv 

at 


= Zt n (r)k n cA n 
t=0 n 


k cA = 
n n 


Jd 3 xf*(r)[dv/St] t=0 

J d3 xf*(r)i^ n (r) 


One can solve the wave equation or the heat conduction 
equation with time independent but nonhomogeneous (nonzero) 
boundary conditions on the surface by adding an appropriate 
time independent solution of Laplace 1 s equation which 
satisfies the new boundary conditions. 

Laplace's equation is the special case of the Helmholtz 
2 

equation with k = 0. However, the problem to be solved is 

somewhat different. Homogeneous boundary conditions (of 

the type applied above to the Helmholtz equation) lead to 

a trivial solution of Laplace's equation (either 0 or a 

constant depending on the boundary conditions). This is 
2 

because k = 0 is not an eigenvalue of the Helmholtz 
equation (or is a trivial one). 

For Laplace's equation the problem to be solved is an in¬ 
homogeneous boundary value problem: 


*^(r) =given function not everywhere 0 on surface 


or 


given function not everywhere 0 on surface. 
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Sometimes it is convenient to obtain a solution as the sum 

of several parts; for each part ij/ (or —is 0 on all 

on 

surfaces except one. There will be an infinite series of 
solutions of one of these subproblems. The solutions form 
a complete set. The complete set of solutions can be used 
to fit the nonzero boundary condition on the one remaining 
surface. 


EXPANSIONS IN COMPLETE SETS 


Cartesian Coordinates 

CO 

0 < X < a, f (x) = Yj c n expj^i ^ xj , 
n=-°° 

C n = a L dx exp[-i^f x]f(x). 


Also 


0 <X < a, f (x) = Yi b n .!»[? x] , 
n=l 

b n = i J dx sin [ir x ] £(x) • 


For an infinite region we obtain Fourier integrals: 

CO 1 Iry 

-oo < x < co^ f (x) = J dk g(k) e , 

-CO 

g(k)=-^J dx e- ikx f (X) . 

-00 

Completeness relation: &(x-x') J dk e^^ X X \ 
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Cylindrical Coordinates 

0 <r<a, f(r)-£ V,£“? r ]' 

n 

x = nth root of J (x) = 0 . 
mn m 

I 0 r drJ m[-f r ] f(r) 

C n = 2 ~ * 

\J' (x )] 

2 L m mn 

0 <r <co f (r) = f kdkg(k)J (kr) , 

J 0 m 

g(k) = (* rdr J (kr)f(r) . 

J 0 ra 

ft (r-r 1 ) °° 

Completeness relation: — ^ — 1 = f k dk J (kr)J (kr ! ). 

r Jq m m 

Spherical Coordinates 

0 < 0 < 7 T 

0 <cp< 2 tt, f(0,cp)=Z c jem Y ^ e > c P)> 

J&m 

C im = i* 0 sin ede Iq dc P Y'jf 

0<r< a, f(r)=Eg jt ['fr], 

n 

z^ = nth root of j^(x) =0, 



214 


MATHEMATICAL METHODS FOR PHYSICS 


0 < r <co, f (r) = J k dk g (k) j (kr) , 
0 1 


g(k)=! J r 2 dr j (kr)f(r) . 


Completeness relation: 6(r-r f ) = J k dk j (kr)j (kr f ) 


SOME PROPERTIES OF SPECIAL FUNCTIONS 


Bessel Functions 
The four functions 


J m (x) 

< \ H^^x) = J (x) + iN (x) 

N (x) m m m 

Z (x) = < “ 

H m (x) H^x) = J (x) - IN (x) 

y /y v ui m m 

; 
m 


are solutions of Bessel's equation 


d~Z (x) - dZ (x) 

m m 

, 2 x dx 

dx 


+ [>- t] z ,w° ■ 


For small x 


J m (x) ^0 r(nrfl) ( 2 ) ’ 


N (x) —* 
m x 7 x-*0 


(if. ■*> 

| [*>f +y], Y-.5772. 


. y m = 0 
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For large x 

J (x) -* f^z cos[x - , 

m v x~>°° V 7Tx L 2 4 J 7 

_ T f s * f~2 . T rmr 7r"l 

m v J x-><» V 7TX L 2 4 J 

Usually the Hankel functions H^x) and H^^x) are most 
y mm 

useful for dealing with the behavior at x ->oo . 

H m^ X > ' 

H m^ x) ^ e *l{- i( *-?-?)] • 

Note that both H^x) and H^x) are singular at x-*G. 


Spherical Bessel Functions 

j x (x) = M -w x) = ( - x) *P £\ z Pit] 

n,(K) = ^N^( x ) = -(- x /[I^^ 

h ^ x)=j / x)+in ^ (x) = ( - x) *R £1* ftl] 
h f * x)= v x) • in / x) = ( - x)£ S A ] 1 Rdr] 

These four functions are the solutions of the equation 


d z ^(x) 2 dz^(x) 

,2 + x dx 

dx 


+ [l- X(i f 1J ]z/*) = 0- 
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The small and large argument expansions are 


V x) 


x-*0 


2 l i\ l 

(2Art).' x ' 


V x) 


12111 

x -° 2 ^ill 


1 

m ’ 

X 


V x) zzz i cos £ x - , 

n / x > ZZt x Sin[x_ (Afl) 2 1 » 

h ^ x) ^ x exp ^ i[x_ » 

h^ 2) < x > ^ “ exp{-i[x - (AH)^]} . 


Spherical Harmonics 

These are the eigenfunctions of the angular part of the 
Laplacian with the boundary condition that Y 1 ^ be single 
valued and finite: 


sin 0 


-a. r, 

se L 


sine ~aeJ + ' 


aV 


sin 0 dcp 


2 =-A(At-l)Y*J , 


^(0,q>) = (-D 


m 


2£KL 

2 


(A-m).' 

(Afm)I 


P®(cos 0) 


e imc P 

sJZv 






m>0 
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,, 2v m /2 Jdi 

' (x ' 
* 2 ja: chc 


7i 2v m/ 2 - jfc-m 

(1-x ) 7 dx 


d^" m 2 A 

(x-ir , 


J do Y"J*(e,cp) <. <e,q») - i ie 6 „, 


Useful Relations 


(-l) m (^m): x 

2 A £! (irm)! 


7—~ = Z p / x > u ^ |u| <! , 

Vl-2ux+u jg=0 * 


P^(cos ©) = 


4 ir 

2jfrKL 


i 

Z ^(e^cp)^*(0Scp') 

m=- X A 


cos ©= cos 0 cos 0* + sin 0 sin 0 f cos (cp-ep 1 ) , 


00 


ikreos 0 
e 



(2j&H)i* j A (kr)P^(cos 6) , 


iklr-r' 
e 1 _ 

ik r-r 1 | 


-z 

jfc=0 


(2jfc4-l) j ^(kr^h^kr^P^Ccos ©) 


©= angle between r and r'. 






PART II 


INHOMOGENEOUS PROBLEMS 
GREEN'S FUNCTIONS 
AND 

INTEGRAL EQUATIONS 




CHAPTER 7 DIELECTRIC AND MAGNETIC MEDIA 


7.1 INTRODUCTION 

In addition to some mathematical apparatus, we have 
so far discussed the solutions of homogeneous partial 
differential equations representing the behavior of various 
systems in regions free from the sources (of the fields, 
waves, etc.). In this second part of the book we study the 
production of the fields, waves, etc., by their sources. 
Green 1 s functions, the study of which is begun in the 
following chapter, provide a general method for dealing 
with such problems. In the present chapter we discuss the 
methods for dealing with a special class of source terms, 
the charges and currents due to polarization and magnetiza¬ 
tion of a medium. As we show below, for these cases the in¬ 
troduction of auxiliary fields enables us to "hide 1 * the 
source terms so that the equations appear homogeneous. 
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7.2 MACROSCOPIC ELECTROSTATICS IN THE 
PRESENCE OF DIELECTRICS 

In the interior of a piece of matter the electric 


field is determined by 

div E = 47Tp , (7.2.1) 

curl E = 0 , (7. 2. 2) 

the solution of which is 

E = -grad cp , (7. 2. 3) 

cp(r) = Jd 3 x' . (7.2.4) 


These fields are very complicated functions with singu¬ 
larities at the position of each electron and nucleus. For 
most macroscopic problems we are not interested in these 
detailed microscopic fields but rather in average fields in 
which the singularities due to individual charges have been 
smoothed out. 

The quantities of interest for a macroscopic 
description are given by averaging over a small neighborhood 
of the point in question: 

<E(r)>= ~ P d 3 xE(r + x5 , (7.2.5) 

AV 

<p(r))= f d 3 xp(r + x). (7.2.6) 

a AV 


Here AV is a volume containing many atoms, a volume large 
enough to smooth out local variations but small enough so 
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that (E(r)) still contains the gross macroscopic variations. 
Thus we take 

d a «(AV)^«d m , (7.2.7) 

where d is an atomic dimension and d a length character- 
a m 

izing a macroscopic variation. From the form of (7.2.5), 

(7.2.6) we see that 

div (E(r) > = (div E(r) ) , (7.2.8) 

etc., so that when we average (7.2.1), (7.2.2) we obtain 

div <E(r)> = 4ir(p(r) > , (7.2.9) 

curl (E(r) = 0 . (7.2.10) 

Because of the linear character of all the relations in¬ 
volved, the averaged equations (7.2.9), (7.2.10) have the 
same form as the original equations (7.2.1), (7.2.2). Thus 
from now on we drop the bracket notation and use (7.2.1), 
(7.2.2) with the understanding that E and p stand for the 
averaged quantities (7.2.5), (7.2.6). 

The source of the electric field is the charge 
density p. For a dielectric this is the sum of two parts, 

P = P F + P P • (7. 2. 11) 

The free charge p^, is external charge placed on the di¬ 
electric. The polarization charge pp arises from polarizing 
the atoms of the medium, i. e. separating the positive charge 
of the nucleus from the negative charge of the electrons. 
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The polarization charge p p can be calculated in 
terms of the properties of the dielectric. Suppose the 
charge density in an atom is given by 

p(r,x) . 

Here r locates the center of mass of the atom and x the 
position inside the atom relative to the center of mass. 

The charge density p(r,x) depends on both variables x and 
r since atoms at different positions r will in general be 
polarized differently. In fact this variation of polariza¬ 
tion with r just 
gives rise to p p . 

Let us calculate 
the charge in a 
fixed volume due to 
polarization. If 
all the charge in 
each atom were lo¬ 
cated at the center 
of mass of that atom, 
the charge in this 
volume would be zero 
since each atom is neutral. But if the charge is spread 
out according to p(r,x) for each atom, some charge crosses 
the boundary, and the volume may be left charged. 

Consider a surface element dA on the side of the 
volume. How much charge crosses dA when we allow the charge 
in each atom to spread out from the center of mass of the 
atom to the distribution p(?,x)? We first calculate the 




222 


MATHEMATICAL METHODS FOR PHYSICS 



_ ^ ^ ^ 

contribution of p(r ; x)d x, the charge at the same position 
x relative to the center of mass of the atoms, in those 
atoms at positions r near the surface. The charge 
p(r,x)d 3 x from all atoms the centers of mass of which lie 
in a cylinder with side x will move across the boundary 
surface. Thus if N(r) is the density of atoms at position 
r, we find for the charge crossing the boundary 

dq = -dA^d 3 xJ% p(?-y|,£)N(?-yf ) . (7.2.12) 

We now expand in a Taylor series 

—■> —* ”+ 

p(r-y| ,x)N(r-y| ) = p(r,x)N(r)-yf • grad_, X 

r 

{p (r,x)N(r) } + .. . . (7.2.13) 

Substituting (7.2. 13)'in (7.2.12) and carrying out the 
integration over y we find 
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dq = -dA n«x d^x [p(r,x)N(r) -i; x . grad-* x 

{p(r,x>N(r> }+....] . (7.2.14) 

This is the contribution from location x relative to the 
center of mass of the atoms. Integrating J d 3 x over all x 
we find 


dq = -dA[n*p(r)N(r)- n i {q t (r)N(r) } + ... ] , 

j J 

(7. 2. 15) 

where 

p(?) = Jd^x xp(r,x) ; (7.2.16) 

q ij(r) =2 Jd 3 x x^jp^x) . (7.2.17) 

These are the dipole and quadrupole moments of an atom at 
position r -- see (3.8.13), (3.8.15). 

Henceforth we shall keep only the dipole moment term 
in (7.2.15). This is justified when 

^{ qiJ <?)»(?» 

—J--- ^ 

P .(r)N(r) 


atomic dimension _ 

distance for macroscopic variation 


« 1. (7. 2. 18) 


Then we have 


dq = -dA n- P (?) 


(7. 2. 19) 


with 
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P(r) = N(r)p(r) 


(7. 2. 20) 


the dipole moment per unit volume or polarization of the 
dielectric. If we have several kinds of atoms, we add the 
contributions of each type: 


P(r) = X N i (r)p i (r) . 
i 


(7. 2. 21) 


The total charge in the volume is obtained by in¬ 
tegrating (7.2.19) over the surface: 


q = J , dq = -J‘dA > n. P(r) = -J d 3 x div P(?) . 


(7. 2. 22) 


Here we have used Gauss* theorem to transform the surface 
integral into a volume integral. The result (7.2.22) 
implies a density of polarization charge given by 


p p (r) = -div ?(r) 


(7. 2. 23) 


With the formula (7.2.23) for the polarization 
charge contribution to the total charge (7.2.11) we can 
rewrite the electrostatics equations(7.2.1), (7.2.2) or 
(7.2.9), (7.2.10) as 
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div E = 4 ttp f - 4tt div ? , (7.2. 24) 

curl E* = 0 . (7. 2. 25) 


At this point it is convenient to introduce a new field D 
called the displacement. 


D = E + 4tt? , 


(7. 2. 26) 


in terms of which (7.2.24) becomes 


div D = 4 ttp f . 


(7. 2. 27) 


By this procedure we succeed in "hiding" part of the source 
of the electric field. 

To proceed we assume that P is a function of E. 
Expanding the function in a Taylor series we find 


P. = a. +Zb. .E. +Y, c. M E.E. +. 
i i j iJ J j k J k 


(7. 2. 28) 


We assume there is no permanent polarization so that P -+0 
as E ->0, i.e. a^=0. We shall make the approximation of 
ignoring the nonlinear terms in (7.2.28), so that we obtain 
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P. 

i 



(7. 2. 29) 


This is a valid approximation for sufficiently small fields. 
Since electric fields obtainable in the laboratory are 
usually small compared to the fields which hold an atom 
together, 


atomic 2 
r 


- 1n -10 , 
5x10 esu , 6 

-^- x- = 5 xlO esu 

(10 cm) Z 


= 1.5x10 volts/cm , 


(7. 2.30) 


the small field approximation (7.2.29) is usually valid. 

For an anisotropic substance b„ will be a tensor. 
We consider here only an isotropic substance for which E 
is parallel to P and the ratio p/e is independent of the 
direction of E. In this case we have 


P = XE . 


(7. 2.31) 


The actual evaluation of the electric susceptibility X (or 
b..) is a problem in solid state physics. We do not enter 
into that here at all. We take X as a given constant. 
Substituting (7.2.31) in (7.2.26) we find 
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•4 ♦ 

D = E + 4ttP = e E , 


(7. 2.32) 


where the dielectric constant e is given by 


e = 1 + 47TX - 


(7. 2.33) 


We can now summarize the electrostatic equations 
for a dielectric medium 


div I) = 4 ttp f , (7.2. 34) 

curl E « 0 , (7. 2.35) 

pp = -div P* 9 (7.2.36) 

D = E + 4t, (7.2.37) 

P = Xt, (7.2.38) 

e = 1 + 4 ttX . (7.2. 39) 


In addition to the equations (7.2.34)-(7. 2. 39) we 
need the boundary conditions 
satisfied at the interface 
between two dielectrics. 

These can be obtained by 
applying (7.2.34) and 
(7.2.35) to the rapidly 
changing region which 
forms the interface. 


O 


© 
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Applying Gauss 1 theorem to (7.2.34) in a pillbox shaped 
region of vanishing thickness straddling the interface, we 
obtain 


+ 6*2* ^2 = 9 (7.2.40) 

where cr_ is the surface density of free charge on the inter- 
F 

face. If a F = 0, which is usually the case, we find 

normal component of D continuous. (7.2.41) 

Applying Stokes theorem to a loop of vanishing width across 
the surface, we find 

E^ X 2 + E 2 -n 2 xl = 0 , 

or since jf is an arbitrary 
vector parallel to the 
surface. 


^ X n ^ + E* 2 x n 2 = 0 , 

which is equivalent to 

tangential component of E* continuous. (7.2.44) 

With E = -gradcp, (7.2.44) implies that the discontinuity in 
cpacross the surface is independent of position on the 


(7. 2.42) 


O 



O 


(7. 2.43) 




7 DIELECTRIC AND MAGNETIC MEDIA 


229 


surface. Since additive constants are immaterial in the 
definition of cp, we may take 

cp continuous across surface. (7.2.45) 


7.3 BOUNDARY VALUE PROBLEMS IN DIELECTRICS 


1) Free Charge Distribution Embedded in an 
Infinite Uniform Dielectric with a Constant Dielectric 
Constant e. Substituting (7.2.37) in (7.2.34) and dividing 
by e , we find 


divE=47T-j, (7.3.1) 

curl E = 0 . (7.3. 2) 


Comparing (7.3.1), 
(7.2.10) and (7.2. 

P = P F + P P 

so that 



(7.3.2) with (7.2.1), 
1 ) we find 



(7.2.2) or (7.2.9), 


(7.3.3) 


(7.3.4) 


The polarization of the medium produces a polarization 
charge proportional to the free charge and of opposite sign 
(for e>l). When the polarization charge is added to the 
free charge we obtain a net charge smaller than the free 
charge by a factor l/e. In particular if we place a point charge 
q in a dielectric, the net charge will be q/e and the field 
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and potential will be 

£ = ~ 7 = -grad cp , (7. 3. 5) 

6 r 

9 = ^- (7-3.6) 

2) Point Charge in Front of a Semi-infinite Di¬ 
electric. The only free charge p p in this problem is the 
point charge q. Except at the position of the point charge, 
we find from (7. 2.34), (7.2.37), (7.2.35) 


div E = 0 , 
curl E = 0 , 


which imply 


E = -grad cp , 
2 

V cp = 0 . 


(7.3.7) 

(7.3.8) 


(7.3.9) 
(7.3. 10) 


Near q, cp->q/R, the singular 
This problem can be 
worked with the image method 
familiar from elementary 
electricity and magnetism 
courses. Assume the poten¬ 
tial in the vacuum is given 
by the potential of q plus 
the potential of an "image 
charge" q 1 : 


potential of the point charge. 


dielectric 

e 


vacuum 


a q 
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Notice that this has the 
correct singularity near 
q. In the dielectric 
assume the potential is 
that due to an effective 
charge q M located at the 
position of q: 

q" 

'Pdiel = * 



The charges q' and q" are now determined to satisfy the 
boundary conditions along the interface, where 


2 2 

R l = R 2 = r + a , 

_d_X = __d__l_ = _a_ 
dn R.^ dn R 2 R 3 

We find from (7.2.41), (7.2.45) 


(7.3.13) 


q - q' = eq" , 

q + q' = q" , 


(7.3.14) 


(7.3. 15) 
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which can he solved to give 

(7.3. 16) 
(7.3.17) 

The polarization charge is given by (7.2.36), 

(7. 2.38): 


q 

q" 


e-1 

e+1 


e +1 


p p = -div P = -xdivf . 


(7.3.18) 


According to (7.3.7) this vanishes except on the surface of 
the dielectric where the discontinuity in P leads to a 
surface charge. [This is a general result for problems with 
constant e.] To obtain the surface charge density integrate 
(7.3.18) over a pillbox on the surface and use Gauss' 
theorem to obtain 


—* ■—> — —It 

cr p = - (ly n - P 2 *n) 


P 2 -n 


XE 2 -n 


£ -l ^di 


diel 


4tt dn 

- -Sli a '» — 

4tt q n 3 


surface 


_L ezl 

2rr 


^ iq (r 2 + a 2 ) 3 /2 


dielectric vacuum 

e I 


© 


© 
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This problem is similar to example 4) of section 3. 9. With 
the dielectric constant e a constant throughout the sphere 
we find from (7.2.34), (7.2.35), (7. 2.37) 

div E = 0 , 

curl E = 0 , (7.3.20) 

so that 

E = -grad cp, 

v 2 cp = 0 , (7.3. 21) 

both inside and outside the sphere. The external field 
determines the boundary condition far from the sphere: 

<P _E o z = " E o r cos e - (7.3.22) 

At the surface of the sphere we must satisfy the boundary 
conditions (7.2.41) and (7.2.44) or (7.2.45). 

As we know by now from experience, the forcing term 
(7.3.22) imposes the angular dependence P^(cos 0) =cos 0 on 
the whole problem so that the appropriate solutions of 
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Laplace*s equation for the inside and outside of the sphere 
are of the form [see (3.9.3)] 

cp in = ( Ar +^)co s 6 , (7.3.23) 

r 

cp out = (Cr+-^)cos e. (7.3.24) 

r 

We must have B = 0 to obtain a finite potential at r = 0. 

The boundary condition (7.3.22) implies C =-E q . Thus we 
have 


cp in = Ar cos 0 , 

% t = ( -v cos 9 • 

r 

The boundary condition (7.2.45) now becomes 


Aa = -E a+-^ . 

o l 7 
a 

and the boundary condition (7.2.41) yields 



a 

These two equations can be solved for A and D: 


A s+2 E o > 


r> - 6-1 p o 3 

D " 7f2 E o a • 


(7.3. 25) 
(7.3. 26) 


(7.3. 27) 


(7.3. 28) 


(7. 3. 29 


(7.3.30) 
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Substituting the value of D in (7.3.26) and comparing 
with (3.8.17) we see that the dielectric sphere has acquired 
an induced dipole moment 


P = 


—4 a 3 E? 
e +2 o 


(7.3.31) 


The electric field inside the sphere is obtained from 
(7.3.25) with the value (7.3.29) for A: 


e\ 

in 




(7.3.32) 


For e>l, E. <E . The polarization charge on the surface 
9 m o 

of the sphere is given by a calculation similar to (7.3.19): 


CTp 


e -1 

4 7T 


E. • n 
m 


= _L-Szl 

4tt e+2 


E cos 0 . 
o 


The field due to the 
polarization charge 

opposes the external - 

field inside the E q 

sphere, reducing the 

internal field to _ 

the value (7. 3. 32). 


(7.3.33) 



7.4 MAGNETOSTATICS AND THE MULTIPOLE EXPANSION FOR THE 
VECTOR POTENTIAL 


The basic equations 
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div B = 0 , (7. 4.1) 

curl B* = — j* (7.4.2) 

c 

have already been discussed some in Chapter 1 [Eqs. (1.8.10) 
(1.8. 19)]. 

Before proceeding with that discussion we note that 
if V=Q , it is possible to introduce a scalar potential cp 
as in electrostatics. From (7.4.1) and (7.4.2) with j=0 
we find 


B = curl cp , (7.4. 3) 

V 2 cp = 0 . (7.4.4) 

This is sometimes convenient for finding the field around a 
magnet. The method is however not general; it can be used 
only in regions with j = 0. 

The more general procedure, as outlined in Eqs. 

(1.8.10)-(1.8.19), is to introduce a vector potential % 

B = curl A . (7.4.5) 


With a suitable choice of gauge we have as equations to 
—* 

determine A 


V 




(7.4.6) 


div A = 0 . 


(7.4.7) 
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By analogy with the solution (7.2.4) of Poisson 1 s 
equation we can infer the solution of (7.4.6): 



We must also check that (7.4.7) is satisfied. This depends 
on the continuity equation 


div j 


= o 
at 


(7.4.9) 


for a time independent system. Computing the divergence 
of (7.4.8) we find 



where we have used Gauss f s theorem to transform a volume 
integral to a surface integral over a distant surface. If 
the currents are confined to a finite region, the first 
term on the right side of the last line of (7.4.10) vanishes. 
The second term vanishes in view of (7.4.9). Thus we verify 
that the solution (7.4.8) satisfies the condition (7.4.7). 
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We would now like a multipole expansion for the 
vector potential analogous to that we found in sec. 3.8 for 
the scalar potential of electrostatics. To do this in 
complete generality for a vector quantity such as X we 
would need the so-called vector spherical harmonics. * To 
avoid this we keep only the first few terms, in which case 


we can use a Taylor ex¬ 
pansion. We assume the 
currents which contribute 
to (7.4.8) are confined 
to a finite region and 
study the vector potential 
A(r) far outside this 
region. Expanding in 
powers of r'/r we find 




A <?> ~ J* d 3 x' J(?' ) + -4 • ; d 3 x' ?• ]*(?)+ ... . 

cr 


(7.4.12) 


See J. M. Blatt and V.F. Weisskopf, Theoretical Nuclear 
Physics (Wiley, New York, 1952) Appendix B; M. E. Rose, 
Multipole Fields (Wiley, New York, 1955); J.D. Jackson, 
Classical Electrodynamics (Wiley, New York, 1975) 
Chapter 16. 
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We can show that the monopole contribution to 
(7.4.12) vanishes. We have* 


V*(j*r) = (v*j*)r + (3**V)r = (v*J)r +j* , (7.4.13) 


so that 


JdV l(?')=J , d 3 x' [V'.(T?') - (V.j*)?'] 

= J diC' T?’ - JdV (V-j)?' 

= 0 , (7.4.14) 

since V-j * = 0 and the currents are confined to a finite 
region. The dipole contribution to (7.4.12) can be re¬ 
written. We have 


V* (j*r r) = (v •j’)? r + (jWr) r+ r (j*-V r) 

= (vj^ rr +j r +r j* , (7.4.15) 

so that for the same reasons that led to (7.4.14) we find 

J‘d 3 x' [j(r' ) r' + r' T(r')] = 0 (7.4.16) 

and 

?.J‘d 3 x' T(r') r' +?.Jd 3 x' ?' T(r’) = 0 . (7.4.17) 


In the dyadic expressions which follow the order of the 
factors is important. Vector operations are carried out 
between adjacent factors separated by dots or crosses. 
Derivatives operate on factors to the right inside paren¬ 
theses. 
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By expanding a triple cross product we also find 

-r-JdV ?(?•)?' +r.J* d 3 x- ? jV') 

= r xjd^' [T(r') xr'] • (7.4.18) 

Adding (7.4.17) and (7.4.18) we obtain 

r *J d 3 x' r' j (r' ) = -|r x J d 3 x' [j*(r I ) x? ] . (7.4. 19) 

Substituting (7.4.19) in (7.4.12) we obtain 

■—>* —4 

X(r) = m -^ r + ... , (7.4.20) 


where 


m 



X ?(? ) 


(7.4. 21) 


is the magnetic dipole moment. Higher terms in the series 
(7.4.11), (7.4.12), (7.4.20) would include the contributions 
of magnetic quadrupoles, etc. 

The simplest application of (7.4.21) is to a planar 
current loop. The direction of in is 
normal to the plane of the loop in 
the sense of the right hand screw 
rule and the magnitude of m is given by 



m 


IA 
c 9 


(7.4. 22) 


where I is the current in the loop. 
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7.5 MAGNETIC MEDIA 


By analogy with the electrostatic case discussed 
in sec. 7.2 the macroscopic magnetic field and current in 
a piece of matter are defined as averages: 

<B(r)>=-t P d 3 xB(r+x) , (7.5.1) 

® V 

<T(r)> = 4; f d 3 x j*(r + x) . (7.5.2) 

AV V 

Since the magnetostatic equations (7.4.1), (7.4.2) are 
linear we immediately obtain 

div <B(r)> = 0 , (7.5.3) 

curl <B(r)> = <j*(r)> • (7.5.4) 

Henceforth we drop the bracket notation but keep in mind 
that we are dealing with the average fields. 

By analogy with the split of p into two contributions 
for the electrostatic case we shall here split j* into two 
contributions: 


J = 


J + j 
J c J m 


(7.5.5) 


In this equation is the conduction current which arises 
from the transport of charged particles through the medium. 
The magnetization current arises when the magnetization 
due to intraatomic currents varies with position in the 
medium; for example there is a net current downward through 
the square in the diagram on the next page. 
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We can obtain the magnetization current from a 
calculation similar to that used to obtain the polarization 
charge in sec. 7.2. Suppose that ±(r,x) is the current 
density at the position x relative to the center of mass of 
an atom whose center of mass is located at r. The average 
of these atomic currents in a volume AV is 

L = AV 1 1 dv 

according to (7.5.2). 

For an atom completely 
inside AV we find 

JidV = 0 (7.5.7) 

according to (7.4.14). For an atom on the edge we have 

jtdv = -jrdv 

inside outside 
AV AV 



(7.5.8) 
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Consider the pieces of atoms, at positions x relative to the 
centers of mass of the atoms, which cross a little area dA 
on the side of AV when the atoms, originally imagined 
collapsed on their centers of mass, are expanded according 
to the distribution !*(?, x). The contribution to (7.5.8) 

from these pieces is 


-dA fdy N(r-yf) 

x J Q x 

where N(r) is the density 
of atoms at r. We keep 
only the first term in a 
Taylor expansion of the 
integrand of (7.5.9) to 
obtain 



-dA n*x N(r)i(r,x). 


Integrating over positions x in the atoms we obtain 


-dA N(r) Jd^xn-x i(r,x) , 


(7.5. 11) 


and integrating over the surface surrounding AV we find 

J dA N(r) J d^x n\x 5*(r*,x) . (7.5.12) 

Using the result (7.4.19) with r replaced by n we have 


n-Jd x x i (r,x) =- 2 ^ 


J d 3 x x X 


= - cn xm(r) , 


(7.5.13) 
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where 


m(r) = Jd 3 x x x i*(r, x) (7.5.14) 

is the magnetic moment of an atom at the position r. If we 
introduce the magnetic moment per unit volume or magnetiza- 
tion, 


M(r) = N(r)in(r) , (7.5. 15) 

we see that (7.5.12) can be written as 

= J dA ' (7.5.16) 

The integral in this expression can be converted to a 
volume integral: 


J dA (n x M) x = J dA (n x Sf ) • x 


= J dA n • (M x x) 

= J dV div (M x x) 


-3M 


= l dv Ll7- 


2*1 

bz J 


= J dV (curl if) x . 


Thus (7.5.16) becomes 


(7.5.17) 


T = r dV curl M 
J m AV J 


(7.5. 18 
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or, since by definition the macroscopic quantity M does not 
vary appreciably over AV, 

j* = c curl 5? . (7.5.19) 

J m 

Substituting (7.5.5), (7.5.19) in the macroscopic 
equations (7.5.3), (7.5.4) we obtain 

div B = 0 , 

curl H = — T , 
c c 9 

where the field H is defined by 

H = B - 4tt5? . (7.5.22) 

—+ 

For an isotropic paramagnetic or diamagnetic substance M, 

B, H are related by equations similar to their electrostatic 
analogues (7. 2. 37) - (7. 2. 39): 


ft = xfif, 

m 

(7.5.23) 

b = p,if , 

(7.5.24) 

= 1 + 4ttX . 
m 

(7.5. 25) 


In a ferromagnetic substance the relations between B*, H 
are nonlinear and depend on the previous history of the 
specimen. 

As for the electrostatic case the boundary conditions 
at the interface between two magnetic media are obtained by 
integrating (7.5.20), (7.5.21) over the rapidly changing 


(7.5.20) 

(7.5.21) 
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region in the neighborhood of the interface. Applying 
Gauss 1 theorem to (7.5.20) in a pillbox shaped region 
straddling the interface, we find 



normal component of B continuous. (7.5.27) 


Applying Stoked theorem to (7.5.21) on a closed loop 
across the interface we obtain 


H-j^n^ X # + n^ xl= - 

where K is the surface 
c 

conduction current. Since 

"4 

& is an arbitrary vector 
parallel to the surface, 
(7.5.28) becomes 



H i X n 1 + i?£ X n 2 



(7.5. 29) 


If K c = 0, the usual case, (7.5.29) is equivalent to 


tangential component of H continuous. 


(7.5.30) 



7 DIELECTRIC AND MAGNETIC MEDIA 


247 


7.6 BOUNDARY VALUE PROBLEMS IN MAGNETIC MEDIA 
1) Uniformly Magnetized Sphere, M Given. 


Outside the sphere we 
have div B* = curl B = 0 so 
that 

B = -grad cp , 

2 

V cp = 0 . 

We shall guess the answer is 



dipole field outside. 


A 

cp = — cos e , 
r 

out out 2A 

B = H =—r cos 0 , 

r r 3 7 

r 

out TT out A . - 

B e =H e = 3 sln 0 > 

and a uniform field inside. 


B = C cos 0. B^ =-C sin 0 . 
r 0 

With a uniform magnetization M = Mz ; we have 

H in = f in . 4 tt3 , 

H^ n = (C - 4irM) cos 6 , 


(7.6.3) 

(7.6.4) 

(7.6.5) 


( 7 . 6 . 6 ) 

(7.6.7) 


(7.6.8) 

(7.6.9) 


H = - (C - 4ttM) sin 9 . 
0 


( 7 . 6 . 10 ) 
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These fields certainly satisfy the appropriate equations 

(7.5.20), (7.5.21). It only remains to check the boundary 

conditions (7.5.27) and (7.5.30) that B and H be con- 

r 0 

tinuous at the surface of the sphere. These become 


2A 


C cos 0 = —- cos 0 , 
a 

- (C - 47rM) sin 9 = “Tj* sin 0 . 

a 


( 7 . 6 . 11 ) 
( 7 . 6 . 12 ) 

These equations are evidently consistent and have a solution 

(7.6. 13) 


47T 3 m 
A = -j- a M , 


Mr 

3 


C = ”M ; (7.6.14) 


so that we have succeeded in finding the solution of our 
boundary value problem; 


.^out T^out , 47T cos 0 

B =!l =-grad ep, cp = ^-a J M — 77 *- , 


S in =^MS , 


H = B - 4ttM = - — M z . 


(7.6. 15) 
(7.6. 16) 
(7.6.17) 


There are no conduction currents j c in this problem. 
The magnetization current 


i = c curl St 
J m 


(7.6. 18) 
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vanishes except on the surface of the sphere where the 

discontinuity in M leads to a surface magnetization current 

K . To evaluate K use Gauss* theorem in the form (7.5.17) 
m m 

to integrate j over a small pillbox shaped volume of 
vanishingly small thickness on the surface: 

J dV j* m = J dA i? = c J dV curl M 

= cJdAn xM . x (7.6. 19) 



This implies 


K = -c n , 
m 


(7.6. 20) 


where n is now the external normal to the sphere. We see 
that K m is in the cp direction and of magnitude 



This surface current is the source of the field B according 
to the equations 


div B = 0 j (7.6. 22) 

curl B = — j (7.6. 23) 

c m 


An alternate, somewhat artificial, way to treat the 
problem is to regard H as the fundamental field: 
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curl H = 0 , (7.6. 24) 

div H = div (B* - 4 ttM) = -4tt divi? . (7. 6. 25) 


Comparing these with the corresponding electrostatic 
equations (7.2.1), (7.2.2) we see that 

-div M (7.6.26) 

can be regarded as the magnetic pole density source of the 
H field. With a uniform Sf, div i? is nonzero only on the 
surface of the magnetized sphere where the discontinuity 
in M leads to a surface density a of magnetic poles: 

JadA= J(-divf?) dV = - J dAM*n (7.6.27) 

or 

a = M*n, n = outward normal 
= M cos 0 . 



It is the demagnetizing effect of these poles which leads 
to H being opposite in direction to St inside the sphere. 


2) Magnetic Sphere in a Uniform External Magnetic 
Field. The solution of this problem 
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is obtained by adding the external field B o to the solution 


15)-(7.6.17) of example 1) 

above: 


-OUt rrOUt , 

4tt 3 w cos 0 

cp= 3 a M 2 , 

r 

(7. 6. 29) 

B = H = B^-grad cp , 

B in =B > + ^r a , 

o 3 7 


(7.6.30) 

i? in = r in -47rsr=r 

o J 


(7.6.31) 


It is easy to verify that these fields satisfy the 
equations (7.5.20), (7.5.21) and the boundary conditions 
(7.5.27), (7.5.30). 

To proceed further we need some relation between 
M and B q . For a paramagnetic or diamagnetic substance we 
can use (7.5.24): 


r in 


r»in 

UbH 


(7.6.32) 


+ Y 0 = H (§*0' 



(7.6.33) 


= -L 

47r (J;+2 


(7.6.34) 


This is completely analogous to the result we obtained for 
a dielectric sphere in an external field -- see (7.3.31) 
and note m= (47ra^/3)Nt is the magnetic moment of the sphere. 

For the case of a ferromagnetic substance we need 
a hysteresis curve. 
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[Note that the B scale is much compressed relative to the 
H scale for a ferromagnetic substance.] 

This gives us one relation between B ln and H ln (the 
analogue of B in = ^H in ). Eliminating M from (7.6.30) and 
(7.6.31) we obtain another relation: 


B ln = 3B - 
o 


2H 


in 


(7.6.35) 


These are straight lines with slope (-2) on the B vs. H plot. 
The intersection of the hysteresis curve with one of these 
lines determines B and H inside the magnet in terms of the 
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external field B Q . For example if we saturate the ferro¬ 
magnetic substance and then reduce the external field to 
zero, we end up at the point marked O on the diagram. 


3) Long Straight Wire Carrying Current I Parallel 
to a Semi-infinite Slab of Material of Permeability u,. 


This problem can be 
worked by the image 
method. The magnetic 
field around an in¬ 
finitely long straight 
wire is of the form 



(7.6.36) 


Assume for the field in the vacuum outside the magnetic 
material 



b=b x + b 2 , 


21 1 A 

B 1 = T r“ cp l ' 


21 ' 1 
= ~ ^ 


(7.6.37) 

(7.6.38) 

(7.6.39) 
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where I* is an image current, and assume for the field 
inside the magnetic material 



The boundary conditions (7.5.27) and (7.5.30) that the 
normal component of B and the tangential component of H 
be continuous at the boundary between the vacuum and the 
magnetic material assume the form 



21 1 2I f 1 21" 1 

— ^sincp + —^sincp = —g’sincp , (7.6.41) 


21 1 21 ' 1 1 21 " 1 
- “ COS cp-7T COS cp =-77 COS Cp , 

cR Y cR ^ p, c R ^ ’ 


(7.6.42) 


or 


i + i 1 = r* , 

i -1' = -1" , 
which can be solved to give 


I' 



) 



(7.6.43) 

(7.6.44) 

(7.6.45) 


(7.6.46) 
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PROBLEMS 

7.1 a) A potential difference V is maintained across the 
plates of an infinitely 
long cylindrical con¬ 
denser of inner and 
outer radii a and b 
filled with a material 
of dielectric constant 
e. Fine the electric 
field in the condenser, 
the free charge p on 
the condenser plates, 
and the polarization 
charge p p on the di¬ 
electric. 

b) Work the problem for the case that only a sector 
of the condenser is filled with dielectric. 



7. 2 



A point charge q is located 
a distance b from the center of 
a sphere of material of di¬ 
electric constant e and 
radius a<b. Find the 
electrostatic potential 
V(r,0) at all points both 
inside and outside the 
sphere. Find the polar¬ 
ization charge on the sphere. 
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7.3 The steady state flow of current through a conducting 
medium is described by the equations 

div j* = 0 , 

curl ?= 0 , 

T = crE . 

a) Find the boundary conditions at the interface 
between two media with different conductivities, 

<j^ and • 

b) Suppose current is flowing through an infinite 
conducting medium of conductivity <j ^ with a 
spherical hole of radius a containing a medium of 
different conductivity 



Far from the sphere the current density is uniform 
and in the z direction: 



Find the current density everywhere. Compare with 
the analogous hydrodynamic problem for the case 

°2 = 0# 

c) Find the surface charge density on the sphere. 

7.4 A magnetic shield consists of a cylindrical layer of 
a material of permeability ^. 
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The magnetic field B q outside the cylinder and far 
from it is uniform and transverse to the axis of 
the cylinder. Find the magnetic field B-. inside 
the shield. Under what conditions will the shield 
be a good shield? 

7.5 Work prob. 4 for a spherical 
shield. 

7.6 A magnet has the shape of 
a cylinder of radius a and 
length b. It is uniformly 
magnetized with a magneti¬ 
zation M q per unit volume 
along the axis of the 
cylinder. 

a) Find the magnetization current jL = c curl and 
use it to find the fields B and H at: points along the 
axis of the cylinder, both inside and outside the 
magnet. 

b) Find the density of magnetic jDoles p =-divM and 
use it to find the fields B and H at points along 
the axis of the cylinder, both inside and outside 
the magnet. 

Do your results from parts a) and b) agree? 



CHAPTER 8 GREEN’S FUNCTIONS 


8. I INTRODUCTION 


Green’s functions provide a method for dealing with 


source terms in differential equations. 

differential equations 

In the partial 

2 

v f = -4ttp 9 

(8.1.1) 

2, 1 M , 

v a? = -47rp > 

(8. 1. 2) 

V 2 1/--K ^~2 = _Zf7r P , 

(8.1.3) 


c at 


the inhomogeneous terms 47Tp on the right are the source 
terms and are regarded as given. The method can also be 
applied to ordinary differential equations. We shall begin 
with this case in the following section and gradually in¬ 
troduce the additional complications arising from more than 
one space dimension and the time dimension. 

Green’s functions can also be used to convert a homo¬ 
geneous differential equation such as 

H. W. Wyld, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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vV?) + k ^(r) = V (r) i^(r) (8. 1. 4) 

into an integral equation. This application will be taken 
up in the following chapter. 


8. 2 ORDINARY DIFFERENTIAL EQUATIONS 

We wish to solve the inhomogeneous differential 
equation 

Lu(x) -^“[pOO dU d ^ j -q(x)u(x) = cp(x) (8. 2. 1) 

in the interval a<x<b with cp(x) a specified known function 
and with boundary conditions at x=a and x = b to be 
specified below. As mentioned in section 2.8 the assumed 
self adjoint form of the differential operator L in (8.2.1) 
is rather general since after multiplication by a suitable 
factor any second order linear differential operator can 
be put in this form. For the self adjoint form of L we 
have the Green* s theorem identity (2.8.18): 

J dx l>Lu-uLv] = [p (v^ - ug)] . (8. 2. 2) 

a a 

In order to solve (8. 2. 1) for a general source cp(x) 
we introduce the so called Green*s function G(x,x*), which 
is the solution for a point source at x*: 




LG(x, x') = 6(x-x') 


(8. 2. 3) 
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6(x-x*) being the Dirac delta function. We then use the 
linear character of (8.2.1) to find the solution for a 
source cp(x) by superposition: 


cp(x) = J dx* 6 (x-x 1 )cp(x* ) , (8.2.4) 

u(x) = J* dx* G(x,x* ) cp(x' ) . (8.2.5) 


8. 3 GENERAL THEORY, VARIOUS BOUNDARY CONDITIONS 


In order to elaborate on the remarks of the previous 
paragraph, with suitable attention to the boundary condi¬ 
tions, let us suppose the solution of (8.2.3) can be found; 
we show how to do this in practice below. Apply Green* s 
theorem (8.2.2) to u(x) and v(x) = G(x,x*): 

b 

J dx[G(x,x* )Lu(x)-u(x)LG(x,x* ) ] = 

[p(x)|g(x,x') ^j^-- u(x)^G(x,x')| ] 

x=a 

b 

= J dx G(x,x* )cp(x)-u(x* ) , (8.3.1) 

a 

where we have used (8.2.1), (8.2.3) and the integral pro¬ 
perties of delta functions. Interchanging x and x*, (8.3.1) 
becomes 


u (x) = J* dx'G(x' ,x)cp(x' )-[p(x' ) |g(x',x) ^ ~ 

a L 

u(x') G ( x’x)|] . 

J x —a 


(8.3. 2) 
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We can now consider several possibilities for the boundary 
conditions on u(x) at x =a,b. 

1) u(a) and u(b) given. For this case choose as 
boundary conditions on G(x f ,x) 

G(a,x) = G(b,x) - 0 . (8.3.3) 

This has the desirable advantage of eliminating from the 
formula (8.3.2) the unknown quantities du(x')/dx ? at 
x f = a,b. In fact (8.3.2) reduces to 

b p a 

u(x)=J dx' G(x',x)cp(x') +j^p(x' )u(x')^j-G(x' ,x)J ^ . 

a x -a 

(8.3.4) 


This is the solution of (8.2.1) in terms of known 
quantities. 

*1l1 ( V \ I 

given. For this case choose 


21 u(a) and 


x=b 


as boundary conditions on G(x ! ,x) 


G(a,x) = 0 


G(x, > x) 



(8.3.5) 


Again the unknown quantities, in this case u(b) and 
du(x)/dx at x =a are eliminated from the formula (8.3.2) and 
we obtain the solution of (8.2.1) in terms of known 
quantities: 


u(x) dx* G(x',x)cp(x')-p(a)u(a)^r G(x f ; x) 


-p(b)G(b,x) ^ 


x' =b 


(8.3.6) 
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3) Au(a) +Bu f (a) =X given and Cu(b) + Du* (b) =Y given. 

Choose 


AG(a,x) + B r G(x*, x) 


= 0 , 


CG(b,x) + D -j^r G(x* ,x) 


= 0 


x* =b 


The quantity needed in (8.3.2) at x' =a is then 


«<*.*> ^ 


-«(a) G(x' ,x) 


= G(a,x) 


-u(a){- - G(a,x)} 


£^[A U („ + B^_ t j 
G(a,x) 


x =a 


X 


(8.3.7) 


1 _A 

A dx* 


G (x 1 , x) 


(8.3.8) 


which is a known quantity. A similar manipulation shows 
that the quantity needed at x 1 =b in (8.3.2) can be ex¬ 
pressed in terms of the given quantity Y. 

In each case we can choose the boundary conditions 
on G so as to eliminate unknown values of u and u* at the 
boundaries. In this way we obtain a solution of the inhomo¬ 
geneous differential equation (8.2.1) once we find the 
Green*s function G(x*,x). 

We can prove that the Green*s function is symmetric 
in its two arguments. To see this, apply the Green’s 
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theorem (8.2.2) to u(x)=G(x,x f ) and v(x) = G(x,x ,! ). Using 
(8.2.3) we find 

G(x')-G(x" , x') = [p (x)^G (x,xV ) dG ^ X '> 

-G(x,x') . (8.3.9) 

■' x-a 

For the general case with boundary conditions (8.3.7) the 
right hand side of (8.2.14) vanishes and we find 

G(x* ,x" ) = G(x?* ,x* ). (8.3.10) 


Let us now return to the differential equation 
(8.2.3) for G(x,x*): 

^~[p(x) dx G ( x >x')]- q (x) G (x,x' ) = 8(x,x') . (8.3.11) 

For x/x* this reduces to the homogeneous equation 

£[ p (x)^ G (x,x , )}q(x) G (x,x')=0, x^x' , (8.3.12) 


so we can use whatever techniques are available for homo¬ 
geneous equations in solving for G(x,x*) in the two regions 
x>x* and x<x*. At x = x* we must match the two solutions 
so obtained. The delta function 6(x-x*) on the right of 

(8.3.11) is to be interpreted as due to a discontinuity in 
dG(x x*) 

—— L at x = x*. In fact, integrating (8.3.11) over an 
interval x = x*-e to x = x*+e of infinitesimal length about 
x = x* and assuming q(x)G(x,x*) is finite in this region so 
that 
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X ^ 4*6 

f dx q(x)G(x,x') —* 0 , (8.3.13) 

x' -e e 

we find 


p (x) G(x,x ! ) 


x=x'+e 


- p (x) ^ G(x,x f ) 


= 1 


x=x 


(8.3. 14) 


or 


_d_ 

dx 


G(x,x' ) 


X f +€ 
x=x* - 


1 

p (x ! ) ' 


(8.3. 15) 


provided p(x) is continuous at x=x*. On the other hand, 
we must take G(x,x') to be continuous at x=x ,# . 


G(x* + e, x 1 ) = G(x* - e,x’) . 


(8.3. 16) 


If there were a discontinuity in G(x,x ! ) itself, the first 

derivative ^ G(x,x f ) would contain a term proportional to 

d 2 

5(x-x f ) and the second derivative —z G(x,x*) a term pro- 
d dx 

portional to ^ 6(x-x'), in contradiction to the defining 
equation (8.3.11). 

The homogeneous equation (8.3.12) in the two regions 
x<x f and x>x* plus the two conditions (8.3.15) and 
(8.3.16) at x = x' plus the two boundary conditions at x=a 
and x = b discussed previously completely determine the 
Green 1 s function, the four conditions fixing the two pairs 
of integration constants obtained on solving the differ¬ 
ential equation in the two regions. 
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8.4 THE BOWED STRETCHED STRING 


As an example we can consider the bowed stretched 
string. Suppose the bowing force (assumed transverse to 
the string) per unit length at position x is proportional 
to f(x,t) with the correct constant factors so that the 
differential equation describing the motion of the string is 

. _L 3 2 “(x,t) _ f(x?t ) (8.4.1) 

dx 2 c dt 2 

We assume a sinusoidal bowing force 

f(x, t) = f(x)e . (8.4.2) 

The forced response of the system to the bowing will then 
have the same time dependence: 

u(x, t) = u(x)e ia)t , (8.4.3) 

where u(x) is determined by 

d ,., “ . (*) + k 2 u( x ) = f(x) , k=f. (8.4.4) 

dx 

In addition to the tesponse to the bowing (8.4.3) there 
will be a superposition of the free oscillations (5.3.1)- 
(5.3.5), which can be used to satisfy initial conditions. 

We ignore these free oscillations here and concentrate on 
the solution of the inhomogeneous equation (8.4.4). 

We suppose the ends of the string are fixed 


u(0) = u( j2) = 0 . 


(8.4.5) 
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This is a special form of case 1) of sec. 8.3. The Green 1 s 
function satisfies the differential equation 

2 

d G(x,x ) + k 2 G ( x ^ x ») - 5 (x-x* ) (8.4.6) 

dx 

and the boundary conditions 


G(0,x') = G(^x f ) = 0 . 


(8.4.7) 


For x^x 1 the delta function on the right of (8.4.6) 
vanishes and we find 


G(x,x f ) 



sin kx + B cos kx 
sin kx + D cos kx 




9 


X < X* 
X > X* 


(8.4.8) 


Applying the boundary conditions (8.4.7) to (8.4.8) we can 
reduce the latter to 


G(x,x f ) 


| A sin kx , 
I E sin k(x- j£) , 


x <x* 
x>x* 


(8.4.9) 


According to (8.3.15), (8.3.16) the delta function on the 
right of ( 8 .4. 6 ) leads to the conditions 


_d_ 

dx 


G(x,x f ) 


x f +e 

X = x’ 



i. e. 


(8.4. 10 ) 


kE cos k(x f - £)-kA cos kx* = 1, 


(8.4. 11 ) 


and 
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G(x'+e,x')-G(x'- e,x') = 0 , 


(8.4.12) 


1 . e. 


E sin k(x' -j© - A sin kx' = 0. 


(8.4.13) 


The two linear equations (8.4.11), (8.4.13) for E and A can 
be solved and we find, using sinkx' cos k(x' - 1) - cos kx' x 
sin k(x' - A) = sin ki, , 


k sin k£ 


k sin kf, 


sin k(x' - JL) , 

sin kx' . 


(8.4.14) 

(8.4.15) 


Substituting in (8.4.9) we thus obtain 
1 


{ sinkx sin k(x'-jfc) , x<x' 
sinkx' sink(x-£> , x>x' 


kUSkl sinkx < sink(x > -A) 


(8.4.16) 


This turns out to be a symmetric function of x and x* as 
predicted in (8.3.10). 

Using the formula (8.3.4) for case 1) we find as 
the solution of (8.4.4) with boundary condition (8.4.5) 

l 

u(x) = P dx 1 G(x,x* )f(x f ) 

J 0 

= f X dx' sinkx' f(x') 

k sin Jq 
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i 

+ k^sinkjj I dx ' sink ( x '-4) f (x') • (8.4.17) 

It is instructive to check directly that this is a solution 
of the differential equation (8.4.4) and boundary conditions 
(8.4.5). 

We can use this same Green's function (8.4.16) to 
solve a different type of problem. Suppose the bowing 
force f(x) vanishes but one end of the string is wiggled 
with frequency uo and amplitude A: 

f = 0 , 

u(0) - 0 , 

u(j» = A . (8.4. 18) 


Employing the general result (8.3.4), we find 


u(x) * A G(x,x f ) 




= A 


k sin kj£ 


sin kx «k cos k( 4 - £) 


- A 


sin kx 
sinki, 


(8.4. 19) 


This is of course a rather trivial application, but the 
corresponding consideration in the case of partial differ¬ 
ential equations is not so simple. 

For either of the two cases treated above we note 
that u(x) -*<» when k = oo/c is such that sinki=0. This is 
the equation which determines the normal modes -- see 
(5.3.3), (5.3.5). Thus if we shake the system at the 
frequency of a normal mode, we get a big response. 
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8.5 EXPANSION OF GREEN'S FUNCTION IN EIGENFUNCTIONS 

As a last topic to be considered in this section we 
study the expansion of the Green* s function in the eigen¬ 
functions of the corresponding Sturm Liouville eigenvalue 
problem. We found in sec. 2.8 that the Sturm Liouville 
eigenvalue problem 

Lu n = di p(x) ~dT~ J-1 u n (x) = ‘ V <x)u n (x) (8. 5. 1) 
with boundary conditions of the general type 

Au n (a)+B u^(a) = 0 (8.5.2) 

Cu n (b)+Du^(b) = 0 (8.5.3) 

has a complete set of orthonormal eigenfunctions u (x): 

n 

b 

r dx P(x) u (x)u (x) = 6 . (8.5.4) 

o n m nm 

a 

With this normalization the completeness relation (2.8.35) 
reads 


^p(x)u n (x)u n (x') = 6(x-x') . (8.5.5) 

n 

Suppose now that we wish to solve the inhomogeneous 
differential equation 


Lu + Xpu = cp(x) , 


( 8 . 5 . 6 ) 


with boundary conditions 
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A u(a) + B u*(a) = X , 

C u(b) + D u* (b) = Y . (8.5.7) 

Here cp(x) is a given function and X and Y are given 
constants. According to the discussion in sec. 8.3, case 3) 
we need a Green*s function G(x,x*) satisfying the differ¬ 
ential equation 


L G(x,x* ) 4- Xp G(x,x*) = 6(x-x*) 


(8.5.8) 


and the boundary conditions 


A G(a,x* ) +B ^ G(x,x* ) 


= 0 


x=a 


C G(b,x' ) + D G(x, x* ) 



(8.5.9) 


In terms of this Green*s function G(x,x* ), which is known 
to be symmetric, the solution of (8.5.6), (8.5.7) is given 
by (8.3.2): 


u(x)=j’ dx’ G(x,x' )cp(x' )-Fp(x' )|g(x,x' ) d ^ X 
a <• 

- u(x ’> dJ - G( -’ ) }] x , =a ; 


(8.5. 10) 


and according to (8.3.8) only the given combinations X and 
Y, (8.5.7), will appear in the boundary condition term of 
(8.5. 10). 

It is easy to check that the solution of (8.5.8) 
(8.5.9) for G(x,x f ) is given by the series 
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v u n (x)u n (x') 

G(X,X') = [_j - 7-7 , 

n n 


(8.5.11) 


where the u (x) are the eigenfunctions of (8. 5.1) - (8. 5. 3). 
n 

Using (8.5.1) and (8.5.5) we find 

^ (X-X )p(x)u (x)u (x f ) 

(L + Xp)G(x,x' ) = 2 j - TZT -= 6(x-x* ); 

n n 

and using (8.5.2), (8.5.3) we find 

A G (a, x' ) + B Tj— G (x, x f )| 

x *x=a 

[A u (a)+B u' (a) ]u (x 1 ) 


( 8 . 5 . 12 ) 




x-x 


= 0 , 


(8.5.13) 


C G(b,x 1 ) +D — G(x,x 1 ) 


x=b 



[C u n (b)+Du;(b)]u n (x') 


= o 


(8. 5.14) 


so that (8.5.11) is indeed the solution of (8.5.8), (8.5.9). 

The general formula (8.5.11) for G(x,x*) is a nice 
result. Unfortunately it involves an infinite series. If 
we can find a closed expression for G(x,x*), that will 
generally be more useful. Comparison of a closed express¬ 
ion for G(x,x*) with the eigenfunction expansion leads to 
an expansion theorem. 

Let us pursue our example of the bowed string 
described by the differential equation (8.4.4). We have 
already found a closed expression for the Green 1 s function 

in (8.4.16). The corresponding eigenvalue problem was dis¬ 
cussed in section 5.3. The eigenvalues are 
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X 


n 




9 


and the normalized eigenfunctions are 


u n (x) 



(8.5.15) 


(8.5.16) 


Substituting (8.5.15), (8.5.16) in the general formula 
(8.5.11) and comparing with (8.4.16) we find 


G(x,: 


n=l 


sin kx < sin k(x > - 
k sin 


\*J 

JO 


(8.5.17) 


8.6 POISSON'S EQUATION 

We want to solve the equation 

V%(r) = -4 tt p(r) (8.6.1) 

in a certain region V with the boundary condition that 
*^(r) or its normal derivative d*^(r)/dn is given on the 
surface S of the region. The source density p(r) is a 
given function. 

2 

For the operator v we have the well known Green 1 s 
theorem 

J v d 3 x [UV 2 V - vv 2 u] = J g dA[u g -v-g] , 


( 8 . 6 . 2 ) 




8 GREEN’S FUNCTIONS 


273 


which follows directly from applying Gauss* theorem to 
uVv - Wu. 

We shall introduce a Green* s function which is a 
solution of Poisson* s equation with a point source, 

V 2 G(r, r') = 6 3 (?-?') , (8.6.3) 

in the region V with suitable boundary conditions on the 
surface S, to be specified below. Applying the Green* s 
theorem (8.6.2) to u = f(r) and v = G(r, r*) and using (8.6.1) 
and (8.6.3) we find 

J* d 3 x [t(r)6 3 (r-r')-G(r,r')(-4Tr)p(r)] 

V 

- J dA [+<;> ) dlga.] . (8.6.4) 

s 

Interchanging r and r* this becomes 
f(r) =-4tt f d 3 x' G (r *, r^ p (r * ) 

+ J dA* [^(?') ^g^ -G(r’,?)^i] . (8.6.5) 
s 

As in the one dimensional case discussed in sec. 8.3, we 
now choose the boundary conditions on G so as to eliminate 
unknown quantities from the surface integral on the right 
of (8.6.5). This depends on the boundary conditions on 
*^(r) and we distinguish two simple cases: 

a) iKr*) given on S . For this case choose 


G(r*,r) = 0 for r* on S . 


( 8 . 6 . 6 ) 
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This eliminates the unknown normal derivative d^(r > ' )/dn' 
from the right side of (8.3.5), and we find 

f(r) = -4/r f d 3 x' G(?' ,r) p(?' ) + P dA' f(r') bG f', . 
J V J S ° a 

(8.6.7) 

b) dTKr*)/dn* given on S. We cannot choose 
dG(r* ,r)/dn* = 0 on S; integrating (8.6.3) over V and using 
Gauss 1 theorem we find 

I dA' 3 g f:^ =Jd 3 x' v' 2 G(?,^ =Jd 3 x 6 3 (r' -r) = 1 . 

S V 

( 8 . 6 . 8 ) 


This is consistent with a boundary condition 


dG(r',r) _ 1 
dn' S ? 


(8. 6. 9) 


with S the area of the surface. Substituting (8.6.9) in 
(8.6.5) we find 


dA 1 -^(r* d 3 x* G(r* ,r)p(r* ) 



( 8 . 6 . 10 ) 


The first term on the right here is a constant and can be 
dropped since f(r) is undetermined up to an additive 
constant by the boundary condition. 

Applying Green* s theorem (8.6.2) to u = G(r^r*) and 
v = G(r,?*) and using (8.6.3) we find 
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G (?',r')-G (r', ?') -J dA [g(?,?) 

s 

-G (?,?') . (8.6.11) 

For case a) above, with the boundary condition (8.6.6), 
the right hand side of (8.6.11) vanishes and we find that 
G(r f ,?*) is symmetric under interchange of r* and ?*. 

Every physicist knows one solution of (8.6.3). The 
solution of Poisson* s equation for the electrostatic 
potential cp(r) due to a point charge e located at r*, 

V 2 cp(r) = -47re6 3 (r-r*) , (8.6.12) 


is the Coulomb potential 


cp(r) 



(8. 6. 13) 


Comparing, we see that a solution of (8.6.3) is 


G(r,r ) 


1 1 
4tt |r-r' | 


(8. 6.14) 


This describes the behavior near the singular point r -*r' 
but does not take account of the boundary conditions. Thus 
in general we will have 


G (?,?') 



(8.6.15) 


9 


where 


v 2 F(r,r') = 0 


(8.6.16) 
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and F is chosen so as to satisfy the boundary condition on 

S. 

We now study some examples. 


8. 7 POISSON* S EQUATION FOR ALL SPACE 

For the case that the surface S recedes to infinity 
we can use the Green 1 s function G(r,r ! ) given by (8.6.14). 
Substituting this in (8.6.5) we find 

f (?) - 0(r) + Jd 3 x' , (8.7.1) 

|r-r'| 

where 0(r) is the contribution from the surface integral in 

2 

(8.6.5). Applying the operator V to (8.7.1) we immediately 

2 ^ 

find that 0(r) is a solution of Laplace 1 s equation V 0(r) =0. 
The integral in (8.7.1) is the contribution to f(r) due to 
the sources p(r). The field 0(r) is to be thought of as 
produced by some infinitely remote external sources. An 
example is the uniform external field of sec. 3.10. If 
there are no such external fields, we take 0(r) =0. 

8.8 ELECTROSTATICS WITH BOUNDARY CONDITIONS ON 

SURFACES AT FINITE DISTANCES --THE IMAGE METHOD 


Case a) of sec. 8.6 applies; the potential is given 
by (8.6.7). We can interpret the differential equation 
(8.6.3) and boundary condition (8.6.6) for G(r,r* ): 
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G(r,r f ) =potential at r due to point charge 
e= ** in Presence of grounded 

conductor on the surface S. (8.8.1) 


For certain simple geometries one can solve for 
G(r,r*) by the image method familiar from elementary 
electricity and magnetism. Consider as an example the 
interior of a sphere. 



With a point charge q a distance r* from the center of the 

sphere we need an image charge q* =-qa/r* a distance 
2 

p = a /r* from the center of the sphere. With this value 
of p there are two similar triangles in the figure and 
we have 



for Rp R 2 the distances from q to q* to a point on the 
surface of the sphere. With the given value of the image 
charge we then find 


-SL 

R i 



= 0 


(8.8.3) 


so that the potential due to q and q* vanishes on the 
surface of the sphere. Setting q = -l/47T 
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and evaluating the potential at a general point inside the 
sphere, we find the Green*s function (8.8.1): 



(8.8.4) 


To evaluate the surface integral in (8.6.7) we need 


i&m = x a r 1 .r!]_i 

Sr' , 4 tt L 2_| . 2 2 0 

r* =a a (r +a -2a 


2arcos ©) 


3/2 • 


(8.8.5) 


Using these results in (8.6.7) we find the solution 
of Poisson* s equation for the interior of a sphere: 
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i/(r) =-47rJ’d 3 x' G(r,r' )p(r') 



2 it 

e' de' f dcp' x 
J o 


iKa, 9*, cp* > 


(r 2 +a 2 -2racos ©) 3 / 2 


( 8 . 8 . 6 ) 


For p = 0 one has only the second term. As shown in 
problem 6, Chap. 3, this second term can also be obtained 
by summing the series found when Laplace's equation is 
solved for the interior of a sphere and the arbitrary 
boundary function ©', cp f ) is expanded in spherical 
harmonics. 

The example above is a nice one because the image 
method provides a closed formula for the Green's function 
G(r,r'). This image method works equally well for the 
exterior of a sphere, the interior and exterior of a 
cylinder when all quantities are z independent, and the 
half space with an infinite plane boundary. 


8.9 EXPANSION OF THE GREEN'S FUNCTION FOR THE INTERIOR 
OF A SPHERE IN SERIES 


The image method discussed in the previous section 
is basically a trick. If this trick were not available, 
we could proceed by the following straightforward method 
to find the Green 1 s function for the interior of a sphere, 
We wish to solve 
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In spherical coordinates the 6 function can be written 


6(r-r*) =—~ - 6(r-r')6(e-e , )6(cp-cp') 

r' sin 0' 

CO 4 

= A8(r-r') E Z , cp' )y”( 0, cp), (8.9.2) 

r' 1=0 m=-£ 1 & 


where we have used the completeness relation (3.6.16) to 
expand the delta functions of angles. Since the spherical 
harmonics are a complete set for functions of angles we 
can also expand 

» a 

G(?,? , )=Z Z 6 (r,r‘)Y^(0,«p) . (8.9.3) 

Hj= 0 m=- l 

Substituting (8.9.2) and (8.9.3) in (8.9.1) and using the 
Laplacian in spherical coordinates (2.5.1) and the proper¬ 
ties of spherical harmonics (3.6.1), (3.6.3), we find 


i 


1 A 

r , 2 
dr 


(rG 



2 



Y^(e,cp) 


= Mr-r') Z Y^*(e',cp')Y^(e,cp)- 

r* j&,m 


The orthogonality of the Y^G, cp) then implies 

a 


r dr 2< ^ ° 




^2 S (r-r' )Y“(0', cp') 


(8. 9.4) 


(8.9.5) 


We can separate off the 0',cp' dependence of G^ , 






(8. 9. 6) 
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to obtain 


7-Strg (r,r')--^(r-r*). 

r dr 1 r * r ' Z 


(8.9.7) 


This is the equation for a one dimensional Green's 
function. For r^r 1 the right side of (8.9.7) vanishes so 
the solutions of (8.9.7) are the well known radial functions 
for the Laplacian, (3.9.1): 


8je (r,r') = 


Ar ^ 4- — — r < r' 
Ar .jH- 1 » r r 


r 

4,_JL 


(8.9.8) 


Cr + 


.jH-1 


, r >r' 


The boundary conditions that G(r,r') be finite at r=0 
and vanish for r = a imply 


B = 0 , 


Ca A + —= 0 , 


i+1 


(8.9.9) 
(8. 9. 10) 


so that we have 


S^r’) ={ 


Ar*, 

r <r 

- . 2M, 

-1 

r-l 

1 

U 

_1 

o 

r >r 


(8.9.11) 


The matching conditions at r-r* are obtained by integrating 
(8.9.7) over a region of infinitesimal length from 
r = r'-e to r=r'+e. As in (8.3. 1 5), (8.3.16) we find 
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r 1 -He 


Using (8.9.9), (8.9.10) these become 

T SL "1 SL 1 

C |_(^-l)r' £ +A^ I J-A(j^l)r'^ = ^r . 


These two equations can be solved for A and C, and 




C = 


(2jW-l)a 

■— 

(2 AH) a 


21L+1 


**^M*n- 


Collecting results (8.9.11), (8.9.6) and (8. 
we thus obtain 


g/r,r’) = 


rV 1 


r / a \ ^ 

L 1 -? ]>'<'■ 


2jtu 


2 jfrHL- 


(2ffl)a—‘ |[l-(f) ], r >r' 

“ A 

G(r,r')=Z Z 

je^O m=-jt z A * 

00 

= 5f E (2£fl)g fl (r,r')P tf (cos ®) , 


If 0 


(8.9.13) 

(8. 9.14) 

(8. 9.15) 

we find 

(8. 9. 16) 

(8. 9. 17) 

9.3) 

, (8. 9. 18) 

(8. 9.19) 


where in the last line we have used the spherical harmonics 
addition theorem (3.7.16) with ® the angle between r and r'. 
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The two expressions (8.8.4) and (8.9.19) are the Green* s 
function for the same problem and so are equal; (8.9.19) 
is the expansion of (8.8.4) in Legendre polynomials. 

Naturally one prefers the closed expression (8.8.4) 
to the infinite series (8.9.19). However, the method 
employed here is more general and can be used in problems 
where the image method fails. For example, the calculation 
just above can be easily extended to find the Green* s 
function for the region between two concentric spheres by 
replacing (8.9.9) by the condition that g^(r,r*) vanish 
on the other sphere at, say, r = b. The series expansion 
method can also be employed for the Helmholtz equation. 


8.10 THE HELMHOLTZ EQUATION --THE FORCED DRUMHEAD 

We start with an example -- the forced drumhead. 

This is similar to the bowed string considered in sec. 8.4. 
If the force/unit area normal to the drumhead is f(r,t) the 
equation of motion for the drumhead becomes 

2 

Tv 2 - -t u(r,t)- - f(r,t) = F(?,t). (8.10.1) 

L c at J c a 

We assume a sinusoidal forcing function 

F(r,t) = F(?)e' iu)t (8.10.2) 

and consider only the forced response of the drumhead, which 
will have the same time dependence, 

u(r, t) = u(r)e *' u)t . 


(8. 10.3) 
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Substituting in (8.10.1) we find a two dimensional Helmholtz 
equation with an inhomogeneous term 

(V 2 + k 2 )u(r) = F(r) , k = u)/c . (8.10.4) 


The boundary condition is 

u(r) = 0 , r on edge of drumhead. (8.10.5) 


We shall consider the case of a round drum of radius a. 

To solve (8.10.4), (8.10.5) we introduce a Green 1 s 
function G(r,r 1 ) which satisfies 


(V 2 + k 2 )G(r,?') = 6(?-r') . 


( 8 . 10 . 6 ) 


Using the two dimensional analogue of the Green 1 s theorem 
(8.6.2), we easily find 

Jd 2 x [u (r) V 2 G (r, r' )-G(r,r* )V 2 u(r) ] 

= u(r* ) - Jd 2 x G(r,r 1 )F(r) 

= Jd i [»(?) -G(r,r') . (8.10.7) 

edge 

of drumhead 

We choose the boundary condition 


G(r,r ! ) = 0 , r on edge of drumhead. (8.10.8) 

This eliminates the unknown Bu(r)/bn on the right of (8.4.7). 
With the boundary condition (8.10.5) the last line of 
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(8.10.7) vanishes and we find 

u(r) = Jd 2 x' G(r,?')F(?'). (8.10.9) 

Here we have used the symmetry of G(r,r') with respect to 
interchange of r and r', which follows from applying Green* s 
theorem to G(r,r*) and G(r, ?' ). 

In the absence of an image method we can use a 
technique analogous to that employed in the previous section. 



The Green* s function can be expanded in a Fourier series 
in 0: 

00 

G(r,r') = Yi G )e im ® . (8.10.10) 

m=-o° m 

We need the expression for the two dimensional delta 
function on the right of (8.10.6) in polar coordinates: 


6(r-r* ) 6(r-r') 6(0-0*) 


b £ ' 

m=-co 


im(0- 0* ) 


( 8 . 10 . 11 ) 


Here we have used the completeness relation for the Fourier 
series to expand the delta function of angle. Substituting 
(8.10.10) and (8.10.11) in (8.10.6), using the form for the 
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Laplacian in polar coordinates (2.4.1), and the ortho¬ 
gonality of the functions e^ m ^, we find as equation for 


the G 


m 


d 2 G 


dr 


i dG 

_m _1 _m 

2 r dr 


+ l> 2 - 


^-imG* 

2tt 


( 8 . 10 . 12 ) 


The 0* dependence can be factored off. 


G = e 


1 -im0 f 




(8.10.13) 


and we find 


d g m (r,r') - dg (r,r' ) f _ 2_. 

+- -:-+ [ k “ 8 m (r ' r ) = 7 6<r ~ r 


dr 


dr 


(8. 10. 14) 


For r^r* this is of course Bessel 1 s equation, so the 
solution is of the form 


A J 


, , (kr) + B N, , 
m m 


(kr) 




r < r' 


. (8. 10.15) 


C J i | (kr) + D N| | (kr) . r>r' 

L ! m l M 

The boundary condition (8.10.8) implies 


g m (a,r')=0. (8.10.16) 

In addition we have the condition that g (r.r 1 ) be finite 

m 

at r = 0. Together these conditions reduce (8.10.15) to 
the form 
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g m (r,r')= 


A J UI< kr ) > 


r <r' 


^ N |m| (ka) J |m| (kr) - J |m| (ka)N |m| (kr) r>r ' 

(8.10.17) 


The delta function on the right side of (8.10.14) is, 
as discussed in sec. 8.3, equivalent to the joining 
conditions 


8 m (r '" e,r,) =8 m (r ' +e,r,) * 


(8. 10.18) 


d 8_ ( r > r 1 ) 
in 


dr 


r'+e 


i r 

r=r'-c 


(8. 10. 19) 


Using (8.10.17) these become 

A J |m| (kr')-E[N w ( k.)J |in |(kr' ) -J| iiil (ka)»| inl (kr ,) ), 

( 8 . 10 . 20 ) 


k E[N, | (ka)J', , (kt' )-J. | (ka)NI , (kt' )] 


- kAJ i m i< kr '> -r 


( 8 . 10 . 21 ) 


These can be solved to yield 


E _ J ui< kr, > , 

kr,J |m| (ka) 


J |m| (kr 


')N’| 


m 


(kr 1 )-Ni I(kr 1 )JV i(kr 1 ) 


( 8 . 10 . 22 ) 


m 


m 


and A given by (8.10.20). 
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To simplify these expressions we can use the formula 
for the Wronskian of the solutions of Bessel's equation 


J (x)N'(x)-J'(x)N (x) = — 

mm mm 7TX 


(8.10. 23) 


This was obtained in problem 1, Chap. 4. Using (8.10.23), 
we find from (8.10.22), (8.10.20) 


E = 



(kr’) 

(klT ’ 


(8.10. 24) 


2 J| m |(k«> 


(8. 10. 25) 


Combining results (8.10.10), (8.10.13), (8.10.17), (8.10.24), 
(8.10.25), we find for the Green's function 


G(r,r') = Yj cos m(0-0' )X 
m=0 


J (ka)N (kr')-N„(ka)J m (kr') 
mm m_m_ 


2e J (ka) 
m m 


J (ka)N (kr)-N (ka)J (kr) 
mm m m 


J (kr), r <r' 
m 


2e J (ka) 
m m 


J (kr 1 ), r >r' 
m 


(8. 10. 26) 


In this expression the factor 


2, m = 0 

e =< (8.10.27) 

m [l, m = 1, 2,3,.... 

was obtained when combining the terms + m to get cosm(0~0'). 
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8. 11 EIGENFUNCTION EXPANSION OF GREEN'S FUNCTION FOR 
THE HELMHOLTZ EQUATION 

It is possible to expand the Green's function for 
the Helmholtz equation in an eigenfunction series similar 
to that given in sec. 8.5 for the one dimensional case. 

The relevant eigenfunctions for the Helmholtz equation were 
discussed in sec. 5. 2, Eq. (5.2.12) ff. These eigen¬ 
functions are the solutions of 

(V 2 + k 2 )u (r) = 0 (8.11.1) 

n n 

with a boundary condition 

u n (r) = 0 , r on boundary (8.11.2) 

or 

du (r) 

—— = 0 , r on boundary. (8.11.3) 

The eigenfunctions form a complete orthogonal set and can 
be normalized so that 

fd 3 x u(r)u (r) = 6 , 

« n m nm 

Eu (r)u (r') = 6(r-r') . 

n n 
n 

We can use these eigenfunctions to find an explicit 
formula for the Green's function G(r,r') defined by the 
partial differential equation 


(8.11.4) 

(8.11.5) 
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(V^ + k^)G(r,r f ) = 6(r-r f ) 


( 8 . 11 . 6 ) 


and boundary condition 


or 


G(r, r f ) = 0 , r on boundary 

dG(?,?') „ 

—gg- 2 —= 0 , r on boundary. 


(8. 11.7) 

( 8 . 11 . 8 ) 


In fact, using (8.11.1), (8.11.2) or (8.11.3) and (8.11.5), 
it is simple to verify that G(r,r 1 ) is given by the formula 


^ u (r)u (r*) 
n/ -+ -*, N V n n v 

G(r,r* ) = /j 


. 2.2 

n k -k 

n 


(8.11.9) 


2 

Note that setting k =0 gives the Green 1 s function for 
Laplace 1 s equation in terms of the eigenfunctions of the 
Helmholtz equation. 

We can apply the formula (8.11.9) to the drumhead 
problem considered in the previous section. The eigen¬ 
functions for the drumhead are given by (5.4.8), 


U mnl 

U mn2 


(r, 9) 


(r,9) 


: N J (k r) sin m0 , 
mn m mn 7 


: N J (k r)cos mQ , 
mn m ran 9 


( 8 . 11 . 10 ) 


and the normalization factor N is determined by (4.3.25), 

mn ' 7 


N 

mn 




y 


( 8 . 11 . 11 ) 
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where e is given in (8.10.27). Substituting (8.11.10) in 
m 

(8.11.9) and using cos m0 cosmQ' + sinm0 sin m0* =cosm(0-0') 
we find 

'O N i J m < k nn r ) J ™^mr 1 r ^ COS ' t ( 0 '^ 
y mn m mn m mn _ 

Li 2 2 

m=0 n=l k -k 

mn 

( 8 . 11 . 12 ) 


G<r,r»)-£ 


Comparing this formula with (8.10.26), which is another 
expression for the same Green's function, we derive an 
identity 


z 

n=l 


N 2 J (k r)J (k r') 
mn m mn m mn 

. 2 i 2 

k -k 

mn 


2 

m m 


[J (ka)N (krO-N (ka)J (kr )] J (kr J. (8.11.13) 
L m m > m v 7 m > m < N 


We have illustrated the Green* s function for the 
Helmholtz equation with a two dimensional example, the 
round drumhead. Evidently the same techniques could be 
employed for three dimensional problems, e. g. the interior 
of a cylinder or the interior of a sphere. 


8.12 THE HELMHOLTZ EQUATION FOR INFINITE REGIONS, 
RADIATION, AND THE WAVE EQUATION; 

SINUSOIDAL TIME DEPENDENCE 


Consider the wave equation for a system with a 


source. 


V 2 f(r,t) 




-4irp(r,t) , 


( 8 . 12 . 1 ) 
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and suppose, for the time being, that the source is sinu¬ 
soidal: 


P(r,t) 



( 8 . 12 . 2 ) 


The field generated by this source will have the same time 
dependence. 


i/(r,t) = ^(r)e" 1U,t 


(8. 12.3) 


Substituting in (8.12.1) we find the Helmholtz equation 


(V 2 + k 2 )-^(r) = -4rrp(r*), k = yo/c . 


(8.12. 4) 


To solve (8.12.4) we introduce a Green's function 
which is a solution of 


(v 2 + k 2 )G(r,r' ) = 6(r-r') . 


(8. 12.5) 


From the standard manipulation with Green's theorem. 


f d 3 x[^(r)v 2 G(r,r')-G(r,r')V 2 f(r)] 
V 



dn 


-G(?,?') 


M(r) 

dn 


■] , ( 8 . 12 . 6 ) 


we obtain 


•^(r) =-47rf d^x ! G(r* ,r)p(r 1 ) 
V 


+ 



:D _ G ^< tN W(r* )~ | 
dn' UUr ’ r) dn' J* 


(8.12.7) 



8 GREEN 1 S FUNCTIONS 


293 


We can easily find solutions of (8.12.5) suitable 
when there are no boundaries. Because of the homogeneity 
and isotropy of space, G(r*,r ! ) for this case will be a 
function only of the distance |r-r* | from the source 6(r-r*), 
and for r^r* the Green* s function is a solution of the 
Helmholtz equation. Referring to (6.5.13), (6.5.14) we find 
the two Green* s functions 


out 


(?,?') = - ± * ■ «h < 1} (k|r-r' |) , (8.12.8) 


r-r 1 




1 , ( 2 ) 


h v '(k|r-r*|) . (8.12.9) 


r-r' 


For r -►r* both of these Green* s functions approach 


G „ 
out 

in 


(r,?*) 


r-*r* 



( 8 . 12 . 10 ) 


Ap discussed in (8.6. 12)ff. this is the correct singularity 

to account for the delta function on the right of (8.12.5). 

With the time dependence e"* a)t the two solutions (8.12.8), 

(8.12.9) correspond respectively to outgoing and ingoing 

waves. We could form other Green*s functions by taking 

linear combinations G = Q& . + (l-a)G. . With a = l/2 the re- 

out m 7 

suiting Green* s function corresponds to standing waves. 

Substituting first one, then the other of the Green* s 
functions (8.12.8), (8.12.9) in (8.12.7), we obtain two 
forms for the solution *^(r, t): 

ikIr-r* | 

f(r,t)=0-(r) +Jd 3 x' -———- p(r') 

1 | r-v' | 


( 8 . 12 . 11 ) 
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= 0 2 (^> + J d X 


3 ■ 


p(r') 


( 8 . 12 . 12 ) 


r-r' 


Here <$-. (r) and 0 9 (r) are the contributions from the surface 

11 2 2 
integrals in (8.12.7). Applying V +k to these formulas we 

find immediately that 0^(r) and are both solutions of 

the Helmholtz equation (V 2 + k 2 ) 0(?) =0. The two possibilities 
(8.12.11), (8.12.12) are equal for appropriate choices of 
the sourceless waves <^(r), 0 2 (?)* 

Although other possibilities are sometimes of interest 
we are often concerned with a source such as a loudspeaker 
or antenna emitting waves. In order to obtain purely out¬ 
going waves generated by the source p(r) we take a solution 
written in the form (8.12.11) with 0^(r) = 0* 

ikjr-r 1 \ 

f(r, t) = I’d x' -- p(?') . (8.12.13) 


This solution satisfies the so-called Ausstrahlungsbedingung 
(=out radiation condition). We have used this boundary 
condition before, in secs. 6.5 and 6. 6, to pick out the out¬ 
going waves. 

For the scattering problem to be discussed in sec. 9.2 
we shall write the solution in the form (8.12.11) and 0^( r ) 
will be a plane wave representing the incoming wave before 
scattering. For both this case and (8.12.13) the solution 
can be written rather awkwardly in the form (8.12.12) with a 
nonvanishing 0 2 (r). A mathematical possibility of little 
physical interest is the solution (8.12.12) with 
This corresponds to purely ingoing waves absorbed by a sink 
function p(r). 

Far from the radiating source r ! «r and the 
radiation field (8.12.13) assumes a simpler form: 
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—♦ 


l r - r l^ r - n * r > n= 7 > 

(8.12.14) 

e ik|?-?'| e ikr . £, =W . 

—► e 7 7 

i —*■ —»| i r->oo r 

lr-r* | 

(8.12.15) 

ikr 

W r) , f(p) ’ 

(8. 12. 16) 


(8. 12. 17) 

This is similar to the result (6.5.23), (6.5.24). 

The 


similarity can be made closer by using the expansion 
-ik* • r* ! 

(6.4.10) for e to obtain the expansion of f(k') 

in spherical harmonics: 


f(£') = Z c Y^(e_ , cp ) , (8. 12. 18) 

C An = 4lr( - i)£ J’ d3x ' j J i (kr,) ^ 9 ? ^-. t >P^ , >' (8.12.19) 


8.13 GENERAL TIME DEPENDENCE 

In the previous section we assumed a sinusoidal time 
dependence. The general case can be treated by Fourier 
transforming the time dependence: 

OO 

P (x, t) = J d(B , (8.13.1) 

-00 

00 

p'Cx^as) J* dt' e 1(Ut p(?,t') , (8.13.2) 

-GO 

"^(r, t) = J da) ^(r,u))e" :LU)t , 


(8. 13.3) 
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?(?,«>) =-^ J dt' e 1U)t ^(r,t') . (8.13.4) 

— 00 

Substituting (8.13.1), (8.13.3) in (8.12.1) we find 

00 2 

J d(U e * luJt rv 2 ^(r,U3)+^ ^(r,uo) + 4irp(r,u))~| = 0 , 

-00 c 

(8.13.5) 


and inversion of the Fourier transform gives 
9 2 

V ^(r,ou) + T^(r,oj) = -4Trp(r,u)) . 


(8. 13. 6) 


This is the problem we have just solved in sec. 8.12. 
According to (8. 12.13) and the discussion following, the 
appropriate solution with outgoing waves is 


i«? I?-?' 


_ fV, 3 > £. 


T^(r, to) = J*d x 


'p(r,u)) . 


(8.13.7) 


r-r’ 


[Note that for negative uo in (8. 13. 3) we need negative co in 
(8.13.7) to obtain outgoing waves.] Substituting (8.13.7) 
in (8.13.3) and using (8.13.2) for p"(r* ,(jo) we find 


= J da) e “ ia)t J* d^x f — 


• (A) 

l— r-r 1 
c 1 


I?-? I 


if ^ ..“'V'.t') 

-00 

= J d3x ' I_ ro dt ’ x 

1 ia)[^|r-r' |-(t-t')] 

il d - 


p(r',f). 

(8. 13.8) 
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We can use the Fourier expansion (2.9.19) of the delta 
function. 


- r 

2tt J 


* iou[— |r-r' |-(t-t') ] 
da) e c 

-00 


= 6[“|r-r' l-(t-t')] , 

(8.13. 9) 


and write (8.13.8) in the elegant form 

•^(r,t) =-4irjd 3 x' J dt' G(r,t;r',t')p(r',t'), 

(8.13.10) 


with 

_ _ 6t~lr-r' j-(t-t')3 

G(?,t;r',t') —- . (8.13.11) 

47r|r-r' | 


This function G(r,t;r',t') is the four dimensional 
Green 1 s function for the wave equation. We shall return to 
it in sec. 8.14. Using the delta function in G(r, t;r ! ,t') 
we can carry out the time integration in (8.13.10) to obtain 


- „ 3 , 

^(r, t) = Ja x' - 


(8.13.12) 


r-r' 


This is the so-called retarded potential solution of the 
wave equation with sources. The source p(r* ,t') on the 
right of (8.13.12) is evaluated at the retarded time 

t* = t-^ |r-r' |, which is such that a wavelet leaving r' at 
t* and traveling with velocity c arrives at r at time t. 

The retarded potential solution is of basic impor¬ 
tance in electrodynamics. As discussed briefly in sec. 1.8, 
the equations for the scalar and vector potentials of 
electrodynamics are 
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2 1 . 
v 9 - ~2 — f = " 47r P > 

(8.13. 13) 

c at 


„2 £ _1_ a 2 A* _ 4ir ? 

2 2 "' c J * 

(8.13.14) 

c at 


v-£ + - If = o . 

c $t 

(8.13.15) 


According to the result (8.13.12) just derived we see that 
the appropriate solutions of (8.13.13) and (8.13.14) with 
the radiation boundary condition are 


cp(r, t) =J’d 3 x' 



£(?,t) -I /d 3 x’ 



(8.13.16) 


(8. 13.17) 


It is easy to check that the condition (8.13.15) is satis 
fied. Writing the solutions in the form (8.13.10) and 

noting that G is a function only of coordinate differ¬ 
ences we find 


V- 


I dt ’ G(? - 1 ; ?, f )T<?, f) 

r 

+ G(?,t;r',t’)p(?',t')] 

= Jd 3 x' Jdf [[V V G(?, tj? , t* ) tffl? , f ) 
r 

+{ttt G(r,t;r' ,t')}p(r' ,t')] 


= ‘ T'J >d3x ' J >dt ' G(r,t;r',t') 


(8.13.18) 
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Here we have integrated by parts and assumed that j and p 
vanish for r or t -*» . Since electric charge is conserved, 
we have the continuity equation 


V •T(r',t') + 


do(r' ,t') 

dt' 


0 , 


(8.13.19) 


and (8.13.18) reduces to (8.13.15). The important results 
(8.13.16), (8.13.17) provide the general solution for 
electrodynamics in terms of given sources. 

Finally we note that the ingoing wave solution 
(8.12.12) with 0 2 (r) = 0 for (8.13.6) leads to the so-called 
advanced potential solution 


W (? > c) = I d3x ’ 


p(?',t+i |r-?' |) 


r-r* 


(8. 13. 20) 


This is a solution of (8.12.1). It does not make sense 
for standard physical applications, however, since at 
time t is determined by the behavior of p at advanced 
times t* = t+*^|r-r' |>t, in violation of common sense ideas 
about causality. Further discussion of this point appears 
at the end of sec. 8.15. 


8.14 THE WAVE EQUATION 

We have already obtained the Green* s function 
(8.13.11) for the wave equation for an infinite region, in 
the previous section. We redo the calculation with some 
increase in generality here. We wish to solve the inhomo¬ 
geneous wave equation 
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v 2 f(r, t) 5 t£Li±} _ - 477 - p (r,t) 
c St 


(8. 14. 1) 


with the boundary condition 


given for r on surface S of space V (8.14.2) 


or 

d^C r . ? given for r on S 


plus initial conditions 



(8. 14.3) 


^(r,t) and 


M(r,t) 

dt 


given at an initial time t = T 
throughout V. (8.14.4) 


To solve this problem we introduce a Green's 
function G(r,t;r',t') which is a solution of 


V 2 G(r,t;r' ,t’ )- 4? G(r, t; r 1 , t' ) = 6(r-r' ) 6 (t-t 1 ) 
c St 


(8. 14. 5) 


with the boundary condition [corresponding respectively 
to (8.14.2) or (8.14.3)] 

G(r,t;r',t') =0 for r on S (8.14.6) 


or 


SG(r.t;r',t’) _ 

Bn “ U 


for r on S 


(8.14.7) 
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plus an initial condition 

G(r,t;r',t') = 0 for t<t'. (8.14.8) 

We shall show below by construction that a Green's function 
satisfying these conditions actually exists. Other possible 
initial conditions are considered at the end of this section. 

The symmetry properties of G(r,t; r' ,t T ) are 
different from the three dimensional cases considered 
previously. Using (8.14.5) and 

2 

V 2 G(?,-t;?Vt")- 4 G(?,-t;?Vt") 

c at 

= 6(r-?')6(t-t") , (8.14.9) 

which is obtained from (8.14.5) by the replacements 
r' -*?’, t -»-t, t'->-t n , we can evaluate 

00 

J dtj* d 3 x [G(r,t;r',t')v 2 G(r,-tj?',-t") 

-00 V 

-G (r , -1; ?' , -1" ) V 2 G (r, t; v' , t 1 ' ) 

?vt"> 

c 

-G(r,-t;?',-t") ^G(r,t;r',t’)}] 

= G(? , ,t";? , ,t , )-G(?',-t';? , ,-t") . (8.14.10) 

On the other hand, if we use Green's theorem and carry out 
the integral of the time derivative, we find for the left 
side of (8. 14. 10) 
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CD 

J dtj* dA [G(r,t;?,t')^G(r,-t;?',-t") 

— 00 S 

c V at 

t=°o 

■G(r, -t; , -t" )-g£ G(r, t; r’, t 1 ) 3 . (8.14.11) 

° t = -» 

The surface integral in this expression vanishes because 
of the boundary conditions (8.14.6) or (8.14.7). The 
volume integral evaluated at t= + <» also vanishes since 
from the initial condition (8.14.8) we see that G(r, t;r*, t*) 
and -J” G(r,t;r*,t f ) vanish for t = -<»<t', and G (r,-t; ?*, -1" ) 

and G(r, -t;? f , -t H ) vanish for t = +oo^ i. e. -t = -£»<-t n . 
Thus the left side of (8.14.10) vanishes, and we find the 
symmetry relation 


G(r,t;r',t') = G(r*,-t*;r,-t) . (8.14.12) 

To solve the differential equation (8.14.1) we use 
the equation for the Green* s function written in the form 

2 

V ,2 G(r,t;r',t')- G(r,t;r , ,t') 

c 3t' J 

= 6 (r-r*' ) 6 (t-1' ) . (8.14.13) 

This is obtained from (8.14.5) by replacing r ** r** , t^-t* 
and using (8.14.12). Using (8.14.1) with r-r', t -»t* and 
(8.14.13), we can evaluate 
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J dt'j* d 3 x' [G(r,t;r',t')v' 2 *<r*,t') 
T V 

)v’ 2 G(r, t;r' ,t' ) 


- — iG(r t-P t 

2 at' iG(r,t,r ft ) at' 

C 


~f(r' ,t') G( r,t;r\t')}] 


= -4Trf dt'J d 3 x'G(r,t;r' ,t' ) p(r' ,t’ )-i^(r,t) . 

T V 

(8.14. 14) 


Using Green 1 s theorem and integrating the time derivative 
on the left hand side of (8.14.14), we find 


t 

*i^(r,t) = -4 ttJ dt'Jd x* G(r, t; r f , t f ) p(r*, t* ) 

T S 

-^(r'.t 1 ) ^7 G(r,t;r',t')] 

- 'll/ 3 *' [c(?.t;?,T) a ^,' t '> 

c V 

-f(r' ,T) G(r,t;r',t') 1 

0 t' =T J 


t'=T 


(8. 14. 15) 


Here we have used the initial condition (8.14.8) on 
G(r,t;r ! ,t ! ) to discard terms involving t 1 >t. In the 
second integral on the right of (8.14.15) one or the other 
of the terms will vanish because of the boundary condition 
(8.14.6) or (8.14.7) on G, and the other term will be 
determined by the boundary condition (8.14.2) or (8.14.3) 
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on The third integral on the right of (8.14.15) is 
determined by the initial conditions (8.14.4) on f. 

8. 15 THE WAVE EQUATION FOR ALL SPACE, NO BOUNDARIES 
AT FINITE DISTANCES 

As an example we shall content ourselves with the 
case of all space, i. e. S -»<». With no finite boundaries 
and with a delta function source which is a function only 
of coordinate differences, it is clear that G will be a 
function only of coordinate differences, so that (8.14.5) 
becomes 

2 

G(r-r',t-t , )=5(r-r’ , )6(t-t l ) . (8.15.1) 

c dt 

With no loss of generality we can now set r f =0, t f =0: 

2 

[v 2 4^lG(?,t) = 6(r)6(t) . (8.15.2) 

L c at: 

The initial condition (8.14.8) becomes 

G(r, t) = 0 , t <0 . (8.15.3) 

To solve these equations we Fourier transform in the space 
coordinates: 

G(r,t)-i-r fd 3 k e^' T ^(^t) , (8.15.4) 

(2/r) J J 

^(ic,t) =Jd 3 x e ^ r G(r,t) 


) 


(8.15.5) 
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. 1 r>,3, ik*r 

6 (r) --o Jd k e 

(2ir) 


(8.15.6) 


Substituting these expressions in (8.15.2) we find 


-k 2 ff(£,t) - \ G(^t) = 6 (t) 

c at 


(8.15.7) 


For t>0 this has the solution 


* ikct . _ -ikct A 

G(k,t) = A e + B e , t>0. 


(8.15.8) 


For t<0 the condition (8.15.3) implies 


e'^t) = o, t <o. 


(8.15.9) 


As in the one dimensional case discussed in sec. 8 .3, the 
delta function on the right of (8.15.7) is equivalent to 
joining conditions at t = 0 : 

GO^O-e) =e'(ic,0+e) , (8.15.10) 

t= 0 +e 

= -c 2 . (8.15.11) 

t= 0 - e 

Using (8.15.8), (8.15.9), we see that these imply 
A = -B = -c/2ik, so that we find 

~ c f ikct -ikct”l /0 - _ , 

G(k,t) - 2 £k ® t>0 . ( 8 . 15. 12) 

We can substitute this in (8.15.4) and carry out the inte¬ 
gration over the angles of k to obtain 


c£(k, t) 
3t 
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G(r, t) --J-jjAe 1 *" 03 6 [- 2 ik] [e ikct - «' ikCt ] 


r ikct -ikctl 

L e - e J 


87T 2 r ”0 


£4 


ik(rH-ct) ik(r-ct) -ik(r-ct) 


+ e - ik(r+ct) ] 


8tt r -oo 


CO 

J dk [' 


ik(r+ct) ik(r-ct)" 


= ^ [6 (r+ct) - § (r-ct) ], t>0 , 


(8.15. 13) 


where we have used the Fourier expansion of the 5 function. 
For t>0 and r>0, r + ct>0 and the first 6 function in 
(8.6.28) vanishes. We thus find 


0 


t <0 


G(r,t) =J 


■ 4S 6 t>0 


(8.15.14) 


or equivalently 

G(r,t;r',t’) =<( 


0 , t <t' 

i 6[^|r-r'l-(t-t')] 

i - t>t' 

4tt i— —i i 


(8. 15.15) 
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This is the same as the expression (8.13.11) obtained 
previously. Note that the symmetry relation (8.14.12) is 
satisfied. 

The Green's function (8.15.15) for the wave equation 
has a direct physical interpretation. It is the wavelet 
produced by the delta function disturbance at time t = t* at 
the point r = r' . At earlier times tct 1 there is no wavelet. 
After the initial disturbance the spherical wavelet spreads 
out and at time t>t' is located at |r-r' |=c(t-t'). As 
the wavelet spreads its amplitude decreases as |r-r f \ \ 

The analogy immediately springs to mind of the wavelet 
produced by dropping a pebble in a quiet pool of water. 

The formula (8.14.15) tells us how to superpose all 
the elementary wavelets, some originating from the source 
function p(r',t), some from the boundary and initial 
conditions. We can simplify (8.14.15) considerably for the 
case S-*& when the Green's function (8.15.15) containing 
the delta function 6[~|r-r' (-(t-t f )] applies. The second 
integral on the right of (8.14.15) vanishes since with 
r, t finite and t' in the range T<t* <t, the delta function 
in G(r,t;r',t') vanishes identically for r' -*<». The third 
integral on the right of (8.14.15) reduces to a surface 
integral over a sphere of radius |r'-r| =c(t-T), and the 
first integral on the right of (8.14.15) reduces to a 
volume integral over the interior of this sphere. Thus we 
find, after some integrations by parts in the surface 
integral term. 


1f(r., t) 


[Vx* 

|r f -r |<c(t-T) 



D 
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+ &J*>' [> T > 


M(r'.t') 

5t' 


t'=T,|r'-r|=c(t-T) 


+ {I?'T)} 

a|r'-r| 


l r'-r|=c(t-T) 


]• 


(8. 15.16) 


The behavior of the system before time T does not 
enter explicitly in the formula (8.15.16); all such infor¬ 
mation is contained in the second integral on the right 
involving the initial conditions. The first integral on 
the right is over the interior of a sphere of radius c(t-T) 

about r. Waves originating outside this sphere would have 

—♦ 

to start before time T to reach r at time t; their effect 
is felt only implicitly through the surface integral term 
involving the initial conditions. We can go to the limit 
T-4 -oo. The surface integral in (8.15.16) is then over an 
infinitely large sphere at remote times in the past. If 
we assume -^(r* , t 1 ) -*0 for r 1 -*<» and t* the surface 

integral vanishes and we recover the retarded potential 
solution of the wave equation. 


t) = Jd 3 x' 




r-r* 


(8.15,17) 


which we have already obtained in the previous section -- 
see (8.13.12). More generally, since the surface integral 
describes waves generated by infinitely remote sources it 
is a solution of the wave equation without sources and we 
have 

, p(r't--|r-r' 

^(r^) =^ in (r, t) +Jd 3 x' -~ ~~ 


(8. 15. 18) 
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where *^ n (r,t) is a solution of 



JL Jl 
2 

c dt 


;] = 0 


( 8 . 15. 19) 


We have used in this section the so-called retarded 
Green*s function which satisfies the initial condition 


Gret^rV*) - 0 , t<t* . (8.15.20) 

Another possibility is the advanced Green* s function 
satisfying the 11 final condition" 


G adv (? ' ti? ' t,) = 0 ' t>t ' * 


(8.15. 21) 


For the case of all space, a calculation analogous to 
(8.15.1) ff. yields 


G adv (r ’ t;r 


! 8 jj“|r-r' |+(t-t')l 
% Tr-rH 


t < t* 

t>t* 


( 8 . 15. 22) 


With the advanced Green* s function one obtains a formula 
like (8.14.15) except that the integral involving the 
initial conditions on ^ is replaced by an integral in¬ 
volving ** final conditions** at some final time T>t. For 
the case of all space and T -*<x> we obtain in analogy to 
( 8 . 15.18) 


=^ out (r,t) + Jd x 


3 , pgVgjlljM) 


(8.15. 23) 


r-r' 
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where *^ out ( r >t) is a solution of the wave equation without 
sources, 

<s - i5 - 24) 

The two expressions (8.15.18) and (8.15.23) are both 

valid; in fact they are equal when the two sourceless fields 

i/. (r, t) and f (r, t) are correctly chosen. In (8.15.18) 
r m out 

it is possible to choose 


^in (r,t) = ° ‘ 


(8. 15. 25) 


The retarded potential contribution in (8.15.18) then gives 
the radiation due to the source p(r,t). With 
f ln (r,t) = 0, ^ out (r,t) is given by 


^ 0 ut (T ’ t)= I d3x ' 


P(r',t-hr-?' |)-p(r‘, t+hr-r' |) 


r-r’ 


(8. 15. 26) 


and will in general not vanish. 

It is not possible, however, to set *^ out (r, t) = 0- 
This leads to the advanced potential solution 


^adv ( ^ t) = I d x ' 


3 p(?,t+i|7-?|) 


r-r’ 


(8. 15. 27) 


which is not acceptable since it violates the principle of 
causality, which states that causes should precede their 
effects. This condition is used here as a boundary condi¬ 
tion, like the Ausstrahhungsbedinung , to pick out the 


correct solution. 
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8.16 FIELD DUE TO A POINT SOURCE 


As an example of the retarded potential (8.15.17) we 
consider the field produced by a point source: 


p(r,t) = e 6 [r-x(t)] . 


( 8 . 16.1) 


Here x(t) is the prescribed orbit of the point source. 
To carry out the integrals it is easiest to write the 
retarded potential solution in terms of the Green*s 
function: 


iKr,t) =-4'irJ’d 3 x'Jdt' G ret (r,t;r' ,t')p(r' ,t') 


_ 3 6Cj|r-r* l-(t-t')] _ 

= ejd x*Jdt*-— - -- 5[r*-x(t*)] . 


r-r* 


The delta function in p can be used to do the integral 
over r : 


f(r, t) = ej'dt* 


6 [^|r-x(t')|-(t-t')] 


(8.16.3) 


We can use the delta function in (8.16.3) to do the 
remaining integral, but we must be careful to take care of 
all the time dependence in the argument of the delta 
function. Introduce a new variable 
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= 1 - “ n(t' ) -v(t') , ( 8 . 16. 6 ) 

dx (t ^ ^ 

where v(t ! ) = —^ 7 — L is the velocity of the particle at time 
t 1 , and n(t f ) is a unit vector pointing from the position 
x(t') of the particle at time t 1 to the observation point 
r. The formula (8.16.3) becomes 


f(r,t) = e fdu -r—-- —- 6(u-t) — 

1-— n(t' )• v(t') |r-x(t'; 


= e 


1 - n(t' )• v(t' ) |r-x(t') 

1 1 


u=t 


1 - — n(t')* v(t') r-x(t') 

c 


t'=t-i|?-x(t')| 


e 

hR 


ret. 


9 


( 8 . 16.7) 
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with 


K = l-\ n(t' )* v(t') 

(8.16.8) 

and 


R = |r-x(t')| 

(8.16. 9) 

evaluated at the retarded time t f which is 

a solution of 

t' = t - ^|r-x(t' )| . 

(8.16.10) 

The result (8.16.7) is a famous one known as the 

Lienard Wiechart potential. In the application to electro¬ 
dynamics we have both a scalar and vector potential. 

2 

[v 2 - -^ 2 ] cp(r,t) = -4irp(r,t) , 

c Bt 

(8.16.11) 

[v 2 - \ -^ 2 ] £(r,t) =- ^ T(r,t) , 
c ^t 

(8.16.12) 

and the solutions for a point source. 


p(r,t) = e 6[r-?(t)] , 

(8.16.13) 

j(r,t) = e v 6[r-x(t)] , 

(8.16.14) 

are 


- a tet .« 

A(r,t) = - 

c ret. 

(8.16.15) 

(8.16.16) 
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1) Point Source Moving with Constant Velocity , 
v <c. The simplest application of (8.16.7) is to the case 
of a particle moving with a constant velocity in a straight 
line: 


x(t*) = vt* 9 
y(t f ) = 0 , 

z(t f ) = 0 ( 8 . 16.17) 


The equation for the retarded time becomes 

t' = t - -i |r-x(t') | 

1 / 2 2 2 2 2 
= tV(x-vt') z +p , p =y^+z . (8.16.18) 

Rearranging and squaring this leads to a quadratic equation 
in t 1 with two roots: 



we see that for the case v/c <1 one of these roots has 
t' <t in agreement with (8.16.18) while the other root with 
t 1 >t is an extraneous root introduced by squaring (8.16.18). 
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For the case v/c<l we thus keep only the solution with 
the minus sign in (8.16.19). The quantity which appears 
in the retarded potential (8.16.7) is 



= ''/(x-vt 1 ) 2+p^ - ^ (x-vt* ) 


= c(t-t’)- J (x-vC) 



c 


so that we finally obtain 

•^(?,t)=-7=-=---- . (8.16.22) 

V (x-vt) 2 +(l- ^—) (y 2 +z 2 ) 
c 


2) Point Source Moving with Constant Velocity, 
v>c. It is interesting to consider also the case v>c. 

For the electromagnetic application this can be achieved, 
without violating special relativity, by a particle travel¬ 


ing through a dielectric at a speed greater than the 

V 

velocity of light in the dielectric (Cerenkov effect). 


For the acoustic application there is of course nothing 


unusual about the case v>c. When the particle emitting 
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the waves travels at a speed v greater than the velocity 
c of the waves, a wake forms 



behind the particle. Since the waves travel a distance 
cT while the particle travels a distance vT, the angle made 
by the normal to the leading edge of the wake with the 
direction of motion of the particle is 

COS 0= vT = v <:l • (8 * 16> 23) 

The field *^=0 ahead of the leading edge of the wake since 
there is not time for the disturbance traveling at velocity 
c to get there. The field at time t at a point r behind 
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the leading edge of the wake is the sum of the contributions 
of two wavelets emitted at different retarded times t* -- 
represented by the intersections of the two circles in the 
figure. This can also be seen from the algebra. With 
v/c>l it is easy to see from (8.16.20) that behind the 
wake both solutions of the quadratic equation satisfy the 
condition t* <t and hence are solutions of (8.16.18). The 
same algebra as in (8.16.21) leads to the two values 

HR I = + J (vt-x) (-~ - l) p 2 (8. 16. 24) 

•ret. c 

corresponding to these two solutions. We must take account 
of both these contributions in the calculation (8.16.3)- 
(8.16.7). We note from (8.16.24) that for one of these 
contributions n is negative since R is always positive. 

For this contribution a minus sign enters when we change 
variables according to (8.16.5), (8.16.6): 

00 -00 00 . 

r-I ?■ «•“■») 

-00 00 - 00 


We thus find 


f(r,t) 


e _ e 
OtR) l O.R) 2 


2 e 


l 


(vt-x) 2 - (-^2 -1) (y 2 +z 2 ) 
c 


(8. 16. 26) 


This applies to the region behind the wake. Ahead of the 
wake *^(r, t) =0. Finally we note that for a point on the 
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leading edge of the wake we have 


(vt-x) = (ptan0) = p 


2 1-cos 9 
2 . 

cos 0 


= P 


[V>]’ 


(8. 16. 27) 


so that i^(r^t) at the leading edge. For an accurate 
treatment of the acoustic application we would have to take 
account of nonlinear corrections to the wave equation in 
this region. 
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8 . 17 THE DIFFUSION EQUATION 


Our considerations here parallel those in the pre¬ 
ceding section. We wish to solve the inhomogeneous 
diffusion equation 


__2 , x 1 M(r, t) 


with boundary condition 



*^(r,t) given for r on surface S of V (8.17.2) 


or 

foK r 7 fc ) given for r on S (8.17.3) 

on 

plus an initial condition 

given at an initial time t=T. (8.17.4) 

To solve this problem we introduce a Green 1 s function 
G(r,t;r , ^t ! ) which is a solution of 

V 2 G(?,t;?’,t')- ££ G(^tjr\t')-=6(?.?) 8 (t-t') 

(8. 17.5) 

with the boundary condition [corresponding respectively 
to (8.17.2) or (8.17.3)] 
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G(r,t;r' ,t') =0 for r on S (8.17.6) 

or 

~ ^ ~ L dr5 ^ ^ = 0 for r on S (8.17.7) 

plus an initial condition 

G(r,t;r' ,t') = 0 for t <t' . (8.17.8) 

To establish the symmetry properties of G use 
(8.17.5) and 

V 2 G(r, -t; ?', -t" )+“^£ G(r, -t; ?', -t" )= 6 (r-?' ) 6 (t-t" ), 

which is obtained from (8.17.5) by the replacements 
t ->-t, r 1 t' -»-t", to evaluate 

00 

P dtp d 3 x[G(?,t;?',t')V 2 G(?,-t]?',-t") 

-00 V 

-G (r, -1 ; ?' , -t" ) V 2 G (r*, t; r', t' ) 

+ K ^ £e(r,t;r*,t , )G(r,-tj?',-tf')}] 

= G(? , ) t";? , ,t l )-G(?,-t';?' r t"). (8.17.10) 

On the other hand using Green 1 s theorem and carrying out 
the integral of the time derivative, we find that the left 
side of (8.17.10) can be written 
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J* dtj dA[G(?,t-r',t')^G(?,-tj?',-t") 
“00 S 


-G(?,-t;?',-t") G(r,t;?,f)] 


+ \ f d 3 xG(r,t;r',t , )G(f r t;? l ) -t") 
n v 


t=oo 

t=-co 

( 8 . 17. 11) 


The first integral in (8.17.11) vanishes as a consequence 
of the boundary conditions (8.17.6) or (8.17.7), and the 
second integral vanishes as a consequence of the initial 
condition (8.17.8), so we find from (8.17.10) the symmetry 
relation 

G(r,t;r ! ,t l ) = G (r*,-t 1 ; r,-t) . (8.17.12) 

To solve the differential equation (8.17.1) we use 
the equation for the Green 1 s function written in the form 

V' 2 G(r,t;r', t' )+ ~ G(r,t;r' ,t' )=8 (r-r* ) 6 (t-t' ) . 

( 8 . 17. 13) 

This is obtained from ( 8 k 17.5) by replacing r<*r f , t^-t 1 
and using the symmetry relation (8.17.12). Using (8.17.1) 
with r -*r ! , t -»t* and ( 8 . 17. 13), we can evaluate 

00 

J dt'J* d 3 X '[G(?,t;f,t*)v' 2 t(?’,t , )-f(f,t') X 

T V 

V , 2 G(r,t;r',t')- ^ -^r{G( r,t;r',t')f(r',t')}] 


322 


MATHEMATICAL METHODS FOR PHYSICS 


=-47r[ dt* f d 3 x* G(r, t;r* , t* ) p(r* , t 1 )-*^(r, t). 

°T v 

1 V (8.17.14) 

Using Green 1 s theorem and carrying out the integral of the 
time derivative on the left side of (8.17.14), we finally 
obtain 


t) = -4 ttJ dt*Jd 3 x* G(r, t;r* , t* ) p(r* ,t* ) 


t * 

-J 1 dt* J dA* [G(r,t;r* ,t* ) fix'', t' ) -^(r* 1 , t* ) 

X S 


■^T G(r,t;r',t')] - ^ J d 3 x' G(?,t;?' ,T)^(rjT). 

(8.17.15) 


Here we have used the initial condition (8.17.8) on 
G(r,t;r* , t ! ) to discard contributions with t* >t. The 
second integral in (8.17.15) is determined by the boundary 
condition (8.17.2) or (8.17.3) on ^(r,t), one or the other 
of the terms in this second integral vanishing because of 
the boundary condition (8.17.6) or (8.17.7) on G (r, t;r*, t* ). 
The third integral in (8.17.15) is determined by the initial 
condition (8.17.4) on 


8 . 18 THE DIFFUSION EQUATION FOR ALL SPACE, NO BOUNDARIES 
AT FINITE DISTANCES 

For the case of all space, S --><», we can find the 
Green 1 s function for the diffusion equation by the same 
method used in sec. 8.15 for the wave equation. With no 
finite boundaries the Green* s function will be a function 
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only of coordinate differences, r-r*, t-t* so that (8.17.5) 
becomes 

V 2 G(r-r*,t-t')- - G(r-r', t-t') = 6 (r-r'). 

(8. 18. 1) 

With no loss of generality one can set r* =0, t* = 0 to 
obtain 

V 2 G(£,t)- £ ^ G(?,t) = 6(?> 6(t) . (8.18.2) 

The initial condition (8.17.8) becomes 


G (r, t) = 0 , t < 0 . (8.18.3) 

We can solve (8.18.2), (8.18.3) by Fourier transforming in 
the space coordinates: 


G(r,t) - , Jd k e G(£,t) , 

(8.18.4) 

(2tu 


£(£,t) = Jd 3 r e‘ lk ' r G(r,t) , 

(8.18.5) 

6 (?) = 1 - fd 3 k e ik ’ r . 

(8. 18. 6) 

(2rr) 3 


Substituting these expressions in (8.18.2), 

we find 

-k 2 C'(i?,t) - -i G(£,t) = 6 (t) . 

(8.18.7) 


For t>0 the solution of this equation is 
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G(£,t) = A e" Kk t , (8.18.8) 

and for t<0 we have the initial condition (8.18.3). Inte¬ 
grating (8.18.7) with respect to t over a time interval of 
vanishingly small length about t = 0 we find that the delta 
function on the right of the equation is equivalent to the 
discontinuity condition 


G(k,0+e) - cf(k,0-e) = -h . 


(8.18. 9) 


Using (8.18.3) and (8.18.8), we see that this implies 
A =-h so that we have 





t <0 
t >0 


(8. 18. 10) 


Substituting this in (8.18.4) and doing the Gaussian 
integral by completing the square, we find 


G(r,t) rd 3 k C 


-K 


(2tt)' 


4nt 2 H t ) 


I d k 


(4Tmt) 


2 

_r_ 

21__ e " ^xt 

3/2 


, t>0 . 


(8.18. 11) 


In summary, we have 
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G(r, t; r 1 , t* ) = < 


0 




<t* 


_ K _ 

[47m(t>t*)] 




(8. 18. 12) 


This Green* s function has a characteristic bell 

1/2 

shape in |r-r* | with a width ^K(t-t*)} ' growing with 

“3 / 2 

time and a height ~{K(t-t')} ' decreasing with time in 

such a way that the volume under the curve 


Jd^x G(r,t;r', t') = -k 


(8.18.13) 


is constant. At t = t' the disturbance starts as a delta 
function: 


G(r*, t; r', t' ) = -h 6 (?-?') . 


(8. 18.14) 


-G(?,t;r\f) 
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This Green*s function describes the way a 6 function impulse 
at t =t* diffuses through the medium at later times. 

We can now substitute the Green* s function (8.18.12) 
for all space into our solution (8.17.15). The surface 
integral in ( 8 . 17. 15) does not contribute for r* ->oo because 
of the rapidly decreasing exponential in the Green* s 
function, and we find 



P(r*,t*) 


[4ttx (t-T) ] 


3/2 I d x ' H - i^T)}-*<■*'> T) 


(8.18.15) 



8 GREEN*S FUNCTIONS 


327 


PROBLEMS 


8.1 


a) Solve the inhomogeneous differential equation 


Lu + Xpu = 0(x) 

with homogeneous boundary conditions 
A u(a) + B u f (a) « 0 , 


C u(b) + D u* (b) =0 , 

by expanding u(x) and 0(x)/p(x), 

u(x) = Jj a n u n (x) > 
n 

0 (x) = p(x) ^ b n u n (x) , 
n 

in the eigenfunctions of L, 

L u n (x) = -X n p(x)u n (x) , 

A u n (a) + B v£(a) = 0 , 

C u (b) + D u' (b) = 0 . 
n n 

Show that the result can be written in the form 


u(x) = J dx' G(x,x')0(x'), 
a 

where G(x,x') is given by 
„ u (x)u (x') 

g(x,x' ) = z — • 

n n 


This is an alternate derivation of the formula 
(8.5.11) for the Green* s function. 

b) Show that for the case X=X the differential 

m 

equation 


L u + Xpu = 0(x) 
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has no solution unless 0(x) is orthogonal to u (x), 

m 


b 

J* dx u m ( x H(x) = 0 > 


and that in this case, 


u(x) = cu m (x)+J 1 dx l G gen (x,x f )0(x* ) , 


where c is an arbitrary constant and the so-called 
generalized Green 1 s function G g en (x,x ! ) is given by 




u(x)u(x') 
n _ n 

X-X 


and satisfies the equation 

(L+Xp)G gen (x,x f ) * 6(x-x*)-p(x)u m (x)u m (x f ) 

and the condition 
b 

J dx p( x ) u m ( x ) G gen < x > x '> = ° • 


8.2 Discuss the motion of a bowed stretched string with 
both ends clamped when the bowing frequency is equal 
to one of the resonant frequencies of the string. 

a) Under what conditions will the string not break? 

b) Find the generalized Green* s function discussed 
in problem 8.lb) in two ways: 

i) as an eigenfunction expansion, 
ii) by solving the differential equation for 
Ggen(x,x*) explicitly. 

Write the general solution for the motion of the 
string in terms of G gen (x,x*). 

8.3 a) Find the Green*s function for Poisson*s equation 
for the exterior of a sphere of radius a and use it 
to solve Poisson* s equation 

2 

V f = -4ttp 
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in the region outside the sphere, i. e. r>a, with 
the boundary condition 

r = a, 0, 0) = F(9, 0) , 

where F(9, 0) is a given function. 

b) Assume the sphere consists of two metal hemi- 
sphered separated by a 
thin layer of insulator 
and that the two hemi¬ 
spheres are maintained 
at potentials +V and 
-V by a battery inside 
the sphere. Take p=0 
outside the sphere. 

Use the formula of part 

a) to find the potential 
along the axis above 
the middle of the hemi¬ 
sphere at potential +V. 

8.4 a) Use the method of images to find the electro¬ 
static potential for the system consisting of a 
point charge q a distance z' in front of an 
infinite grounded conducting plane located at z = 0. 

b) Find the Green's function for Poisson's equation 
for the half space z>0 and use it to solve Poisson's 
equation 

V 2 ^ = -4tt p 

in the region z>0 with the boundary condition 

^(x,y,z = 0) = F(x,y) , 

where F(x,y) is a given function 

c) Take 


F(x,y) = 
P(r,t) = 0 , 



, p 


2 . 2 

x +y < a 



p> a 
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and use the formula of part b to find 

f(x = 0, y = 0,z) along the z axis, z>0. Compare 

with the result of problem 4, Chap. 4. 


8. 5 a) Use the method of 
images to find the 
potential for the 
system consisting of 
a line charge q/unit 
length parallel to and 
a distance r 1 from the 
axis of an infinitely 
long grounded con¬ 
ducting cylinder of 
radius a. 

b) Find the Green 1 s 
function for Poisson's 
equation for the ex¬ 
terior of an infinitely 
long cylinder of radius 
a and use it to solve 
Poisson's equation 

2 

V = -4ttp 

in the region outside the cylinder when the charge 
density p(r,0) and the boundary condition 

f(r = a,9,z) = F (0) 

are both independent of z. 

8.6 Find the Green's function for Poisson's equation 

for the region between two concentric cylinders of 
radii a and b. Use the Green* s function to find the 
solution of Poisson's equation 

2 

v = -47fp(r, 0) 

in the region between the two cylinders with 
boundary conditions 

lK r = a, 0,z) = F x (0) , 

f(r =b, 0,z) = F 2 (0) , 
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on the two cylindrical surfaces. Assume that the 
cylinders are infinitely long and that all quantities 
are independent of z. 

8.7 Find in two ways the Green's function for the 
Poisson equation 

v 2 f(r) = -4irp(r) 

for the interior of a cube, 0<x<a, °<y<a, 

0<z<a, with the boundary condition *^(r) given on 
the sides of the cube: 

a) as a triple sum over the eigenfunctions of the 
Helmholtz equation for the cube. 

b) as a double sum over the eigenfunctions for a 
square multiplied by a one dimensional Green* s 
function in the third dimension. 

8.8 Find in two ways the Green* s function for the 
Helmholtz equation 

V 2 ^(r) +k 2 ^(r) = -47Tp(r) 

for the interior of a sphere, 0<r<a, with the 
boundary condition 

f Cr = a, 0,0) = F(0, 0) 

given on the surface of the sphere: 

a) as a triple sum over the eigenfunctions for a 
sphere. 

b) as a double sum over spherical harmonics times a 
one dimensional Green's function in the radial 
direction. 

8. 9 A monochromatic wave 

. V -i(JDt 

i^(r,t) = u(r)e 

is emitted by a point source in front of a reflecting 
plane, on which the boundary condition is 

*^(r, t) =0, r on plane z = 0 . 
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The wave function satisfies the equation 

vV,t>- 1 ikfja.o 

C dt 

a) Use the image method to find u(r) in the region 
z >0. 

b) Use this result to solve the more general problem 
V 2 cp(r) +k 2 cp(r) = -47rp(r) 

in the region 
z > 0 

with the boundary condition 
cp(x,y,z =0) * F(x,y), 

where F(x,y) is a given function. Assume outgoing 
waves. 
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c) Apply your formula to the special case 


p<?> = o , 


F(x,y) 


V = constant. 


0 




p =Vx 2 +y 2 < a 
p > a 


Find an explicit integral expression along the line 
x = y = 0. Compare with the result of problem 8. 4c). 

8. 10 a) Find the four dimensional Green’s function for 
the half space z>0 for the inhomogeneous wave 
equation 

v^(r,t) - \ = -4irp(r,t) 

c dt 

with the boundary condition 
•^(x,y,z = 0,t) = F(x,y,t) given, 

and use the Green's function to express ^(r,t) in 
terms of F(x,y,t) and p(r,t). 

b) Apply your formula to the special case 

p(r,t) = 0 , 

p =Vx 2 +y 2 < a 
p > a 

Find an explicit expression along the line x - y = 0. 
Compare with the result of problem 8*9c). 

8.11 a) Find the four dimensional Green’s function for 

the half space z>0 for the inhomogeneous diffusion 
equation 

v 2 *<?,t) -± 

with the boundary condition 
^(x,y,z = 0,t) = F(x,y, t) given, 


V e 


-iuot 


F (x,y, t) = 
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and use the Green's function to express in 

terms of F(x,y,t) and p(r,t). 

b) Apply your formula to the special case 

p(r,t) =0 , 

F(x,y,t) = 

Evaluate the integrals along the line x=y»0 and 
compare with previous solutions of this problem. 


P =A ^ 


| V = constant 
L0 , p > a 


2 2 ^ 
x +y < a 


8. 12 


Find the four dimensional retarded Green's function 
G(r,t;r',t') for the inhomogeneous Schrtfdinger 
equation 


- 


M(r, t) _ 

St 2m 


4ttp (r, t) 


and use it to solve the initial value problem 
tK?, 0) = f(?) , 

where f(r) is a given function, i.e. find ^(r,t) 
for t>0 in terms of ^(r,0)=f(r) and p(r,t). 
Assume all space is available; there are no 
boundaries. 


CHAPTER 9 INTEGRAL EQUATIONS 


9. 1 INTRODUCTION 

An integral equation arises if one applies Green* s 
function techniques to a partial differential equation such 
as 


(V 2 + k 2 )f(r) = -4 tt U(r)^(r) , (9.1.1) 

in which the source density p(r) = U(r)*^(r) involves the 
unknown quantity f(r). An application of this sort in the 
quantum theory of scattering is discussed in sec. 9. 2 in 
order to motivate the study of integral equations. 

The remainder of the chapter is devoted to a brief 
discussion of types of integral equations and the methods 
available for their solution. We 4 restrict ourselves for 
the most part to the study of one dimensional integral 
equations. Usually, by expansions in spherical harmonics or 
some other complete set, the multidimensional case can be 
reduced to the one dimensional case. 

H. W. Wyld, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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9. 2 QUANTUM THEORY OF SCATTERING 


The time independent Schrbdinger equation 
2 

“ V 2 ^(r) + V(r)f(r) = E^(r) (9. 2. 1) 


for the interaction of a particle with a potential well 
V(r) can be written in the form (9.1.1) with 


E = 


2 2 

hV 

2m 


(9. 2. 2) 


U(r) = V(r) . (9.2.3) 

2 ifh 

We shall assume in what follows that V(r) is a short range 
potential, i. e. that V(r) is effectively negligible for r 
greater than some finite range. This excludes the coulomb 
potential, which falls off so slowly that it requires a 
special treatment. 

For the scattering problem we want the solution of 
(9.2.1) or (9.1.1) which satisfies the boundary condition 
for large r 

ik *r ikr 

° +f (e>0)' §_ ^r • (9.2.4) 


Here the first term on the right is the incoming plane 
wave, whose wave number k Q has a magnitude |k* | =k related 
to the energy E by (9.2.2). The second term is the out¬ 
going spherical scattered wave produced by the interaction 
of the plane wave with the potential well V(r). To check 
that the scattered wave is outgoing we can put back in the 
time dependence to obtain 
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i(ic -r-tut) i(kr-a)t) 

1/(r)e ltU -*e ° + f(9, <J) - “ 


(9. 2.5) 


where u) = E/h. 

We can convert (9.1.1) to an integral equation, 
using the outgoing wave Green's function (8.12.8), 


G (?,?') 


_1_ 

47T 


^klr-r' 

“ Tr^r *T 


(9. 2.6) 


which satisfies 


(V 2 + k 2 )G(r,r* ) = 6(r-r’ ) . 


(9. 2.7) 


Thus the partial differential equation (9.1.1) plus the 
boundary condition (9.2.4) can be combined in the integral 
equation 

ik* • r « ik |r-r 1 | 

^(r) = e ° + Jd x* 6 |?-r , | U ^ r * ^ 8) 

2 2 

We can check (9.2.8). Applying the operator V +k to it 

2 2 ik Q •r 

and using (9.2.7) and (v +k )e = 0, we immediately 
obtain (9.1.1). On the other hand for large r we have 


r-r' 


>r-n*r 


y 



; ik|r-r' | e ikr 


r-r’ 


y fc = kn , 


(9. 2. 9) 


so that the asymptotic form of (9.2.8) becomes 
ik •r ikr 

f(.r) —» e ° + ^— f(£) , (9.2.10) 

r 17 —>oo 17 
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with 


f(k)=Jd 3 x' e‘ lk ’ r U(?)f(?) . (9.2.11) 

This verifies that we have the correct type of asymptotic 
behavior and also gives us an explicit formula (9.2.11) for 
the scattering amplitude, which can be evaluated once we 
have solved the integral equation (9.2.8) for *^(r). We note 
that in this integral equation formulation the boundary 
condition (outgoing spherical scattered wave) is built into 
the equation (9.2.8) and does not need to be separately 
stated as in the differential equation formulation. 

As formulated above, Eq. (9.2.8), we have a three 
dimensional integral equation in coordinate space. For many 
applications it is desirable to transform to momentum space, 
but we shall forego that step in this brief treatment. We 
shall, however, reduce the three dimensional integral equa¬ 
tion to an infinite set of one dimensional integral 
equations by using the identities (6.4.9) and (6.4.19) 
derived earlier: 

ik* *r ikrcos 0 V N 

e o = e = Ij (2£4-1)i j (kr)P (cos 0) , 

o=0 1 x 

1 (9. 2.12) 

“ \ 

= 4TTik Yj Z J „(kr Jh^kr ) x 

j 0=O m=-j i X 1 > 

Y^cp^V,?*) . (9.2.13) 

We shall assume that U(r) = U(r) is spherically symmetric; 

*i^(r) will then be independent of cp and can be expanded in 
the form 


ik r-r 1 
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00 


= z 

lr 0 


= Z 

0=0 


(2jfrH)iV A (r)P/cos 6) 

<2*H>i\<r)/2E *°<e) . 


(9. 2.14) 


In all these expansions the z axis has been taken along the 
direction of the incoming wave vector k Q . Using (9.2.13) 
and (9.2.14) and the orthogonality properties of spherical 
harmonics we can calculate the integral on the right side 
of (9.2.8): 



iklr-r' I 

6 jg.g. ' U(r'H(?') 



= Z (2jfc+l)i^ .(cos 0) 4iri k f r' 2 dr' x 

i * 0 

j^kr^h^CkyuCr')^') . (9.2.15) 


Substituting the expansions (9.2.12), (9.2.14) and (9.2.15) 
in the integral equation (9.2.8) and using the ortho¬ 
gonality of the P (cos 0), we then find in place of (9.2.8) 
the infinite set of one dimensional integral equations 
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^(r) = j^kr) + 4 tt i k J r' 2 dr' j ^(kr^h^ (kr^ X 

U(r')^(r') . (9.2.16) 

Using in addition the spherical harmonics addition 
theorem (3.7,16) we find for the scattering amplitude 
(9. 2. 11) 

f(k,e) -JV^x' Yi 4?r(-i) ^kr')Y^(e,cp)Y^(9S<p') x 

J&n 

U(r') E (*')/27^1 ^ <6') 

= 2(2j&H)f 1 (k)P ji (cos 9) , (9.2.17) 

a 

with 

QO 

f ^(k) = 4 tt J r' 2 dr' j £ (kr' )U(r' )^(r') . (9. 2.18) 

The formulation (very imcomplete) of the scattering 
problem presented here perhaps makes it clear that it is 
worthwhile for a physicist to learn something about how to 
solve integral equations. Although the scattering problem 
with simple central potentials can be handled most easily 
with a differential equation approach, many problems in 
many body and particle physics lead naturally to integral 
equations in momentum space which cannot be transformed into 
simple differential equations in coordinate space. 
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9.3 TYPES OF INTEGRAL EQUATIONS 

1) First Kind. An integral equation of the type 
b 

J dy K(x,y)f(y) = cp(x) (9.3.1) 

a 

with the kernel K(x,y) and the function cp(x) given is called 
an integral equation of the first kind. The problem is to 
solve for the unknown function f(y). 

2) Second Kind. An integral equation such as 

b 

f (x) = g(x) + X J* dy K(x,y)f (y) (9.3.2) 

a 

with g(x),X and K(x,y) given and f(x) the unknown function 
is said to be of the second kind. The integral equations 
of scattering theory, e.g. (9.2.16), are of this type. 

3) Volterra . In a Volterra equation one of the 
limits on the integral is the independent variable. For 
example the equation 

x 

f(x)=g(x)+JdyK(x,y)f(y) (9.3.3) 

a 

is a Volterra equation of the second kind. 


4) Eigenvalue Problem. An integral equation of the 

type 

b 

f n (x) "\J <*yK(x,y)f n (y) 
a 


(9.3.4) 
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is an eigenvalue problem. It has nontrivial (i.e. not 
identically zero) solutions f n (x), the eigenfunctions, 
only for certain values of X , the eigenvalues. Note that 
the eigenvalue problem (9.3.4) is obtained from the integral 
equation of the second kind (9.3.2) by dropping the in¬ 
homogeneous term g(x). 


9.4 INTEGRAL EQUATIONS WITH SEPARABLE KERNELS 

If the kernel K(x,y) of the integral equation is 
separable, i. e. of the special form 

K(x,y) = u(x)v(y) , (9.4.1) 

cases 2) and 4) of sec. 9.3 can be easily solved in closed 
form. Thus if we substitute (9.4.1) in (9.3.2), we find 

b 

f (x) = g(x) + X J* dyK(x,y)£(y) 
a 
„b 

= g(x)+J dy u(x)v(y)f (y) 
a 

= g(x) + XAu(x) , (9.4.2) 

where the constant A is given by the expression 
b 

A = J dy v(y) f (y) . (9.4.3) 

a 

The functional form of f(x) is given by the last line of 
(9.4.2). Substituting (9.4.2) in (9.4.3) we obtain a linear 
equation for A: 
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b 

A = J dy v (y) [g (y) + XA u (y) ] , (9.4.4) 

a 

b b 

A[1 - X J* dyu(y)v(y)] = J* dy v(y)g(y) , (9.4.5) 

a a 

b 

J dy v(y)g(y) 

A = ——r- . (9.4.6) 

b 

1-Xj dyu(y)v(y) 
a 

The solution of the integral equation is given by (9.4. 2) 
with A given by (9.4.6). 

The eigenvalue equation (9,3,4) can also be solved 
with the kernel (9.4,1). We find 

b 

f(x) = xj* dy K(x,y)f (y) 
a 

b 

= X u(x) j* dy v(y)f (y) , (9.4.7) 

a 


or 


f(x) = const. u(x) . (9,4.8) 

This gives the functional form of f(x); the constant is 
undetermined by the homogeneous linear equation. Substi¬ 
tuting (9.4.8) in (9.4.7) we find a formula for X: 

1 b 

f = J dy v(y)u(y) . (9.4.9) 

Note that with the kernel (9.4.1) there is only one solution 
of the eigenvalue problem, i.e. one eigenfunction given by 
(9.4.8) and one corresponding eigenvalue given by (9.4.9). 
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Note also that if X is equal to the eigenvalue, as 

given by (9.4.9), A as given by (9.4.6) is infinite and the 

inhomogeneous equation (9.4.2) has no solution, except for 

the special case when g(y) and v(y) are such that 
b 

J* dyv(y)g(y) =0, in which case the solution is 
a 

f(x) = g(x)+cu(x), with c an arbitrary constant. 

Integral equations involving a separable kernel 
which is a sum of separable pieces, 

N 

K(x,y) = Yj u. (x)v. (y) , (9.4.10) 

i=l 

can also be solved explicitly. Substituting (9.4.10) in 
the integral equation (9.3.2) of the second kind we find 

b 

f (x) = g (x) + X J dy K(x,y) f (y) 
a 

N b 

= g(x) + \ 2 u i< x ) J dy v i (y)f(y) 

i=l a 

N 

= g(x) + )i E A.u.(x) , (9.4.11) 

i=l 

where the constants A^ are given by 
b 

Ai = J dy v i (y) f (y) . (9.4.12) 

a 

The functional form of f(x) is given by the last line of 

(9.4.11) . Substituting this expression on the right of 

(9.4.12) , we find a set of linear equations to determine 
the A.: 

l 
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b N b 

A. = f dy v. (y)g(y) [J d yv. (y)u.(y)]A . (9.4.13) 

1 a 1 j=l a 1 3 3 

Introducing an n xn matrix M whose elements are 
b 

M. . = f dy v. (y)u, (y) (9.4.14) 

13 a 1 3 

and a column vector G whose elements are 
b 

G i = J dy v i (y)g(y) , (9.4.15) 

a 

we can write (9.4.13) as 

ZtSij-XM.jlA. = ^ (9.4.16) 

or, in matrix notation, 

(1 - XM)A = G . (9.4. 17) 

For the inhomogeneous integral equation [g(x)^0], the 
of (9.4.11) are determined by inverting the matrix (1 - XM): 

A = (1 - XM) _1 G. (9.4.18) 

For the eigenvalue problem (9.4.11) still applies 
with g(x) =0. Setting G = 0 in (9.4.17) we find an n xn 
matrix eigenvalue problem, 

(1 - \M)A = 0 , (9.4. 19) 


or 
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MA = ^ A , (9.4. 20) 

to determine the eigenvalues X and the relative values of 

/ \ IX 

the A;' in the various eigenfunctions: 

N 

f n = const. A^u^x) • (9.4.21) 

i=l 

As is well known from matrix theory, (9.4.19) has a non¬ 
trivial solution (not all A^ equal zero) if and only if 

det (1 - AM) = 0 . (9.4.22) 

This equation determines at least one and at most N eigen¬ 
values. Substituting these eigenvalues A back in (9.4.19), 

/ \ ft 

one can solve for the ratios of the A^ , i=l,2,... . 

We note that just as for the simplest case (9.4.2) 
the inhomogeneous equation (9.4.11) will in general have no 
solution for X equal to an eigenvalue of the corresponding 
homogeneous equation. When det(l - AM) = 0 the matrix (1 - AM) 
has no inverse and the expression (9.4.18) for A has 
infinite components unless G has special properties. We 
return to a discussion of this point in sec. 9. 10. 

Separable kernels are important just because it is 
so easy to obtain an explicit solution. Often a nonseparable 
kernel can be adequately approximated by a separable kernel. 
Of course, if we choose for the u^(x) an appropriate 
complete set of functions, we can expand K(x,y) in an 
infinite series 
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In this case the matrix equations (9.4.17), (9.4.18), and 
(9.4.22) involve °° x 00 matrices. In practice this may only 
be useful if we can approximate these by finite N xN 
matrices. 


9.5 CONVOLUTION INTEGRAL EQUATIONS 

An integral equation of the type 
00 

f(x)=g(x) + J* dy K(x-y)f(y) , (9.5.1) 

-00 

with a kernel which is a function only of the difference 
of its two variables and with infinite limits, can be 


solved by Fourier transformation: 


£(x) = J dk f(k)e lkx , 

-00 

(9.5. 2) 

00 


f 00 J dx f(x)e- ikx , 

-00 

(9.5.3) 

g(x) = J* dk g(k)e ikx , 

-00 

(9.5.4) 

K(x-y) = [ dk K(k)e ik(x ' y) . 

(9.5.5) 


-00 


Fourier transforming Eq. (9.5.1) and using the expression 
6(k-k 1 ) = ^ f dx e- i(k - k ’ )x 


(9.5.6) 
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for the delta function, we find 


00 00 


f (k) = "g(k) + ^ J* dxe“ lkx J‘ dy J* dk' 


-00 -00 


K(k')e ik ' dk" f(k")e ik, 'y 

-00 

= g"(k) + 2tt J dk' J* dk"^/ dxe‘ i(k " k ' )x 


-00 -00 —00 


if dya- 1(k '- le '> y K(k')r(k") 


00 00 


= g(k) + 27rj‘ dk' J dk" 6(k-k')6(k'-k")K(k')f(k") 


-CO -00 


= g(k) + 27 T K(k)f (k) . 


(9.5.7) 


The Fourier transformation has reduced the convolution 
integral in (9.5.1) to a product, and we can solve (9.5.7) 
algebraically. 

?7k) = -SCg — . (9.5.8) 

l-2rrK(k) 

The solution of the original integral equation is then 
obtained by substituting (9.5.8) in (9.5.2). 


9.6 ITERATION -- LIOUVILLE NEUMANN SERIES 

Integral equations with separable kernels and in¬ 
tegral equations of the convolution form have simple 
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solutions which can be found in closed form. Other types 
of integral equations cannot be solved so easily. We 
consider in this and the succeeding two sections some 
general methods. 

We start with the iteration solution of the equation 
b 

f(x) = g(x)+Xj* dy K(x,y)f (y). (9.6.1) 

a 

If f(y) is approximated by g(y) in the integral, we obtain 

f^ (x)^g(x) + \J dyK(x,y)g(y) . (9.6.2) 

a 

A better approximation is obtained by using the approxima¬ 
tion f^(y) for f(y) in the integral in (9.6.1). This 
leads to 

b b b 

f ^ ; (x) 2 -g(x)+xj dy K(x, y)g (y) + X J dy J dz x 
a a a 

K(x,y)K(y,z)g(z) . (9.6.3) 

Continuing in this way we generate an infinite series: 

b 

f 00 = g(x) + \ J 1 dy K(x,y)g (y) 
a 

9 h b 

+ X I dy J dy l K(x,y 1 ) K (y 1 ,y)g(y) 
a a 

3 rfi rP n h 

+ \ J dyJ dy x J dy 2 K(x,y 2 )K(y 2 ,y 1 )K(y 1 ,y)g(y) 
a a a 
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One can easily check by substituting this series on both 
sides of (9.6.1) and comparing the terms that this infinite 
series is formally an exact solution of the integral 
equation (9.6.1). 

The formal manipulations above say nothing about the 
convergence of the series (9.6.4). In fact the series 
will converge only for sufficiently small values of \. 

We return to a discussion of this point in sec. 9.9. 

Perturbation theory can often be formulated in terms 
of the iteration solution of an integral equation. For 
example for the scattering problem discussed in sec. 9.2 
the integral equation to be solved was (9.2.8), 

ik* • r « ik \r-r' | 

f (?) = e ° + Jd x 1 6 - U(r’ ) , (9. 6. 5) 

|r-r'I 

and the scattering amplitude was given in terms of the 
solution ij/( r) of this integral equation by (9.2.11), 

o • r* —* 

f (ic) = Jd x e 1 " r U(r)^(r) . (9.6.6) 


The iteration solution of (9.6.5) is 

i£ -r , iklr-r'I i£ -r' 

•^■(r) = e ° + Jd x' ——— — - U(r 1 )e ° 

Ir-r' I 


3 -' ^d 3 ^' - 


X d x * J* ( 


ik r-r' 




•U(r') 


ik r' -r" 


\r' | 


U(r") e 


iic •?' 

O 


+ . . . 


(9. 6.7) 
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9.7 NUMERICAL SOLUTION 

It is fairly easy to solve integral equations 
numerically on a computer. We first need to recall how to 
calculate an integral numerically. With a suitable set of 
points and weights W^ 
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an integral can be approximated by 
b n , 

J dx f(x)^ W i f(x i ) . (9.7.1) 

a i=l 

There are various possibilities for the x^ and W^: 

1) Equally spaced points and equal weights 

W i = (a-b)/n. In the limit n(9.7.1) then reduces to the 
Riemann definition of the integral. With a finite number 
of points it is possible to achieve higher accuracy with 
other sets of points and weights. 

2) Simpson’s rule. The points x^ are equally spaced. 
The weights W^ are chosen in such a way that the procedure 
is equivalent to fitting parabolas to the function f(x) at 
successive sets of three neighboring points and then doing 
the integrals of the parabolas exactly. 

3) Gaussian quadrature. The points are no longer 
equally spaced. The points and weights are chosen in an 
optimum way so that n point Gaussian quadrature is exact 
for any polynomial of degree 2n-l or less. 

Details of these and other choices of points and 
weights (for integrals with infinite limits, etc.) can be 
found in texts on numerical methods. All we need here is 
the basic formula (9.7.1) which has the same form for any 
choice of points and weights. 

To solve an integral equation of the form 

b 

f (x) = g(x) + x J* dy K(x,y)f (y) (9.7.2) 

a 

* 

F. B. Hildebrand, Introduction to Numerical Analysis (McGraw- 
Hill, New York, 1956) Chap. 8, p. 312; 

M. Abramowitz and I. A. Stegun, Handbook of Mathematical 
Functions . National Bureau of Standards Applied Mathematics 
Series. 55. (U. S. Government Printing Office, Washington, 

D. C. , 1965) p. 887. 
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we thus introduce an appropriate set of points x^ and 
weights and approximate the integral according to (9.7.1); 

b n 

f dy K(x,y)f (y) K(x,x.)W f (x ) . (9.7.3) 

a j=l J J 3 

With this approximation for the integral the equation 

(9.7.2) is evaluated at the points x^: 

n 

f(x.) =g(x.)+X Z K(x.,x,)W f(x.) . (9.7.4) 

1 1 j=i 1 J J 3 

This is a set of n linear algebraic equations for 
the n quantities f(xp. We can introduce a matrix notation. 
Let M be an nxn matrix with elements 

M ij = i (9.7.5) 

and let F and G be column vectors with elements 


= f( XjL ) , 

(9.7.6) 

G i = g(x.) . 

(9.7.7) 

The equation (9.7.4) can then be written as 


F = G + XMF 

(9.7.8) 

or 


(1 - XM)F = G . 

(9.7.9) 


The solution of this equation is given by 
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F = (1 - XM) ~ 1 G , (9. 7. 10) 

where (1 - XM) ^ is the inverse of the matrix (1 - XM). 

It is straightforward to invert matrices on a 
computer. The accuracy of the results can be checked by 
changing the number of integration points. 

The eigenvalue problem can be handled in a similar 
way. The integral equation 

b 

f(x)-Xj dyK(x,y)f(y) (9.7.11) 

a 

is approximated by the set of n linear algebraic equations 

f (k.) = X Yj K(x.,x.)w f(x.) , (9.7.12) 

j J J J 

or in the matrix notation introduced above 

(1 - XM) F = 0 . (9.7. 13) 

The eigenvalues are the values of X for which this has a 
nonzero solution F. According to matrix theory these are 
the values of X for which 

det (1 - XM) = 0 . (9.7.14) 

It is straightforward to evaluate the determinant det(l-XM) 
on a computer for any given value of X. One then uses 
Newton 1 s method to search for values of X for which 
det(l-XM) = 0. 

We note that for X an eigenvalue the matrix (1-XM) 
has no inverse so that the inhomogeneous equation has no 
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solution (9.7.10) unless G has special properties. 

We defer to sec. 9. 9 a discussion of the con¬ 
ditions under which it is legitimate to approximate an in¬ 
tegral equation by a finite dimensional matrix equation. 

As mentioned above we can check the stability of the pro¬ 
cedure by changing the number of integration points. 

It is noteworthy that the matrix algebra in this 
section is identical to that encountered in the study of 
separable kernels in sec. 9.4 -- see Eq. (9.4.16) ff. In 
fact, another method for obtaining numerical solutions of 
integral equations is to approximate the kernel by a 
separable kernel such as (9.4.10). A systematic way to 
do this is to introduce an appropriate complete orthonormal 
set cp.(x), 

b 

J dx cp i (x)cp.(x) = 6.. , (9.7.15) 

’a J J 

and expand f (x), g(x), and K(x,y) in the cp^(x): 

00 

f(x) = XI f,cp. (x) , (9.7.16) 

i=l 1 1 


g(x) = Z j (9.7.17) 

00 

K(x,y) = Yj K cp.(x)cp. (y) . (9.7.18) 

i,j=l J J 

Substituting these expansions in the integral equation 
(9.7.2) and using the orthonormality property (9.7.15), we 
find that (9.7.2) is equivalent to the set of algebraic 
equations 
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f i = 


8 4 + 


x J ? l K u £ J 


(9.7.19) 


This is an equation of the same form as (9.7.8) except that 
the indices run from 1 to However, if the complete set 
cp^(x) is chosen appropriately , one can obtain a good 
approximation keeping only a finite number of terms in 
(9.7.16)-(9.7.18). In this case (9.7.19) becomes a finite 
matrix equation which can be solved on a computer in the 
same way as indicated above for (9.7.8). Again the 
accuracy of results can be checked by increasing the number 
of terms kept in the series (9. 7. 16) - (9. 7. 18), i. e. in¬ 
creasing the size of the matrix K^j. 


9.8 FREDHOLM 1 S FORMULAS 


These formulas provide an explicit, though computa¬ 
tionally awkward, solution for an integral equation of the 
type 

b 

f(x) = g(x) + X J dyK(x,y)f(y) . (9.8.1) 
a 

The method is a theoretical version of the numerical method 
discussed in the previous section. The interval a<x<b is 
divided into n subintervals of equal length 6, 


a. i 

n-1 


a 


+ 


b 
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and the integral equation (9.8.1) is approximated by a set 
of algebraic equations: 

n 

f(x.) =g(x.)+X6 Z K(x.,x.)f(x.) (9.8.2) 

1 1 j=l J J 


or 


u 

Z [6 ij -X5K(x i ,x.)]f(x j ) =g(x i ) 


j=l 


(9.8.3) 


We now solve this set of algebraic equations by Cramer's 
rule and then in the result pass to the limit 6 n so 
as to obtain a solution of the integral equation (9.8.1). 

According to Cramer's rule the solution of (9.8.3) 
is given by n 


Z i Co f[6qp-X8K(x q ,Xp)]g(x q ) 

£( V = q det|6 i .-X6K(x.,x.)1 


(9.8.4) 


In the denominator of this expression we have the determi¬ 
nant of the matrix which appears on the left of (9.8.3). 

In the numerator we have the determinant of this matrix 
with the p th column replaced by g(x^), q = l,...n. Cof is 
the cofactor of the indicated matrix element. To proceed 
we expand (9.8.4) and pass to the limit 6 -*0. It is 
fairly straightforward to expand the denominator in powers 
of X: 


358 


MATHEMATICAL METHODS FOR PHYSICS 


det|6 lj -\8K(x 1 ,x j ) | 

(1-X6K(x 1 ,x 1 )} -.\6K(x 1 ,x 2 ) -X6K(x 1 ,x 3 )- 

-X6K(x 2 ,x 1 ) (1-\6K(x 2 ,x 2 )} . 

-X5K(x n ,x 1 )' - 


2 

= i-xaZsCx^x^+Irfi 2 £ 

i=l ’ i,j=l 


K(x i ,x i ) K(x i ,Xj) 

K(Xj, Xi ) K(x^Xj) 


^ 3 Z 


3! 


j, k =l 


K(x i ,x i ) K(x 1 ,Xj) KCxj^) 
KCx^x^ K(Xj,Xj) K(x. j ,x k ) 
K(x k ,x.) K(x k ,x j ) K^x^ 


(9.8.5) 


In the limit 6 -»0 this becomes 


det|6 i .-\6K(x ,x )|—* Da)=l-Xf dx K(x ,x ) 
J J 6-*0 a 1 1 


+ 


2 b b 

21 S dx J dx 2 

a a 


K(x 1 ,x 1 ) K(x 1 ,x 2 ) 

K(x 2 ,x 1 ) K(x 2 ,x 2 ) 
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. 3 b 


3ll dx ll dx 2l dx 3 


K(x^,x^) K(x^,x 2 > K(x^,x 2 > 
K(x 2 ,x x ) K(x 2 ,x 2 ) K(x 2 ,x 3 )I + 

K(x 3 ,x x ) K(x 3 ,x 2 ) K(x 3 ,x 3 ) 


(9.8.6) 


As for the numerator of (9.8.4), we find 


Z Cof[6 -X8K(x ,x p )]g(x q ) 

q=l 


= Cof[l-X6K(x p ,x p )]g(x p ) 


+ Z Cof[-X6K(x ,x )3g(x ) . (9.8.7) 

9fP 

In the limit 8-»0, n-»» it does not matter if we leave out 
the row and column from the matrix (9.8.5) so that 
we find 


Cof [1-X6K(x ,x )] r—t D(X) . (9.8.8) 

To calculate Cof[-\8K(x ,x ) ], which appears in the second 

^ ^ th 

term of (9.8.7), first move the p row up until it is the 
first row of the determinant, then move the q t ^ 1 column 
over until it is the first column of the determinant. 
Counting the minus signs which arise every time two 
adjacent rows or columns are interchanged, we find 
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Cof[-X6K(x ,x p )] 

- X6K (x p , x q ) - X6K (x p , x 1 )-X6K (x p , x q _ j) - X6K (x p , x q+1 ).. 

-XSKtxpX^) 

-X6K(x p _ 1 ,x q 
-X6K(x p+p x q ) 

(9.8. 9) 

Expanding this determinant in powers of X, we find 

k( vV K( vV 

K (*i>x q ) K(x i ,x i ) 

K(x , x ) K(x «x. ) K(x . x.) 

P* q p' i p' j 

3 

+ fr 6 3 Z K(x t ,x ) K(x i ,x i ) K(x ± ,x ) 

i,j J 

K(x^,x q ) K(x j ,x ± ) KCx^Xj) 

+- • (9.8. 10) 

In the limit 6 -*0 this becomes 

X6 Co f C-X6K(x q ,x p )]^D(x p ,x q ;X) , 


Cof[-X6K(x ,x )] = X6K(x ,x )-X 2 6 2 Z 

Hr* PH .? 
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where D(x,y;X) is given by 


b 

D(x,y;X) = K(x,y)-xJ dxj^ 
a 


K(x,y) K(x,xp 
K(x^,y) Kfr^Xj) 


2 b b 

+ 2T I dx l I dx 2 

a a 


K(x,y) KCxjX^ K(x,x 2 ) 

K(x 1 ,y) KfctpXj) K(x 1 ,x 2 ) 
K(x 2 ,y) K(x 2 ,x 1 > K(x 2 ,x 2 ) 

(9.8. 11) 


Substituting (9.8.11) in (9.8.7) and the result in 
(9.8.4), we find for the solution of the inhomogeneous 
integral equation (9.8.1) the result 

b 

f(x)=g(x)+ J dy D(x,y;\)g(y) , (9.8.12) 

cl 

where D(X) and D(x,y;X) are given by the infinite series 
(9.8.6) and (9.8.11). 

If we set g(x)=0 in Eq. (9.8.1), we obtain the 
homogeneous integral equation, i.e. the eigenvalue problem. 
The condition that (9.8.3) has a nontrivial solution when 
g(x i )=0 is that 

det|6 ij -X6K(x 1 ,x j )| = 0 . (9.8.13) 

In the limit &-*0 this becomes, according to (9.8.6), 


D(\) = 0 . 


(9. 8.14) 


362 


MATHEMATICAL METHODS FOR PHYSICS 


The eigenvalues X R are the solutions of this equation. 

In order to find a formula for the eigenfunctions 
we first go back to the inhomogeneous case [g(x)^0] and 
derive an identity for arbitrary values of X by substi- 
stuting the solution (9.8.12) in the integral equation 
(9.8.1). We find 

, b b 

J dy D(x,y; X)g(y) = X J dyK(x,y)g(y) 
a a 

2 b b 

+ DOO J dz K(x,z) J dy D(z,y;X)g(y) . (9.8.15) 

a a 

Since g(y) is an arbitrary function this implies 

b 

D(x,y; X) = D(X)K(x,y) + X J dz K(x,z)D(z,y; X) . 

a (9.8.16) 

This is a general identity. Specializing by setting X 
equal to an eigenvalue X n > for which D(X n ) =0, we find 

b 

D(x,y;}^)=X n J dz K(x,z)D(z,y; X n ) . (9.8.17) 

a 

Thus D(x,y;X n ) is an eigenfunction belonging to the eigen¬ 
value X^. This is true for any value of the parameter y. 

For a nondegenerate eigenvalue (only one eigenfunction) 
this implies that with X= X R , D(x,y;X) has the form 


D(x,y;X n ) = F n (x)G n (y) . 


(9.8. 18) 
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The factor G (y) is just a multiplicative constant; the 

^ k 

eigenfunction is F n (x). 

From our results (9.8.12), (9.8.14), (9.8.17) we 

can read off the so-called Fredholm alternative. If X is 

not an eigenvalue so that D(X)^0, (9.8.12) provides a 

unique solution for the inhomogeneous equation (9.8.1) and 

the homogeneous equation with g = 0 has no solution. On 

the other hand, for X equal to an eigenvalue, i.e. a root 

of D(X) =0, the eigenfunction D(x,y;X n ) provides a solution 

of the homogeneous equation, but the inhomogeneous equation 

has no solution in general since D(X n )=0 in (9.8.12). 

The inhomogeneous equation will have a solution for X=X n 

only if f dy D(x,y; X )g(y) = 0, i. e. only if g(x) is ortho- 
o a n 

gonal to the eigenfunction D(y,x;X n ) for the transposed 
kernel K(x,y) = K(y,x). 

9. 9 CONDITIONS FOR VALIDITY OF FREDHOLM 1 S FORMULAS 

The results obtained in the preceding three sections 
have been obtained by purely formal manipulations. No 
attention has been paid to questions such as the conver¬ 
gence of series or conditions for the validity of the 
limiting processes or approximation procedures used. The 
reader who wants a thorough treatment of these mathematical 


The statements in these two paragraphs are valid for non¬ 
degenerate eigenvalues. For degenerate eigenvalues similar 
but more complex statements can be made. 
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questions will have to consult the mathematical literature 
on the subject. Here we can only indicate a few of the 
main points which are sometimes essential, even for the 
person interested strictly in applications. 

The first three references listed in the footnote 
develop rigorously the theory of integral equations of the 
type 

b 

f (x) = g(x) + X J dy K(x,y)f(y) , (9.9.1) 

a 

when a and b are finite and K(x,y) is a continuous or 
piecewise continuous function. In fact, the theory can be 
developed with less restrictive assumptions, and this is 
done in references 4 through 8. The limits on the integral 
can be infinite and the kernel is allowed to have certain 
types of weak singularities. The essential condition for 
the validity of the theory is that the kernel K(x,y) be 
square integrable. 


1. E. T. Whittaker and G. N. Watson, op. cit. , Chap. XI. 

2. R. Courant and D. Hilbert, op. cit. , Vol. I, Chap. III. 

3. W.V. Lovitt, Linear Integral Equations (McGraw-Hill, 
New York, 1924). 

4. F. G. Tricomi, Integral Equations (Interscience, New 
York, 1957). 

5. S.G. Mikhlin, Integral Equations (Pergamon, Oxford, 
1957). 

6. F. Smithies, Integral Equations (Cambridge University 
Press, Cambridge, 1958). 

7. F. Riesz and B. Sz,-Nagy, Functional Analysis (Ungar, 
New York, 1955). 

8. I. Stakgold, Boundary Value Problems of Mathematical 
Physics (Macmillan, New York, 1967), Vol. I, Chap. III. 

9. L. V. Kantorovich and V. I. Krylov, Approximate Methods 
of Higher Analysis (John Wiley and Sons, New York, 
1964), Chap. II. 
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J dxj* dy [K(x,y)] =||k|| 2 <« , (9.9.2) 

a a 

and we must also assume g(x) to be square integrable, 

J <*x [g(x)] 2 = ||g|| 2 <“ • (9.9.3) 

a 

If the condition (9.9.2) is satisfied, the Fredholm 
series (9.8.6) for D(X) and (9.8.11) for D(x,y;X) converge 
for all values of X so that D(X) and D(x,y;X) are analytic 
functions throughout the entire complex X plane. The so- 
called resolvent 


H(x, y; X) 


D (x . Zi iv) 
D(X) ’ 


(9.9.4) 


which appears in the solution (9.8.12) of the integral 
equation, 

b 

f (x) =g(x) +X J dy H(x,y; X)g(y) , (9.9.5) 

a 

is thus the ratio of these two analytic functions. Moreover 
the expression (9.9,5) really is the unique square integrable 
solution of the integral equation (9.9.1) for X not a zero 
of D(\), when conditions (9.9.2) and (9.9.3) are satisfied. 

At the eigenvalues X= where D(\) has zeros, the 
resolvent H(x,y;\) (9.9.4) has poles. For |x|<|\ |, 
where X Q is the eigenvalue with the smallest absolute 
value |X Q (, H(x,y;X) is an analytic function which can be 
expanded in a convergent power series in X. This power 
series in X yields the iteration solution discussed in 
sec. 9.6. Thus we see that the iteration solution power 
series converges for |x|<|X 0 | and diverges for |x|>|X Q |- 
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Finally, when the condition (9.9. 2) is satisfied, 
the approximation schemes discussed in sec. 9. 7, in 
connection with numerical solution of the integral equation, 
are justified and we can expect higher order approximations 
(with larger matrices) to converge to the correct result. 

On the other hand, if (9.9.2) is not satisfied, 
there is no guarantee that anything will work. The theo¬ 
retical formulas may break down and the numerical proce¬ 
dures of sec. 9.7 may diverge as the number of integration 
points is increased. Thus before writing a computer 
program to solve an integral equation one has to check the 
condition (9.9.2). 

The power of the square integrability condition 
(9.9.2) derives from the fact that it insures that the 
kernel K(x,y) can be approximated arbitrarily closely in 
the mean by a separable kernel. To see this let us expand 
K(x,y) in some arbitrary complete orthonormal set cp^(x) 
on the interval a<x<b: 

b 

J* dx (p i (x)cp. (x) = 6 i . , (9.9.6) 

a J J 

Z cp i (x)cp i (x') - 6(x-x') . (9.9.7) 

i 

We find 

00 

K(x,y) = Z a. (y)ep. (x) , (9.9.8) 

i=l 

where the a^(y) are given by 
b 

a±(y) = J dx cp i (x)K(x,y) . 
a 


(9.9.9) 
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Using the completeness relation (9.9.7) we then find 
03 b b b b 

Zldy [a (y)] 2 = J dxj* dyj dz [I]cp 1 (x)cp i (z)3 X 
1=1 a a a a i 

K(x,y)K(z,y) 


= J dxj dy [K(x,y)] 2 . (9.9.10) 

a a 


If the condition (9.9.2) is satisfied, the series of 
positive constants on the left of (9.9.10) converges: 

Z J* dy [a i (y)] 2 = | |k| | 2 «» . (9.9.11) 

i a 


On the other hand, if we consider approximating K(x,y) by 
the first N terms on the right of (9.9.8), we find 

N 


J dxj dy [K(x,y)- Z \ (y) 00 ] 

a a i=l 

b b • 

= J dxj* dy [ Z a (y)cp (x)]“ 
- - i-N+1 


= Z f dy [a.(y)l 2 . (9.9.12) 

i=N+l a 1 


Given the convergence of the series (9.9.11), it follows 
that the right hand side of (9.9.12) can be made arbitrarily 
small by taking N sufficiently large, so that K(x,y) can be 
approximated arbitrarily closely in the mean by the 
separable kernel 
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In sec. 9.4 we showed how to reduce the solution of an 
integral equation with a kernel such as this to a finite 
dimensional matrix problem. 

Thus if the kernel is square integrable in the sense 
of (9.9.2), the integral equation is essentially reduced to 
a finite dimensional matrix problem for which there are no 
convergence problems. 


9. 10 HILBERT SCHMIDT THEORY 


In Hilbert Schmidt theory we concentrate on the 
eigenvalue problem 

b 

f n (x) = \ n J dy K(x, y) f n (y) (9. 10. 1) 

a 


and assume at the outset that K(x,y) is a real symmetric 
kernel. 


K(x,y) = K(y,x) . (9.10.2) 

Consider first the numerical approximation to 
(9.10.1) by a finite dimensional matrix equation, as 
discussed in the first part of sec. 9.7. With integration 
points and weights x^ and and the notation f^ = f(x^), 

. = K(x^, x.), (9.10.1) becomes 
N 

f, = X Tj K. .W.f . . (9. 10.3) 

1 1J J J 

The matrix *- s symmetric. To write (9.10.3) in a 

symmetric form multiply by and introduce 
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K ij = M ji » (9.10.4) 

F t = ^ f i . (9.10.5) 

In terms of these quantities (9.10.3) assumes the form 
N 

J ? 1 Vri F i • <9 - 10 - 6) 

We know from matrix theory that the eigenfunctions of 
a real symmetric matrix form a complete orthonormal set 
in the N dimensional vector space. Suppose the eigenvalues 
are 


X n , n = 1 9 ... N 


(9. 10.7) 


and the corresponding normalized eigenvectors are 

F n , Yi F ? F? = 8 
l' i l nm 


(9.10.8) 


An arbitrary vector cp^ in the N dimensional space can be 


expanded in terms of the set : 


9 - 


i. = Z c > 

l n l 9 


c = Z F V • 
n i lTl 


(9. 10. 9) 

(9.10.10) 


Applying the matrix to the arbitrary vector (9.10.9) 
and using the eigenvalue equation, we find 


n j 
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This same result is obtained by applying the operator 


~ F? F? 

« 1 J 


(9. 10. 11) 


to cpj and using (9.7.10). Thus since qL is arbitrary we 
obtain the expansion 


M. . = Yj T~ F° f” 
n X n 1 J 


(9.10.12) 


for the symmetric matrix M in terms of its eigenvectors. 
Using (9.10.4) and (9.10.5) to return to and f^, 

(9.10.12) becomes 


f“f n . 

1J n X n 1 J 


(9.10.13) 


Let us return now to the integral equation (9.10.1). 
We must be a bit careful. For a separable kernel 
K(x,y) =u(x)u(y) we showed in sec. 9.4 that there is only 
one eigenfunction u(x) with a corresponding eigenvalue 
b 2 -1 

X- [J dy u (y)] . Evidently the eigenfunctions do not 

a 

form a complete set in this case. According to the 
mathematical works cited in the footnote on page 364, the 
analogue of the formula (9.10.13) above, the so-called 
bilinear formula. 


K(x,y) = Z r > 


(9.10.14) 


is not in general valid for a symmetric kernel. There is 
only a weaker result known as Mercer 1 s theorem: If the 
etric auadratically inteerable kernel K(x, 
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can be expanded in the orthonormal set of eigenfunctions 
f (x) of K(x,y), i. e. 

00 

TKx) = Z c n f n ( x ) > (9.10.21) 

n=l 

with 

b 

c = J dx f (x)-^(x) . (9. 10. 22) 

a 

Moreover, if 

J dy[K(x,y)] 2 = A 2 (x) <const. (9.10.23) 

a 

is bounded, the series (9.10.21) converges absolutely and 
uniformly. 

We can use these eigenfunction expansions to solve 
the inhomogeneous equation 

b 

f(x) =g(x) +\J dyK(x,y)f(y) (9.10.24) 

a 

in terms of the eigenfunctions f n (x) which satisfy 
b 

f (x) = X r dy K(x,y)f (y) , (9.10.25) 

n no n 

a 

b 

f dy f (y)f (y) = 6 . (9.10.26) 

J n J m J nm 
a 


Proofs of Mercer* s theorem and the Hilbert Schmidt theorem 
are given, for example, in Tricomi, op. cit. , pp. 124, 110. 
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Since f(x)-g(x) is, according to (9.10.24), a function of 
the type (9.10.20), we can use the Hilbert-Schmidt theorem 
to expand it in the form 


f (x)-g(x) = Z c n f n ( x > > 


(9.10. 27) 


where c n is given by 


c= r dx f (x)[f(x)-g(x)] 
n J n 
a 

b b 

= J dx f (x)\J dy K(x,y)f (y) 
a a 

= X J dy <jj dx f n (x)K(x,y)|- f (y) 


(9.10. 28) 


(9.10. 29) 


Using (9.10.25) and the assumed symmetry property (9.10.2), 
this becomes 


c n = ir I dy f n (y)f(y) 


n a 
b 


— J dy f R (y) [f (y)-g(y)+g(y) ] 


n a 


= -f c n + t I dy f n (y) 8 (y) ' 

n " 


_X 

Sx -a 


(9.10. 30) 


or 


(X n -X)c n =X I dyf n (y)g(y) 


(9. 10.31) 


If x/ X^, we find 



374 


MATHEMATICAL METHODS FOR PHYSICS 


c n = yTx I d y f n (y>s(y) > (9.10.32) 

n a 

and the solution of the integral equation (9. 10. 24) is 
V \ P 

f(x) =g(x)+2; f n (x) —^ J dy f n (y)g(y) . (9.10.33) 

n n a 

If X = one of the eigenvalues X m , we see from (9.10.31) 
that there is no solution of the inhomogeneous equation 
unless g(y) is orthogonal to each of the eigenfunctions 
f (y) belonging to that eigenvalue: 

b 

I dy f m (y>8(y> = 0 • (9.10.34) 

a 

If (9.10.34) is satisfied, the c^ are undetermined by 

(9.10.31) for this eigenvalue. Thus for X=X and (9.10.34) 

m 

satisfied, the solution of the inhomogeneous integral 
equation is 

« X b 

f(x)=g(x)+ 2 j f n (x) ” J dy f n (y)g(y) 

X /X n m a 

n m 


+ 


z 

X “X 


c f (V') 
n n' x ' 


> 


(9. 10.35) 


where the c with X = X are arbitrary, 
n n m 

As a final result, comparison of (9.8.12) and 
(9.10.33) yields an eigenfunction expansion for the 
Fredholm resolvent of a symmetric kernel: 




n=l 


f (x) f (y) 
X -X 


(9.10.36) 
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PROBLEMS 


9. 1 Solve the integral equation 
1 9 

f (x) = 1 + X f dy xy f (y) 

0 

in three ways: 

a) using the method for separable kernels, 


b) using the Fredholm series, 

c) by iteration. Expand the result obtained in a) 
or b) in powers of \ and compare with the iteration 
solution. For what values of X does the iteration 
series converge? 


Find the eigenvalues and eigenfunctions for the 
integral equation 
1 


f (x) = X J dy xy f (y) 


in two ways: 


d) using the method for separable kernels, 


e) from the Fredholm series. 

9. 2 Solve the integral equation 

f (x) = 1 + X r dy [xy + x 3 y 2 ] f (y) 
0 

in two ways: 


a) using the method for separable kernels, 

b) using the Fredholm series. 


Find the eigenvalues and eigenfunctions for the 
integral equation 

1 ^ o 

f (x) = X r dy [xy + x y ] £ (y) 
by the methods of a) and b). 
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9. 3 Find the eigenfunctions and eigenvalues for the 
integral equation 

2jt 

f(x)=xT dysin(x + y) f(y) . 

0 

9.4 Find the solutions of the integral equations 

a) f(x) =e"l X UxJ dy e"l x “ y l f(y) , \<l/2 , 

-00 

2 <*> , _ .2 

b) f(x)=e X +\J dye~^ X y ' f(y) , X<1 ,/Jif . 

-00 

9. 5 Find the solution of the integral equation 

00 

f(x)=g(x) + \ f dy cos (xy) f (y) . 

J 0 

9.6 Show that the Volterra equation 

x 

f (x) = g (x) + A f dy u(x)v(y)f (y) , 

0 

where g(x), u(x) and v(x) are given and f (x) is 
unknown, can be converted to a differential equation. 
Apply this method to solve the equation 
x ? 

f (x) = x + X J dy xy f (y) . 

Find the eigenfunctions and eigenvalues, if any, 
for the associated equation 
x ? 

f (x) = X P dy xy f (y) . 

0 

9.7 Find a solution of the integral equation of the first 
kind 

b 

J dy K(x,y)f(y) = 0(x) , 
a 

where 0(x) is a given function and K(x,y) is 
symmetric, by expanding 0(x) and f(y) in the eigen¬ 
functions of K(x,y). 
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9.8 Show that the Sturm Liouville eigenvalue problem on 
the interval a<x<b defined by the differential 
equation 

a r du "1 

Lu n [ p(x) ST- } q(x)u n (x) = -V (x)u n (x) 


and the boundary conditions 


Au (a) 4- B 
n 


du (x) 
n 

dx 


x=a 


= 0 




du n ( x ) 

Cu (b) + D —T- 

n dx 


x=b 


= 0 , 


is equivalent to the integral equation 
b 

u n OO=-X n J dx' G(x,x')p(x , )u n (x') , 
a 

where the Green 1 s function G(x,x ! ) is determined 
by the differential equation 

LG(x,x*) = 6(x-x*) 

and the boundary conditions 

AG(a, x ') + B dG ^ X ' > 1 = 0 , 


CG(b,x' ) + D dG <*» x '> 


= 0 . 


x=b 


Note that the boundary conditions are incorporated 
in the integral equation formulation of the eigen¬ 
value problem and need not be separately stated. 
Mathematical treatments of the Sturm Liouville 
eigenvalue problem often proceed by converting it to 
an integral equation since it is easier to prove the 
necessary theorems for the integral equations. 



378 


MATHEMATICAL METHODS FOR PHYSICS 


9. 9 


a) Convert the eigenvalue problem for the stretched 
string, 


d^u (x) 
n 


dx 


-k 2 u (x) 
n n 




U n (0) = U n (£) = 0 > 


to an integral equation. What are the solutions of 
the integral equation? 


b) Convert the eigenvalue problem for the radial 
functions for the drumhead, 


d 2 u (r) , du (r) 

n , _I n 

J 2 r dr 

dr 


% u (r) = -k 2 u (r) 
/ n n n 

r 




u (0) finite , 


u n (a) = 0 , 


to an integral equation. What are the solutions of 
the integral equation? 


c) Convert the eigenvalue problem for the radial 
functions for the sound oscillations in a 
spherical cavity, 


1 _iL_ r / r \ i 

r , 2 2 

dr r 


u (r) = -k u (r) 
n n n 


u^CO) finite , 


du (r) 
n 

dr 


- 0 , 

r=a 


to an integral equation. What are the solutions of 
the integral equation? Note that for the case 4=0 
you need the generalized Green 1 s function of problem 
8.1b), Chapter 8. 
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The following two problems will require a great deal of 
time and effort as well as the availability of a large 
computer. 

9.10 A relativistic SchrUdinger equation for the bound 
states of two particles of masses m^ and m^ has 
the form in momentum space 

3 

f(p> = r d p , v(p,p’) —-— iKp'> • 

(2tt) W-E^-E^ 

Here we work in the center of mass system so^that^ 
the momenta of the two particles are p and -p or p* 
and -p’ and their kinetic energies are 

Ej-Vp 2 -^ , E 2 =Vp 2 +m 2 , E^=Vp ,2 -hn 2 , E^= Jp' 2 +m 2 . 


The bound state energy eigenvalue of the system is W. 
The potential V(p,p’), due to exchange of a particle 
of mass y,, is 


V(p,p’) 



1 

-*| v 2 2 

(p-p ) +u 




where g is a dimensionless coupling constant. 
Because of the relativistic kinematic factors the 
Schrodinger equation above cannot be converted to a 
differential equation. 

a) Make an angular momentum decomposition of the 
potential, 


V(p,p') = Yj (2jft<"l)V^(p, p' )P^(cos ©) , 

JL 

where © is the angle between p and p 1 , 

cos ©= EZJL- 9 
PP 


Show that 

2 

v,(p,p') = - & r 


e 2 e;e 


1 r 2 _L i 2 J_ 2 -1 

-L_ 0 fp +p 1 

777 2pp' L 2pp' J ' 
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where Q (z) is the second solution of Legendre’s 
equation, discussed in sec. 3.4: 

/ \ 1 i z+1 

Q 0 (z) 2 ln z-1 * 

Q i (z) = 2 ln Ti - 1 * 

Q 2 (z) = | (3z 2 -1) In frj - | z . 


Show that the Schrttdinger equation for a bound state 
of angular momentum £, 

t(?) = ^(P)^(9,0) , 

reduces to the one dimensional integral equation 

V p)= ^21 0 p,2dp ' V p > p,) V p,) • 


Define 

•f/p) = 


/EE 

v e x +e 2 


•^jj(p) 




V^(p,p') 


-1 /p' E i E 2 

2tt V e 1 +e 2 VEj+E^ V p ' p,) > 


and write the Schrodinger equation in the more 
symmetric form 


-if W > • 


m l +m 2 


1 2 


b) Solve the integral equation of part a) numerically 
on a computer by converting it to a matrix equation. 
Consider the special case m- = m = m, y, = fm, f = l/4. 
Change variables to x defined by 
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E = m^l+Y^j , 0 <x < 1 . 


The parameter a can be chosen to facilitate the 
numerical work. Use Gaussian integration points 
for the x variable with of order 10-20 points for 
the interval 0<x<l. It is easiest to generate 
curves of eigenvalue W vs. coupling constant g by 
picking W and solving the integral equation for g 
regarded as eigenvalue. Notice that for the bound 
state problem W < 2m so that the energy denominator 
in the integral equation never vanishes. Generate 
curves of W vs. g for several bound states for each 
angular momentum value £=0,1,2. 


9. 11 


The scattering problem (W>2m) for the system of 
problem 9.10 is described by the integral equation 



K^pSq) • 

Here q, which enters the integral equation as a 
parameter, is the magnitude of the relative momentum 
of the particles before scattering and the total 
energy W is related to q: 

p) ? n 2 

W — tjq +m 1 + Jq +m 2 . 

After the integral equation has been solved for 
K f ^(p,q) as a function of p, the phase shift 6^(q) 
can be obtained from 

tan 6^(q) = K^(q,q) . 

a) The capital 9 in the integral equation above 
indicates that the integral over the singularity 
when Ej+E 2 =W is to be taken as a principal value 
integral. This singularity prohibits directly 
solving the integral equation by the matrix in¬ 
version method. Show that this problem can be 
avoided by introducing a subsidiary function U^(p,q) 
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which satisfies the integral equation 

00 

V P ' q) =V V ( P' q) 'if d ( E i +E 2 )X 

m l +m 2 


y( p?p 1 )-y u(p . q) 

I.T_irl _T?I U 'P >> 


w-e] l -e 2 


and that K'^(p,q) is related to U^(p,q) by 


K/P,q) = 


u j2 (p,q) 


1+ il JW 

12* 


b) Solve the integral equation of part a) numerically 
on a computer by converting it to a matrix equation. 
Consider the same special case as in problem 9.10b) 
and make the same change of variable. Find the 
phase shifts 6 for £=0,1,2 as functions of the energy 
W for several Interesting values of the coupling 
constant g. 


PART III 


COMPLEX VARIABLE TECHNIQUES 



CHAPTER 10 COMPLEX VARIABLES; BASIC THEORY 


10. 1 INTRODUCTION 

In the previous sections of this book we have, 
by and large, used only real variable theory, although we 
have assumed the reader knows the meaning of the symbols 
and relations 


i = } i 2 = -1 


( 10 . 1 . 1 ) 


and 


ix 

e = cos x + isinx . (10.1.2) 

In this and the succeeding chapters we give a brief 
introduction to the theory of analytic functions of a 
complex variable and its applications in physics. An 
analytic function of a complex variable is one which has a 
unique derivative. As we shall see in more detail below, 
this simple requirement picks out of the totality of 

H. W. Wyld, Mathematical Methods for Physics ISBN 0-6053-9856-2; 0-8053-9857-0 pbk. 
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functions of a complex variable a very restricted subset 
of functions which have fantastic, almost incredible, 
properties. 

Fortunately, most of the functions of interest in 
physics belong to this restricted set and so have these 
beautiful properties which can then be exploited in practi¬ 
cal calculations. These applications range from using the 
residue theorem as a trick for doing integrals to the S 
matrix theory of elementary particle interactions, where 
the function theoretic assumptions form a basic ingredient 
of the physical theory. 

As in previous sections of this book we shall 
minimize the rigor in our treatment of the subject. The 
student interested in rigorous proofs should consult the 
mathematics department or one of the texts listed below. 

In quoting exact theorems we shall often use the little 
books by Knopp as a convenient, concise source. The physics 
student should realize that he can use a good mathematics 
book as a gold mine of exactly stated theorems, even if 
he is not interested in the rigorous proofs of the theorems. 
The book by Titchmarsh listed below is, for example, often 
used in this way by physicists. 

We append here a partial bibliography of books on 
complex variable theory. Other works can be found by 
consulting the bibliographies of the books listed. 

L. V. Ahlfors, Complex Analysis (McGraw-Hill, New York, 1953). 

G.F. Carrier, M. Krook and C. E. Pearson, Functions of a 
Complex Variable (McGraw-Hill, New York, 1966). 

R. V. Churchill, Complex Variables and Applications (McGraw- 
Hill, New York, 1960). 

E.T. Copson, An Introduction to the Theory of Functions of a 
Complex Variable (Oxford, London, 1935). 
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J. Cunningham, Complex Variable Methods in Science and 

Technology (Van Nostrand, London, 1965). 

P. Dennery and A. Krzywicki, Mathematics for Physicists 
(Harper and Row, New York, 1967). 

E. Hille, Analytic Function Theory. Vols. I and II 
(Ginn and Co., Boston, 1959). 

K. Knopp, Elements of the Theory of Functions, Theory of 

Functions. Parts I and II, English translation by 
F. Bagemihl (Dover, New York, 1952). 

A. Kyrala, Applied Functions of a Complex Variable (Wiley, 
New York, 1972). 

E.C. Titchmarsh, The Theory of Functions (Oxford, London, 
1939). 

H. Wayland, Complex Variables Applied in Science and 

Engineering (Van Nostrand Reinhold, New York, 1970). 

E.T. Whittaker and G.N. Watson, A Course of Modern Analysis 
(Cambridge, London, 1952). 


10. 2 ANALYTIC FUNCTIONS; THE CAUCHY-RIEMANN EQUATIONS 



The values of z are in one to one correspondence with the 
points in a plane (the z-plane), and it is often convenient 
to visualize our considerations geometrically. It is some¬ 
times useful to decompose f into its real and imaginary 
parts, 
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f (z) = u(x,y) + iv(x,y). 


( 10 . 2 . 2 ) 


whence we see that in general we are dealing with two real 
functions u and v of two real variables x and y. 

We now greatly restrict the class of functions to 
those which are analytic. A function is said to be analytic 
(or regular) in a region R if it is defined and differenti¬ 
able at each point of the region. The function is differ¬ 
entiable at the point z if the limit 


ii» 

c-« c ' z 


(10. 2.3) 


exists and is independent of the manner in which Q-* z t 
This derivative is designated by f 1 (z) or » 

Technically speaking, given an arbitrary e>0, there must 
exist a 6 such that 


, f . (z) 


G- z 


< e 


(10. 2. 4) 


for all C in the region ]C-z) <6. 

As a simple example of the definition we can consider 


f(z) = z^ . 


(10. 2.5) 


Then we find 


i(Q. TfQ) = c 2 -z 2 _ 

C-z Q-z 


Evidently we have 


\Q + z - 2z| = |C - z| < e , 


( 10 . 2 . 6 ) 


(10. 2. 7) 
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provided (£-z|<6=e, so that the derivative exists for 
this case and is given by 

f 1 (z) = 2z . (10* 2. 8) 

Even simpler calculations show that for 

f(z) = z , f 1 (z) = 1 (10.2.9) 


and for 


f(z) =constant , f* (z) = 0 . 


( 10 . 2 . 10 ) 


Thus, according to our definition, the functions const., z, 

2 

and z are analytic throughout the complex z plane and 
their derivatives are respectively 0, 1, and 2z. 

Just as in the case of real variables it is easy to 
show from the definition that if two functions f^(z) and 
f 2 (z) are differentiable at a point z and if a and b are 
two constants then 

^[af 1 (z)+bf 2 (z)] = af^(z)+bf^(z) , (10.2.11) 


^[f 1 (z)f 2 (z)] = f 1 (z)f^(z)+f^(z)f 2 (z) , (10.2.12) 

d pf 1 (z)-| f 2 (z)f^(z)-f 1 (z)f^(z) 

dllOzT-l 




, f 9 (z) /o , 


(10. 2.13) 


For example, to check (10.2.12) we apply the condition 
(10. 2. 4): 
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£ 1 (0f 2 (C)-f 1 (z)f 2 ( : z ) =f i(C)[f 2 (0-f 2 (z)] 

+f 2 (z) [fj^Q-f^z) ] 

=f 1 (z) [f 2 (C) -f 2 (z) 1+f 2 < z > t f i(O'-f 1 (z) 1 

+[f 1 (C)-f 1 (z)][f 2 (C)-f 2 (z)] , (10.2.14) 


so that 


f 1 (0f 2 (0-f 1 (z)f 2 (z) 


C-z 


f-^z)' 


f 1 (z)f^(z)-f^(z)f 2 (z) 


(C)”£ o(z) j 


[f (C)-f,(z) 1 

+ f 2 ( z >| J TT i — 

£ i^)" f 1 (z) £ 2 <0-f 2 (z) 

+ (r- z ).—-- • --- 

s C-z C“ z 


(10. 2. 15) 


Given that f^(z) and £ 2 ( 2 ) have derivatives, we see that the 
three terms inside the absolute value on the right can be 
made arbitrarily small by keeping Q sufficiently close to z. 
This verifies the formula (10.2.12). 

Using our previous results (10.2.8)-(10. 2.10) and 
applying the formula (10.2.12) repeatedly, we can establish 
the general formula 



n z 


(10. 2. 16) 
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for n any positive integer. All results so far are the 
same as in the case of real variables. This similarity can 
be extended to the whole class of rational functions, i.e. 
ratios of two polynomials. First, applying (10.2.11) and 
(10. 2.16) we see that any polynomial 

N 

P( Z ) =a Q + a lZ + ...+a N z 

N 

= a Z n (10.2.17) 

n n 

n=0 

is analytic throughout the entire z-plane, and its 
derivative is given by the usual formula 
N 

P' (z) = Z n a z n_1 . (10. 2.18) 

n=l n 

Applying (10.2.13) we can extend our results to the ratio 
of two polynomials 

R(z)-fg}, (10. 2-W 

with P(z) given above and Q(z) a different polynomial, 

M 

Q(z) = % b z" 1 • (1°- 2- 20) 

m=0 m 

We see that R( Z ) is analytic throughout the z-plane except 

at the points where Q(z) =0, i. e. at the zeros of the 

denominator, and the derivative of R(z) is given by the 

usual formulas of real variable theory. 

Near one of the zeros z of the denominator of 

o 

(10.2.19), R(z) will behave like 
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R(z)~F(z) =- - -- , (10.2.21) 

where p is an integer which determines the order of the zero 
of Q(z). R(z) is not defined at z =z . Consider for 

0 i 

example the simple case z q = 0, p = 1, F(z) = — , and approach 
the point z = 0 from the four directions z = +r, z = +ir, 
r -»0. We find 


— —>+co 

r 


1 

— —> — CO 

-r 



—— -*+ ioo 

-ir 


( 10 . 2 . 22 ) 


Thus at z = z q , R(z) is not defined and so according to the 
definition given above is not analytic. We say there is a 
singularity at z=z q . The particular kind of singularity 
given by (10.2.21) is called a pole of order p . Of course, 
the function F(z) of (10.2.21) is analytic in any region 
excluding the pole. Applying the formula (10.2.13) to 
calculate its derivative in such a region, we find 


_d_ 

dz 


c 


(z- z 0 ) P 


-pc 


( Z -2 0 ) 


P+1 


(10. 2. 23) 


For the rational functions we have used directly the 
definition (10.2.3), (10.2.4) of analyticity. It is also 
possible to translate this definition into conditions on 
the real and imaginary parts u(x,y) and v(x,y) of the 
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function f(z), 


f (z) = u(x,y) + i v(x,y) . 

The derivative is defined by 

df(z) T « f (z+h)-f(z) 

is independent of the manner 
terms of its real and 

imaginary parts. 


1 — J-iJLIU , 

dz h->0 h 

and for an analytic function 
in which h ->0. Writing h in 


(10. 2. 24) 


(10. 2. 25) 


h = h-. + ih 9 , 


and using (10.2.24), we can 


df(z) ,, 1 

dz hj-0 h i +lh 2 

t^-^O 


rewrite (10.2.25) as 
[u (x+h^ y+h 2 ) -u (x, y) 


(10. 2. 26) 


+ i [v(x+h 1 ,y+h 2 )-v(x,y)}] . 


(10. 2. 27) 

By setting h^ = 0 and letting h approach 0 along the real 
axis, we obtain 


d£ . <» = du(x,y) + i 3v(x,y) 
dz bx dx 


(10. 2. 28) 


By setting h^ = 0 and letting h approach 0 along the 
imaginary axis, we obtain a different expression: 
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df(z) = dv (x,y) du(x,y) 
dz dy 3y 


(10. 2. 29) 


For an analytic function these two ways of approaching the 
limit must lead to the same answer. Equating (10.2.28) and 
(10.2.29) we then find the Cauchy-Riemann equations: 


Sl fa i l) . = 5 v ( x, , y) no 2 30) 

ax dy ' 


3u( x.y) _ _ dv(x,y) 
dy dx 


(10. 2.31) 


The above calculation demonstrates the necessity of 
the Cauchy-Riemann equations for an analytic function. To 
demonstrate the sufficiency we use the formulas from real 
variable theory for total differentials: 


du =^dx+ |Hdy , 

ax ay 

dv = dx + dy . 

ax dy 

Then we find 


(10. 2.32) 

(10. 2.33) 


df(z) = du + i dv 


|Hdx+|^dy + i^dx+|2dy 

ax ay | ax )y 


(10. 2.34) 


Using the Cauchy-Riemann equations (10.2.30) and (10.2.31), 
this can be rewritten in the form 
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so that 


independently of the way in which dz = dx + i dy -»0 . A 
careful treatment along the lines above shows that one must 
assume the continuity of the partial derivatives of u and 
v as well as their existence and the validity of the 
Cauchy-Riemann equations in order to insure that f = u + iv 
is an analytic function. 

As a simple example consider the complex conjugate 

of z. 


f (z) = z* = x - i y . (10. 2. 37) 

With u = x, v =-y the Cauchy-Riemann equation (10.2.30) is 
not satisfied, so that z* is not an analytic function of z. 
Neither is the absolute square 

| Z I 2 = zz* = x 2 + y 2 . (10.2.38) 

2 2 

In this case u = x + y , v = 0, and neither of the equations 
(10.2.30), (10.2.31) is satisfied. In a similar way we 
find that the phase of z, 

cp(z) = tan" 1 g , (10.2.39) 

is not analytic. 


See, for example, Titchmarsh, op. cit. , p. 66, Knopp, 
op. cit. , Part I, p. 30. 
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Returning to the case of analytic functions, for 
which the Cauchy-Riemann equations (10.2.30), (10.2.31) are 
satisfied, we find by differentiating these equations once 
more and combining results 

2 2 

= 0 , ( 10 . 2.40) 

3x 3y 

£-5 + = 0 . (10. 2.41) 

3x 5y 

Thus neither the real nor the imaginary part of an analytic 
function can be chosen arbitrarily. Each must satisfy 
Laplace's equation and together they must satisfy the 
Cauchy-Riemann equations. The restricted character and 
special properties of this class of functions are be¬ 
ginning to emerge; there is much more to follow. 


10.3 POWER SERIES 

Many analytic functions are defined by means of 
power series; examples are the exponential, the Bessel 
functions, and the hypergeometric functions. We begin our 
discussion with some general considerations on infinite 
series and their convergence. Our treatment will be in¬ 
complete and we shall quote some theorems without proof. 
The reader interested in proofs will find an elementary 
but complete treatment in the Elements of the Theory of 
Functions by Knopp listed in the bibliography in sec. 10.1 
or in the introductory sections of the other books listed 
there. 
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A series 
00 

y c (10.3.1) 

n =0 n 


is said to converge to a limit f if, given an arbitrary 
6 > 0 , there exists an integer N q such that 



< e 


(10.3. 2) 


for all N>N . If this condition is satisfied we write 
— o 


00 



(10.3.3) 


An equivalent convergence criterion due to Cauchy 

eliminates the limit f from the definition: A necessary 

and sufficient condition for the series ( 10 . 3 . 1 ) to converge 

to a limit is that, given an arbitrary e>0, there exists 

an N such that 
o 


N+p 

r c r 

n=N 


= c + c -+...+ c__ < e 

1 n N+l N+p 1 


(10.3.4) 


for all N>N q and all integers p>0. 

The series (10.3.1) is said to be absolutely con¬ 
vergent if the series of absolute values 


00 


l 

n =0 



(10.3.5) 


converges. Since 


' C N +C N+1 + ' 


"N+p 




+ C. 


N+l * 


"N+p 1 


(10.3.6) 
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it follows that if a series is absolutely convergent, it is 
also convergent. The converse is not true. 

Using the inequality (10.3.6) we can easily derive 
the so-called comparison test: if Z/ a convergent 
series of positive real terms and if | c n i < ^ n ^ the series 
Z c^ is absolutely convergent. 

n From the comparison test we can derive the ratio 

test: Assuming the limit exists", let 


Lim 

n-*«> 


C n+1 


c 

n 


X . 


(10.3.7) 


If \<1, Zc converges absolutely; if X>1, Z/ C n diverges, 
n n 

Proof: if X>1, \c^\ grows with increasing n; this 

contradicts (10.3.4) for p = 0 which says c —> 0 . If 

n n-»°° 

X<1, then if we take N sufficiently large, we can find a 
X 1 >X but still satisfying X 1 <1, such that 


+ c. 


N+l ! 


+ |c 


N+p 


I < I C vr I [1 + X'+ X* + • • •+ X* P ] 



1-V p+1 

l-x f 


< 



1 

1-X" 


(10.3.8) 


Since Ic^l —> 0, this can be made arbitrarily small for 
i N 1 N->°° 

N> some N and all p. 
o 


For the case when there are two or more limit points of 
) c n + i/ c n | see f° r example Bromwich, An Introduction to the 
Theory of Infinite Series (Macmillan, London, 1926), p. 36. 
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Let us apply these results to a power series by 


setting c = a (z - z ) : 
& n n o' 


Yj c - Y a ( z * z n ) n • 

u n t-' n o' 


(10.3. 9) 


According to the ratio test this series will converge for z 
such that 


Lim 

n-»oo 

i. e. when 


a n+l (z - Z o> 


n+1 


a (z-z ) 
n o' 


= |z-z (Lim 
n-*» 


n +1 


<1, (10.3.10) 


z - z J <r > 


r = 


Lim 

a n+l 

a 

n-*» 

n 


Thus for r a finite nonzero 
number the power series 
(10.3.9) converges for all 
z inside a circle of radius 

This 

is the circle of convergence 
of the power series and r is 
the radius of convergence of 
the power series. For (z-z | <r 


r about the point z . 

o 


(10.3.11) 



This discussion assumes Lim 
^ n->c° 


n+1 


exists. If there are two 


or more points, r A lies between the maximum and minimum 
limit points. A better formula in this case is 

r ^ = Lim y/|a (' } where Lim is the maximum limit point. 

See Knopp, op. cit. , Elements, p. 84. 
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00 

f(z) = Z a n ( z ~ z 0 ) n (10.3.12) 

n=0 

is a well defined function of z. For |z-z |>r the series 
diverges and is probably useless. The series may or may 
not converge for points (z-z o |=r on the circle of 
convergence; it may converge for some points on the 
circle but not for others. For r = 0 the series converges 
nowhere. For r = o° the series converges in the entire z 
plane. 

Inside its circle of convergence a power series has 
simple, in fact ideal, properties. Consider a power series, 
00 

f(z) = Z a z n , (10.3.13) 

n=0 n 

with radius of convergence r, i.e. (10.3.13) converges for 
|z| < r. (There is nothing special about taking the center 
z q =0. It can be shifted to any point z q by replacing 
z-*z - z in (10.3.13) and below.) We quote some theorems. 

1. The power series (10.3.13) is unique, i. e. if two 
power series Za n z n and Zb^ 11 are both convergent for 

\z\ <r and if they have the same sum for all these z, or 
even if they merely have the same sum at an infinite number 
of distinct points which cluster about 0 as a limit point, 
then the series are identical, i. e. a =b . 

2. The function f(z) represented by (10.3.13) can 
also be developed in a unique power series about any other 
point z^ in the interior of the circle of convergence, 

00 

f(z) = Z n b n ( z ' z 1 ) n * 
n=0 


(10.3.14) 


10 COMPLEX VARIABLES; BASIC THEORY 


399 


The radius of convergence r^ of this 

second series is at least r^ = r-)z^|. 

The coefficients b are found by 
n 

setting z = z^ + z-z^ in (10.3.13), 
expanding in powers of (z-z^), and 
regrouping the terms. 

3. The function f(z) represented by (10.3.13) is 
differentiable at every point z^ inside its circle of 
convergence, and the derivative can be obtained by differ¬ 
entiating the series term by term; 

CO 

f ( Zl ) = Z n Vl’ 1 • (10.3.15) 

n=l 

Thus the function represented by (10.3.13) is analytic 
inside its circle of convergence . 

Since the differentiated power series (10.3.15) has 
the same radius of convergence as the original power series 
(10.3.13), we can apply Theorem 3 over and over to obtain 
the k L derivative; 

QO 

f ^ (z x ) = n(n-l)* • • (n-k+l)a n z^ ^ . (10.3.16) 

n=k 

Evaluating this at z^ = 0 we find 



f (k) (0) = k.' a k , 


(10.3. 17) 


so that the original power series (10.3.13) is in fact a 
Taylor series: 


f(z) = Z 
n=0 


f (n> (0) 


(10.3. 18) 
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Applying these same considerations to the series (10.3.14), 
we find 


b 

n 


n. ! 



(10.3. 19) 


To summarize, a power series has ideal properties 
inside its circle of convergence and purely formal manipu¬ 
lations will give us the correct answers. In particular, 
it defines an analytic function. 

The exponential function is defined by the power 

series 

£ n 2 3 

e Z = /j ■n-=l + z+f r +f r +---. (10.3. 20) 

O n. z. j. 

According to the ratio test this series converges for all 
z, i.e. the radius of convergence is infinite, and the 
series (10.3.20) defines an entire function, i.e. a function 
analytic throughout the entire z plane. For real z =x the 
series (10.3.20) reduces to the known result for e . The 
series (10.3.20) thus provides an extension or continuation 
of e x into the complex plane. As we discuss later, this 
continuation is unique. Given (10.3.20) we can define the 
hyperbolic and trigonometric functions: 


cosh z = (e Z + e Z ) , 

sinh z = ~ (e Z - e Z ) , 

1 , iz . -iz. 
cos z=^(e + e ), 


1 , iz -iz. 

sm z = — (e -e ), 

sin z 


(10.3. 21) 
(10.3. 22) 
(10. 3. 23) 
(10.3.24) 


tan z 


cos z 


(10.3. 25) 
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The series for (10. 3. 21)-(10.3.24) converge throughout the 
whole z plane to define entire functions. Along the real 
axis they reduce to the usual series of real variable theory. 
The radius of convergence of the series 


Z 

n=0 


(10.3. 26) 


is r = 1 according to the ratio test. Taking the limit of 
the geometric series 

N+l 


, . , 2 , , N 1-z 

1 + Z + Z + • • • + Z = :- , 

1-z 7 


(10.3. 27) 


we find, for |z | <1, 


1 V n 

~Z = \ z • 

n=0 


(10.3. 28) 


If we replace x by z in the well known series for 
log (1 + x) we obtain 


log(l + z) = Z -tl^z». 2 -iz 2 + i a 3 -iz 4 + . 


n=l 


(10.3. 29) 


The radius of convergence of this series is r = 1, so in the 
region |z| <1 it can be used to define the analytic function 
log(l + z) . 

Similarly if we replace x by z in the binomial 
series we obtain 


(1 +z) 


a 



1+CCZ + 


a(a-l) 2 
1-2 2 


a(a-l)(a-2) z 3 
1.2*3 z 


(10.3.30) 
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The radius of convergence of this series is also r = 1 
according to the ratio test, so the series (10.3.28) can 
be used to define the analytic function (1 + z) a in the 
region |z| <1. The formula (10.3.27) is a special case 
of (10.3.30). 

The series 


V z) 



(-i> n 

n.' f (n+a+1) 



(10.3.31) 


for the Bessel function is obtained by solving Bessel* s 
differential equation. According to the ratio test it 
converges for all z to define a function analytic through¬ 
out the entire z plane, all this for arbitrary complex a. 

Similarly, the hypergeometric series, 


2 F 1 (a,b;c;z) 


r(c) y rca-hi)r(b-Hi) 
r(a)r(b) n ^ 0 r(c+n) n.' 


1+ !k Z a(a+l)b (b+1) zf 
1 c 1 ! c(c+l) 21 


(10.3.32) 


obtained by solving the hypergeometric differential equation, 
converges for |z| <1 to define an analytic function. 


10.4 MULTIVALUED FUNCTIONS; CUTS; RIEMANN SHEETS 

The functions discussed so far, i. e. rational 
functions and functions defined by power series, are single 
valued; for each value of z, the function has one definite 
value. A multivalued function f(z) has two or more distinct 
values for each value of z. Important examples of 
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multivalued functions are Jz, JJ/z, J(z-a) (z-b), log z, z a , 
sin“^z, and cos z. In order to apply the theorems of 
analytic function theory to such multivalued functions 
one needs to pick out a single branch in some region R so 
as to have a single valued continuous function to deal with. 
The systematic way to do this is provided by the apparatus 
of cuts and Riemann sheets. We shall study this subject 
via the examples listed above; the extension to more general 
cases is conceptually clear. 


We begin with the two valued function 



First, it is easy to check that the Cauchy Riemann 
equations are satisfied for the real and imaginary parts of 
one branch. Thus setting w^ = u + iv we find 


t e 

u = r cos ^ , 


■g- . 0 

v = x* sm ^ , 


(10.4.5) 
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where 



0 = tan 


I t 

x 


(10.4.6) 


Computing the partial derivatives yields 


Bu 

Bx 


Bv 

By 


1 0 

—x COS -Z , 

2r 2 2 


Bu 

By 


Bv 

Bx 



(10.4.7) 

(10.4.8) 


If we can manage to stay on one branch, w = Jz is thus an 
analytic function except at the point z = 0 where the partial 
derivatives become infinite in a nonunique way (depending 
on 0). 

Let us now study the variation of w as z moves along 

a closed curve in the z plane, returning to its initial 

value. Start at some point 
i 0 

z = r e with the branch Wp 
and let z move in any closed 
curve which goes once around 
the point z = 0 , so that r->r, 

0 -> 0 + 2tt. As z moves, w^ 
changes continuously, and when 
z has returned to the original 
point, w^ has changed to w^. 

If z makes another circuit of the origin, w(=w^) continues 
to change continuously, and when z has returned to the 
starting point, w 2 has changed back to Wp Further circuits 
of the origin lead to a repeat of the performance described 
above. We emphasize two points: 1) the continuous variation 
of w through both branches, with a continuous return to the 
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original branch, 2) the special character of the point 
z =0. Circuits around any other 
point, not including z = 0, lead 
to ordinary single valued behaviour: 
r ->r, 0-*0, so w^ -»w^ or w 2 ->w 2 . 

The point z = 0 is a singular point of the function 
Jz. This particular kind of singularity is called a 
branch point and is very different from the poles considered 
earlier (10.2.21). The essential 
character of the branch point at 
z = 0 is that Jz is unavoidably 
double valued in any region in¬ 
cluding this point as an interior point, since if z just 
traverses a circuit around z = 0, w = Jz changes to -w; if 
the branch point is inside the region there is no way to 




separate one branch from the other. _ 

No other point has this character. f R 

In a region not including the ^— - 

point z = 0 it is possible to_ 

separate one branch of Jz from . jg 

— 1 2 

the other; as z moves around in such a region w 1 = r 2 e 

. e 

i 1 2 

does not change into w 2 = -r 2 e . (We note that the value 
of Jz at the branch point is not very significant. The 

value of the function is well defined and unique there, 

namely 0 for both branches. The partial derivatives 
(10.4.7) and (10.4.8) are, it is true, infinite in a non¬ 
unique way at z = 0, but for the function z^ 2 = zz^ 2 , which 
has a similar branch point, both the function and its 
derivative are well defined and unique at the branch point.) 
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We have described the disease. 
What is the cure, i. e. how do we 
avoid double valued functions? 

One way has already been suggested. 
Restrict z to a region R which 
excludes the branch point 



z = 0. If this region is 


enlarged so as to include 
as much of the z plane as 
possible, we eventually 
obtain the so-called cut 
z-plane. The cut runs 
along some curve from 
the point z = 0 out to 
infinity in some di¬ 
rection. The shape 



of the curve and the 
direction it goes to 
infinity are not 
fixed; they are chosen 
for convenience for 
the problem at hand. 
First choose the 
negative real axis as 
the cut. In this 
cut plane we define 
Jz to be 




-it <0 <ir . 


(10.4. 9) 




10 COMPLEX VARIABLES; BASIC THEORY 


407 



On the top of the cut at a this has the value 

. t r 

1 i 2 l 

r 2 e = i r 2 . On the bottom of the cut at b it has the 

. TT 

- ' L 2 1 

value r 2 e =-i r 2 . There is thus a discontinuity 
across the cut. The function is thus not analytic on the 
cut, but this is not of concern since z is restricted to 
a region excluding the cut, i. e. we promise never to cross 
the cut. The cut could be taken along another line and/or 
we could use the other branch. For instance, we could 
take the cut along the positive real axis and define Jz by 


± 2 

a Jz = r 2 e , 0 <0 < 2ir . 

In the upper half z plane 

the two definitions _ 

(10.4.9) and (10.4.10) 



(10.4. 10) 


agree; in the bottom 
half plane they differ 
by a minus sign. 

In the method described above we obtained a well 
defined single valued function by discarding one of the 
branches of a double valued function. An ingenious way of 
obtaining a continuous single valued function while keeping 
both branches was devised by Riemann. Imagine separating 
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the z plane into two sheets connected 
along the cut -- like two sheets of 
paper on top of each other sewn to¬ 
gether along the cut. The inde¬ 
pendent variable z has the same 
value at the two points, one on 
each sheet, directly over one 
another. At points z on the top 
sheet, the function Jz has the values associated with one of 
its branches. At points z on the bottom sheet, ,,/z has the 
values associated with the other branch. Along the cut the 
two sheets are connected in such a way that z moves 
continuously from the top sheet to the bottom sheet while 
Jz changes continuously. Suppose for example the cut is 
along the negative real axis. 

Then on the top sheet 

r i i e/2 

Jz = r £ e ' , - 7 r< 6 <7T. 

As 9 increases through 7]", 
the point z goes down through the cut onto the bottom 
sheet where Jz = r 2 e ' , tt < 6 < 3tt. As 0 increases 
through 3 tt, z moves back up through the cut onto the top 
sheet. In the complete traversal of both sheets 0 in- 

0 1 i a I o 

creases by 4 tt, ^ by 2rr, and v 4 = r p e ' is back to its 
starting value. Thus we see that Jz is a continuous single 
valued analytic function on the two-sheeted z plane. 

The circumstance that the two sheets intersect 
along the cut is not significant and arises from attempting 
to visualize the connections of the sheets in three 
dimensional space. If you can do it, disregard the inter¬ 
section of the sheets along the cut. This makes it easier 
to understand that the location of the cut is irrelevant 
for the two Riemann sheets. 
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We have used a lot of words to describe the cuts and 
Riemann sheets for Jz. Other examples are similar but more 
complicated. The function v 'z-a has its branch point at 
z = a but is otherwise identical to Jz. The function ^fz , 

n = 3,4,5,... has a branch point at z = 0 and is n valued. 

. , i0 

With z = r e 

. 0+27rk 

l - 

e n , k = 0,l,2,...,n-l . (10.4.11) 

One can obtain a single valued function by taking one of 
the branches in the cut z-plane, e. g. with the cut extending 
from the branch point z = 0 along the negative real axis: 

i — 

vz = ^ e n , -TT<e<TT . (10.4.12) 

The Riemann surface now has n sheets, with z, of 
course, having the same value at 
points on the different sheets 
directly above each other. On 
the top sheet (1st sheet) JJz 
is given by (10.4.12). As 0 
increases through ?r, z goes 
down through the cut onto the 
second sheet where 

n , tt<Q<3tt . (10.4.13) 

As 0 increases through 3 tt, z goes down through the cut 
again onto the third sheet, etc. On the bottom sheet 
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1 — 

!}£ = .$: e n , (2n-3)ir< 0< (2n-l)TT . (10.4.14) 

As 0 increases through (2n-l)7T, z moves through the cut back 
up to the top sheet and ^/z. returns to its values (10.4.12) 
given on this sheet. The function JJS is a continuous 
single valued analytic function on this n-sheeted Riemann 
surface. 

Again the awkward intersection of the sheets along 
the cut arises only because we try to visualize the 
connections of the sheets in three dimensional space and 
has no real significance. 

The function ^/(z-a)(z-b) has two branch points, one 
at z = a, one at z =b. The two cuts associated with these 
branch points can be oriented arbitrarily, running out to 
infinity, and a single valued branch of the function 
defined in the cut z-plane by 


_ _ i ■5(e,+0 ? ) 

V(z-a)(z-b) = ^r 1 r 2 e z (10.4.15) 
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with 0 X and 0 2 restricted so as not to cross the cuts. 
There is, however, a favored orientation of the cuts for 
this function, namely 
along the line joining 
a and b. The two cuts 
then cancel, so to 
speak, on the extensions 
of this line beyond a 
or b, so that we only 
need a cut between a 
and b. To verify this 
statement notice that 
if z moves along a 
closed curve C^ en¬ 
circling a but not b, 

0 ^ increases by 2 tt, 
while 0£ returns to 
its initial value, so 
that the phase factor 

i ^(e,+e 9 ) 

e 1 * in (10.4.15) 

changes sign, corre¬ 
sponding to the discon¬ 
tinuity across the cut. 

Similarly if z moves 
along the closed curve 

C 2 encircling b but not a, @ 2 increases by 2rrr while 0^ 
returns to its initial value so that again the phase 

i -|(e 1 +e 2 ) 

factor e changes sign. On the other hand if z 

moves along the closed curve encircling both a and b, 
both 0^ and @ 2 increase by 2rr and the phase factor 
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e returns to its initial value, so that the 

function appears single valued and there is no need for a 
cut. 

The Riemann surface for v Xz-a)(z-b) has two sheets 
joined together along the cut, which can be taken between 
a and b. The independent variable z has the same value at 
points on the two sheets directly above each other. Fol¬ 
lowing along the curve C^ in the diagram on the preceding 
page, as 0^ increases continuously through the value a 
corresponding to the cut, z moves from the top sheet 
through the cut down to the bottom sheet, stays on the 
bottom sheet while 0^ increases from a to a+ 277 - , and then 
moves back up through the cut onto the top sheet again. 
Similarly as z follows the curve it moves around once 

on the top sheet, then goes through the cut down to the 
bottom sheet, moves around once again on the bottom sheet 
and finally comes back up through the cut again onto the 
top sheet. On the other hand if z moves along the curve 
it stays on one sheet, either the top one or the bottom 
one, depending on where it started. On this two-sheeted 
Riemann surface ^(z-a)(z-b) is a continuous single valued 
analytic function. 

For the function ,/(z-a) (z-b) (z-c) with three branch 
points we need two cuts, one from a to b, one from c to 
infinity, for example. The function z-a)(z-b)(z-c) (z-d) 
with four branch points has two cuts, for example from 
a to b and from c to d. The two sheeted Riemann surface in 
this case has the interesting property that z can move 
continuously from the inside (z q ) to the outside (z^) of a 
closed curve C without crossing the curve itself. The path 




10 COMPLEX VARIABLES; BASIC THEORY 


413 


is indicated 
in the figure, 
where a solid 
line represents 
a path on the 
top sheet, a 
dotted line a 
path on the 
bottom sheet. 



The function log z is the inverse of the exponential. 

Thus if 


z 


w 




(10.4. 16) 


then 


w = log z . 


(10.4. 17) 


We can see right away that the logarithm is analytic. From 
the power series (10.3.20) for e W we have 

dz w 

7!Z s e = z (10.4.18) 


so that 


dw d 1 

to = lQ g 2 = z 


(10.4. 19) 


and the existence and uniqueness of the derivative of the 
logarithm follows from the existence and uniqueness of the 
derivative of the exponential. 
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The logarithm is, however, multivalued and in fact 
has an infinite number of branches. In (10.4.16) we can 
write 

i0 i0+i27m Inr+i0+i2rm 
z = re = re = e 


where n is any integer, n = 0, + 1, + 2, . . . , whence we see 

that 


log z = In r + i 0 + i2rm . 

As z moves in a close curve 
around the point z = 0, 0 in¬ 
creases by 2rr and we move 
continuously from one branch 
of the logarithm to the next. 

This can go on forever with 0 
increasing or decreasing 
through an infinite set of multiples of 2rr, to define an 
infinite set of values of the logarithm, which differ only 
by the additive imaginary constant 2im i. Thus the point 
z = 0 is a branch point of infinite order for the function 
log z. 



To obtain a single valued function we can make a 
cut in the z plane from the branch point z = 0 to infinity 
along, for example, the negative real axis and define log z 
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log z = In r + i 0 ; -tt < 9 <7f . 


(10.4. 21) 


At the two points and z^ on either side of the cut we 
then have 


log z^ = In r - iir , 
log z 2 = In r + iTT , 


(10.4. 22) 
(10.4. 23) 


so that the discontinuity across the cut is constant: 


log z 2 - log z^ = 2rri. 


(10. 4. 24) 


To obtain a single valued function which includes*all 
the branches of log z , one must 
introduce a Riemann surface with 
an infinite number of sheets 
attached to each other at the 
branch point z = 0 -- like the 
shaving made by a cutting tool 
with a blade rotating around a 

shaft of 0 diameter. As usual 
i 0 

z = re has the same value at 

points directly under or over one another on the infinite 
set of sheets [e**® = e** 3- As z circles around the 

branch point z=0, 0 increases or decreases continually 
and log z = lnr + i0 moves continuously through the whole 
range of its possible values. 

As a last example consider the function z a , where a 
is some arbitrary complex number. Using z = e 
define z ^ by 



we can 
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a a log z 
z = e 


(10.4. 25) 


oi 

We see that z is an analytic function, since the exponential 
is analytic and log z is analytic. The multivalued character 
(10.4.20) of log z also determines the multivalued behavior 


a a(lnr+i0+i2/m) 
z = e 


n = 0, +1, +2, .. . 


(10.4.26) 


For Q£ = p/q a rational number (p and q integers), aq = p = 

integer, so that there are only a finite set of distinct 

fy 

branches, n = q giving the same value of z as n = 0, 

n~- 

n = q+1 the same value as q = 1, etc. The roots tjz studied 

earlier fall into this class. If a is not a rational 

OL 

number, z has an infinite number of branches, like log z. 
The point z = 0 is a branch point of infinite order. In 
the z-plane cut from the branch point z = 0 along the 
negative real axis we can define a single valued function 
z a by 


a _ a (lnr+ie) 


-7r < 0 <7r . 


(10.4. 27) 


This function is 
of course discon¬ 
tinuous across 
the cut: 


a _ a(lnr-iTr) 
Z 1 ~ e 


(10. 4. 28) 


a _ a(lnr+i7f) 
z 2 6 


(10.4. 29) 
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To obtain a single valued function incorporating all 
the branches of z a we employ the same infinite-sheeted 
Riemann surface used for log z. The formula 

a _ e a(lnr+i0) (10.4.30) 

then applies with 0 varying continuously from -» to +00. 

As z moves in a closed path around the branch point z = 0 it 
returns to its initial value but on the next higher or 
lower sheet, and 0 increases or decreases by 2ir in the 
formula (10.4.30). 


10.5 CONTOUR INTEGRALS; CAUCHY 1 S THEOREM 


Contour integrals in the z 
plane are defined by analogy with 
the real integrals of calculus. 
Subdivide the contour C into n 
segments in any manner by distri¬ 
buting points z q , z^ .. . z n 
along the contour, and choose 
points Qy on C arbitrarily placed 
between the z^. Consider then 
the sum 



z 

n 


J 

n 


= v ?i ( V z v-i )f( V ' 


(10. 5.1) 


where f (z) is the function to be integrated. If this sum 
approaches a limit J as n -*» and the lengths of all path 
segments ->0, i. e. if given an e there exists a 5 such that 
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l J n - j I < c (10.5.2) 

for all subdivisions such that the lengths of all path 
segments are less than 6, then the limit J is defined to 
be the integral: 


J = f dz f(z). 
J C 


(10.5.3) 


The integral can be shown to exist provided the 

JU 

contour C has certain reasonable smoothness properties 
and provided f(z) is continuous along the contour. We 
note that f(z) does not have to be analytic for the integral 
to exist. 

If worse comes to worse, the contour integral 
(10.5.3) can be evaluated by reducing it to real integrals: 


J = f dz f(z) 

J c 

= r (dx + idy) [u(x,y)+iv(x,y)] 
J C 

= J dxu(x,y) - J dyv(x,y) 


+ ijj dxv(x,y)+J dyu(x,y)j> . 


(10.5.4) 


Along the contour, y = y(x) or x = x(y), so that these become 
ordinary one dimensional integrals. 


It must be rectifiable, i.e. have a length, among other 
things. Knopp, op, cit. , Part I, p. 13. 

^Knopp, op. cit. , Part I, p. 34. 
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Integrals along circular 
contours are often easy to do. 
Suppose C is the circle z-£ = r e 
Then dz = i r e^dO, and if the 
contour is traversed in the 
counterclockwise sense, we have 



2tt 


J dz f(z) = irj d0 e^f (C. + re iD ) 




(10.5.5) 


An important example is the case f(z) - (z-£) where 
n = 0, +1, +2, ... is a positive or negative integer: 


2tt 

r* . , -x n . p JA i0 n in0 
j dz (z -Q = i r J d0 e re 

C 


0 


2t t 


" +1 r de , 1 <» +1 >9 

J o 


f 2rri , n = -1 

jo , n = 0, l,+2,+3,. . . 


( 10 . 5 . 6 ) 


If f(z) is the derivative of some other function, 

i. e. if 


fOO = JZ F(z) , 


(10.5.7) 


then 
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where and z^ are the beginning 
and end of the interval. Note 
that (10.5.7) is not valid for 
all functions; in fact F(z) must 
be analytic. For 



f(z) = (z-£) n , n = 0, +1, +2, ... , (10.5.9) 


we have 


1 

n+1 


, ..n+1 

(z-0 , 


F(z) =< 


log(z -Q 


n / "1 


n = -1 


(10. 5. 10) 


If we integrate a function of the form (10.5.7) 
around a closed contour, (10.5.8) would seem to give zero, 
and this is indeed true provided F(z) is single valued or 
we stay on the same branch of a multivalued function. Thus 
(10.5.8) and (10.5.10) easily explain the results (10.5.6) 
for n^-1. For the case n=-l the function F(z) = log (z-£). 
This multivalued function was discussed in some detail in 
section 10.4 and we know that log(z-C) increases by 2?ri 
when z moves along a closed circuit around the branch point 
z = u. Keeping this in mind we see that (10.5.8) also yields 
the result given in (10.5.6) for n=-l. We notice in 
passing that the derivation of (10.5.6) using (10.5.8) is 
independent of shape of the closed contour C. Thus 
generalizing (10.5.6) we find for any closed contour C 


J dz(z-O n =0 , 
C 


n = 0, 1, +2, +3, . . . 

n ^ -1 


(10.5. 11) 



I 
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For n =-1 

P dz 

J c z “ c 

The contour Integral f dz f(z) exists for f(z) a 

C 

continuous function. However, extremely interesting results 
are obtained if we restrict ourselves to the class of 
analytic functions f(z) such that f 1 (z) is uniquely defined. 
The fundamental theorem of the theory of functions of a 
complex variable is: Cauchy's Theorem: If f(z) is analytic 
in a simply connected region R and if z ^ and z^ are two 
interior points of R, then the integral 

Z 2 

J dz f(z) (10.5.13) 

2 1 


has the same value along every path of integration extending 
from z^ to z^ and lying entirely within R, Equivalently 

f dz f(z) = 0 (10.5.14) 

C 

for C an arbitrary closed path lying within R. 

The converse of Cauchy* s theorem is: 

Morera*s Theorem: If f(z) is continuous in the simply 
connected region R and if 



2rri 


C inside C 


( 10 . 5 . 12 ) 


outside C 
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J dz f(z) = 0 


(10.5. 15) 


for every closed path C lying with R, then f(z) is regular 
in R. 

A simple but incomplete proof of these theorems is 
obtained from Stoked theorem. For a two dimensional vector 
A= (A^Ay) whose components are functions only of x and y 
Stoke*s theorem reads 


r-SA dA 

I (A x dx + A y dy) = I dxdy Ll»f ' ' 


(10. 5. 16) 


where C is the closed contour 
enclosing the area S. The 
necessary and sufficient con¬ 
dition that the contour inte¬ 
gral on the left of (10.5.16) - 

be zero for all closed contours C is 





(10.5. 17) 


To apply this to f dz f(z) use (10.5.4) and the Cauchy- 
J C 

Riemann equations (10.2.30), (10.2.31) for the function 
f (z) = u(x,y) + i v(x,y) , assumed to be analytic: 


J dz f(z)=J (udx-vdy) + iJ(vdx + udy) . (10.5.18) 

C C 

The Cauchy-Riemann equations are just the condition 
(10.5.17) applied to the two real line integrals on the 
right of (10.5.18). 

Closer examination shows that this proof of Cauchy* s 
and Morera* s theorems is incomplete because it assumes the 
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partial derivatives of u and v are continuous, i. e. f (z) 
is assumed not only to exist but also to be continuous. 

Vv 

The more elaborate proofs given in mathematical works 
establish the theorems as stated above. It doesn’t really 
matter because it turns out later in the development of 
the theory that an analytic function has derivatives of all 
orders so that f 1 (z) must be continuous since f" (z) exists. 
An important generalization of Cauchy* s theorem deals 
with a region which is 
not simply connected. 

Suppose f(z) is known 
to be analytic in an 
annular region R. 

Nothing is assumed 
about the behavior 
of f(z) in the shaded 
region inside the 
annulus. Apply Cauchy’s 
theorem to the two 
curves C^ and C ^ 
each of which is 
separately contained 
in a simply connected 
region throughout which 
f(z) is analytic. Thus 
we have 


"k 

Knopp, op. cit. , Part I, Chap. 4, p. 47. 
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J* dz f (z) = 0 , 
C 1 

J dz f (z) = 0 . 


(10.5. 19) 
(10. 5. 20) 


Adding these together, 
cancelling the parts of 
the integrals which come 
from the contiguous 
parts of C^ and C^ 
running in opposite 
directions, and re¬ 
writing the result, 
we find 



J dz f(z) = J dz f(z) , 
C 3 C 4 


(10.5. 21) 


where C^ and C^ are any two similarly directed contours 
inside the annular region where f (z) is analytic. Note 
that the integrals (10.5.21) will not in general vanish if 
f(z) has singularities inside the shaded region; of course, 
if f(z) is analytic inside the shaded region as well as in 
the annular region surrounding it, Cauchy* s theorem tells 
us that both sides of (10.5.21) will vanish. 

A generalization 
of the above argument 
shows that if f(z) is 
analytic in an annular 
region R excluding 
several shaded regions, 
then we have a relation 
of the form 
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dz f (z) = J dz f (z) + J* dz f (z) + J dz f (z) + ... 
1 C 2 C 3 


(10.5. 22) 


As we shall see, this is the basic relation which one uses 
to do integrals. 

Let us return for a moment 
to the problem of calculating 
contour integrals. We see that 
if f(z) is analytic throughout 
the region involved, the 
integral 

z 

f (z) = J dz' f(z') (10.5.23) 

2 

O 

defines for all z a unique function F(z) which is inde¬ 
pendent of the path of integration from z to z. Then we 
have 



z+Az z z+Az 

F(z + Az)=J dz'f(z') = J dz'f(z') + J dz'f(z') 

z z z 

o o 

(10.5.24) 


and 


dFjz) 

dz 


Lim 

Az-*0 


, fW 


(10.5. 25) 


so that F(z) is analytic. Thus when f(z) is analytic, the 
situation described in (10.5.7) ff. occurs and (10.5.8) 
holds: 

z 

| 2 dz'f(z') = F(z 2 )-F( Z;l ) . (10.5.26) 

Z 1 
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10. 6 CAUCHY 1 S INTEGRAL FORMULA 


The most important consequence of Cauchy's theorem is 
Cauchy's integral formula: If f(z) is analytic in a region 

R, C is a counterclockwise directed contour inside R, and 
z is a point inside C, then we have the formula for f(z): 


*« ■ & I d t w 


According to this remarkable 
result, if f(z) is analytic, 
then its value at z is 
entirely determined by its 
values on the contour C. 

This is an extremely 
strong consequence of the 
assumption of unique 
differentiability for 
f (z). 


( 10 . 6 . 1 ) 



To prove the formula note that 



MO _ MM 

C-z 2 tt 1 





MOizMM 

C-z 


( 10 . 6 . 2 ) 


According to (10.5.12) the first integral on the right 
is given by 


5 ^ 


2iri 


(10. 6.3) 


To evaluate the second integral on the right of (10.6.2) use 
Cauchy's theorem in the form (10.5.21) to replace the 
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contour C by a very small circle C' centered on z such 
that C-z — re^^ d£ = ire^d0: 

r ic , (• dc KiHW 

J c ' C~ z J c . c-z 

2t t 

= i f d0 [f(z+re 1 ^)-f(z)] . (10.6.4) 

0 

The radius r can be made arbitrarily small in this ex¬ 
pression. Since f(z) is assumed analytic, it is also 
continuous, so that jf(z+re 1 ^)-f(z)| can be made 
arbitrarily small by making r sufficiently small. Thus 
(10.6.4) is arbitrarily small and hence vanishes. Using 
this result and (10.6.3) in (10.6.2) establishes (10.6.1). 

The derivative of f(z) can be obtained by differ¬ 
entiating (10.6.1) under the integral sign: 

f ' (2) = 2 k I d £ - MQ l • (10.6.5) 

c (c-z) 

To justify the manipulation, use (10.6.1) and (10.6.5) to 
calculate 




Az 

2?ri 


r d c —— 

c (C"z) (C“Z-Az) 


( 10 . 6 . 6 ) 


This can be made arbitrarily small by taking (Az | 
sufficiently small. In a similar way one easily shows that 
f(z) possesses derivatives of all orders, given by the 
formula 
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£<n) < z >- fk J d c 


HQl 


(£-z) 


n+l 


(10.6.7) 


Thus we have another remarkable result; we start with the 
assumption that f(z) has a first derivative and find that 
in fact it has derivatives of all orders. 


10.7 TAYLOR AND LAURENT EXPANSIONS 


To proceed to the next step we need the concept of 
uniform converge. A convergent series of functions, 


F(Z) = E f (z) , (10.7.1) 

n=0 


is said to converge uniformly in a region R if given an 
arbitrary e there exists an N q independent of z in R such 
that 


N 


Z f (z) - F ( z ) 

n=0 n 


< e 


(10.7. 2) 


for N>N q and all z in R. The important thing is that 

the same N works for all z: we don't have to make N 
o o 

bigger and bigger as z approaches some bad point. An 

obvious test for uniform convergence is the comparison test: 

if ^_yS is a convergent series of positive constants and 
n 

|f n (z)|<S n for z in the region R, then ^f n (z) is uniformly 

n 

convergent in R. 



10 COMPLEX VARIABLES; BASIC THEORY 


429 


A uniformly convergent series of continuous or 
analytic functions has the useful property that it can be 
integrated term by term. We skip the proof that the sum 

/V 

function is continuous and therefore has an integral. From 
(10.7.1) and (10.7.2) we find 

N ' 1 

z)- Y f (z)> |< e L , 
n=0 n I 

(10.7.3) 



where L is the length of the contour. Since e L can be made 
arbitrarily small, we have 


J dz F(z) = Y T dz f (z) • (10.7.4) 

c n =o c 11 


We can use these results 

to expand Cauchy* s integral 

formula (10.6.1) about a point 

z . Take C to be a circle 
o 

centered on z q and z a point 
inside C. Then we can 
expand the denominator in 
(10. 6. 1) as follows: 


C-z C-z o -(z-z o ) 


r- Z-Z -,**1 

= C 1 ^ t 1 ' 



Knopp. op. cit. , Part I, p. 74. 
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■rr x E 2 ]” • 

^ Z o n=0 z o J 


The geometric series here is convergent since 


C- Z r 


(10.7.5) 


< 1 . 


Furthermore it is uniformly convergent according to the 
comparison test, since for z inside C, Q anywhere on C, 


there is a number p such that 
00 

l+p+p+ # ’* = /j p converges 
n=0 


C-z, 


<p<l, and the series 


Thus we are allowed to 


substitute (10.7.5) in (10.6.1) and integrate term by term. 
We find in this way 


f(z) = Yj a „( z - z J n > 


(10.7.6) 


n=0 


where 


a . JL r dc £ < n 

n 2rri ^ _ N n 


C 

JL f (n) 


&- z o ) 


(z o } ' 


n+1 


(10.7.7) 


according to (10.6.7). 
series for f(z) and 
we have shown that 
this Taylor series 
converges at least 
inside the largest 
circle which can be 
drawn about z Q as 
center and remain 


Thus (10.7.6) is just the Taylor 
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inside the region R where f (z) is known to be analytic. 

The results just presented form the converse to the 
theorems quoted without proof in sec. 10.3 [see (10.3.15)] 
to the effect that a power series defines an analytic 
function inside its circle of convergence. 

We can easily obtain a generalization of the Cauchy 
integral formula (10.6.1) 
which applies when f(z) 
is known to be analytic 
in an annular region. 

Nothing is assumed 
about the behavior 
of f(z) in the region 
inside the annulus 
(the shaded region). 

First we apply the 
Cauchy integral 
formula in the form 
(10.6.1) with the 



contour C indicated 
in the figure. 
Noticing that the 
contributions along 
the two contigious 
portions of the 
contour cancel , we 
see that we can re¬ 
write the formula 
in the form 
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The minus sign in the second term arises from reversing 
the direction of the contour. 

We can use (10.7.8) to establish a generalization 
of the Taylor series. 

Suppose we expand abou 
a point z q located in¬ 
side the forbidden 
region inside the 
annulus, taking C^ 
and C^ to be two 
circles centered 

about z . The first 
o 

integral on the 
right of (10.7.8) 
can be expanded using the series (10.7.5) to lead to a series 
of the form (10.7.6). In the second integral on the right 
of (10.7.8) we expand the denominator in a different series: 



1 

C“ z 


e-v< z - z 0 ) 


—f 1 - — j 

-2; L z-z r J 


-1 




z-z 


o n=0 


(10.7. 9) 
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With Q on C^, 


C-z 


z-z 


<p<| so the series (10.7.9) is 


uniformly convergent and can be integrated term by term: 


00 



-1 


= Z V z - z o> 

n=-°o 


n 




(10.7.10) 


with b^ given by 


b „ ■ - ~si S' J C «>. (10.7.U) 

C 2 

Using the form (10.5.21) of Cauchy 1 s theorem, we see the 
contour in (10.7.11) can be moved anywhere in the annular 
region where f(z) is known to be analytic. 

Combining our formulas for the two terms on the 
right side of (10.7.8) we obtain the Laurent expansion 
for a function f(z) known to be analytic in an annular 
region 


oo 

f(z) = Z a n ^ z-z o' >n 
n=-» 


a Q +a 1 (z-z Q )+a 2 (z-z o ) +*'* 


+ a --1 - a 0 

-1 z-z -2 


( Z -Z o ) ‘ 


(10.7. 12) 


where a^ is given by 


a 

n 



f( Q 


(c- z Q ) 


n+l 


(10.7.13) 



434 


MATHEMATICAL METHODS FOR PHYSICS 


with C any contour inside 
the annular region where 
f (z) is known to be 
analytic. 

The terms with 
n = -1, -2,. . . in 
(10.7.12) describe the 
effect of any singu¬ 
larities of f(z) in 
the shaded region. If 
f(z) is analytic in 
the shaded region, 
a =0 for n = -1, - 2 ,. . . . 

If the singularities occur only at the point z q , we speak 
of an isolated singularity. In this case the Laurent 
expansion converges for 0< |z-z 0 | < r, where r is at least 
as big as the minimum distance from z q to the outer 
boundary of the region in which f(z) is known to be 
analytic. If the series with n negative in (10.6.1) stops 
at a finite N, 

x 1 1 1 

f (z) = a XT -- + a + • " “ + a 1 - 

v x -N , N N -N+l x vN-1 -1 z-z 

(z-z o ) (z-Z q ) ° 

2 

+ a Q + a 1 (z-z o )+a 2 (z-z Q ) +••• , 

(10.7.14) 

we say f(z) has a pole of order N at z= z q . If the whole 
series with n negative is necessary (N->a>)^ f(z) is said 
to have an essential singularity at z = z q . 
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Finally we note that although the Laurent series is 
very general, it is tacitly assumed in its derivation that 
f(z) is single valued in the annular region where the 
series converges. Thus the multivalued function log z 
cannot be expanded in an annular region surrounding the 
branch point at z = 0. 


10. 8 ANALYTIC CONTINUATION 

As we have indicated on several occasions, an 
analytic function is a remarkable mathematical object. 

It is defined to be a function with a unique first deriva¬ 
tive throughout a region. This definition is sufficiently 
broad to allow many interesting examples; most functions 
of interest in physics belong to this class. On the other 
hand, a function so defined has extraordinary properties. 

It turns out to have unique derivatives of all 'orders. 

Its real and imaginary parts satisfy Laplace's equation. 

Its line integral is independent of path. The values of 
the function at the points on a closed curve C determine 
its value at points inside C. 

The principle of analytic continuation is the 
ultimate fabulous property of analytic functions. According 
to this principle an analytic function is uniquely deter¬ 
mined everywhere in the complex plane by its values in any 
neighborhood, however small, of a point z q . In fact, the 
values of the function along a path segment, however short, 
or even on an infinite set of discrete points with a limit 
point, suffice to uniquely determine the function every¬ 
where -- in these cases one must be given that the function 
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is analytic in a region including the line segment or the 
infinite set of points. When we say everywhere we include 
that the type and location of all branch points is deter¬ 
mined and that the analytic continuation onto all Riemann 
sheets associated with these branch points is determined. 
The only exception to these statements is the occurrence 
of a natural boundary line of singularities which separates 
off part of the complex plane. 

The basic point here is contained in the identity 
theorem for analytic functions: If two functions are 
analytic in a region R, and if they coincide in a neighbor¬ 
hood, however small, of a point z q of R, or only along a 
path segment, however small, terminating in z q , or also 
only for an infinite number of distinct points with the 
limit point z q , then the two functions are equal every¬ 
where in R. 

Proof: Call the two functions f^(z) and f^Cz). 

Use the expansion theorem (10.7.6) for analytic functions 
to expand the two functions in power series about the point 
z Q . These series will converge at least in the largest 
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circle about z q which remains inside R. From the identity 
theorem for power series (Th. 1.; p. 398), the two power 
series must be identical so f^(z) = f 2 (z) t * ie circle 
about z q . Choose some point z^ inside but near the boundary 
of this circle about z q and expand f^ and f^ in power series 
about z^. Since f^(z)=f 2 (z) near z^ we conclude again 
that the power series will be identical so that 
fj(z)=f 2 (z) inside the largest circle about z^ which 
remains in R. Using a series of such circles we conclude 
that f-^(z) = f 2 (z) throughout R. 

This theorem implies that an analytic continuation, 
if it exists at all, is unique. For suppose we have an 
analytic function f^(z) defined in a region R^ and suppose 
R 2 is another region which overlaps R^ in a subregion S. 

If there exists a function 
f 2 (z), which is analytic 
in R 2 and equal to f^(z) 
in the common region S 
then f 2 (z) is unique. 

For if there were two 
such functions, f 2a (z) 
and f2b 9 t ^ e Y mu st 
be equal according to the identity theory just proved. The 
converse of this statement also holds: given f 2 (z), 
analytic in R 2 , f^(z) is uniquely determined. In fact 
f^(z) and f 2 (z) are just partial representatives of a‘ 
function f (z) analytic throughout the combined region R^ 
plus R 2 - 

The so-called circle-chain method employing power 
series, used in the proof of the identity theorem above, 
gives a method which in principle can be used to effect the 
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analytic continuation. Start with the function defined by 
a power series in 
one circle. Use 
the values of the 
function so obtained 
to make a power 
series expansion 
about a point in¬ 
side but near the 
edge of the circle. Etc., etc. According to the results 
discussed above the analytic continuation obtained in this 
way is unique. The process can be pushed as far as 
possible by extending the circle-chain in all directions, 
the radii of the circles being, of course, the radii of 
convergence of the power series. Since wherever the 
function is analytic it can be expanded in a power series, 
these circles eventually reach to every nook and cranny 
of the complex plane where it is possible to analytically 
continue the function. 

A singular point of a function is, according to the 
most general definition, a point Q such that the function 
is not single valued and/or analytic in any small neighbor¬ 
hood of Q. A function represented by a power series must 
have at least one such singular point on its circle of 
convergence. If it did not; 7 , the function would be analytic 
in a larger region, and since an analytic function can be 
expanded in a power series, it would have a larger circle 
of convergence. 

It is not possible to analytically continue through a 
singularity, but in general it will be possible to ana¬ 
lytically continue around the singularity by the circle-chain 
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method. If one analytically 
continues from a given 
starting region to the 
same final region by two 
paths which differ by 
going around opposite 
sides of branch points, 
one may obtain different 
values, corresponding to 
the different branches of 
a multivalued function, 
or equivalently the 
different sheets of the 
Riemann surface. 

An analytic continuation cannot be carried through 
only if one meets a continuous line of singularities 
separating one part of the complex plane from the rest. 

An example is provided by the power series 



f (z) = z 11 ’ > (10. 8. 1) 

n=l 

Vv 

which has a radius of converge r = 1. It can be shown that 

2TTi-| 

as z approaches a point on the unit circle z q = e y 
where p and q are any two integers, |f(z)|-*oo. For this 
function the unit circle is a natural boundary. 

Finally we want to point out that the circle-chain 
method is more a method in principle than a method to be used. 


Knopp. op. cit. , Part I, p. 


101. 
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Now that we know the analytic continuation is unique , any 
trick we can use to effect it is adequate. 

An example of the sort of thing done in practice is 
provided by the gamma function. This function is usually 
defined in elementary courses for real x>0 by Euler’s 
formula 


r(x) = f dt e'h 35 ' 1 . (10.8.2) 

J 0 

x- lid x 

Direct integration gives F(l) = 1. Writing t = - ^ t 
and integrating by parts yields 

r(x) = i r(x + i) , (io.8.3) 

so that for integer x = n we have 

r(n+l) = n.’ (10.8.4) 

The integral representation (10.8.2) does not converge for 
real x<0. 

We can analytically continue from the positive real 
axis to the right half complex plane with no effort at all. 
Since the integral converges for Re z>0 we have 

00 

T(z) = J dt e t t Z , Re z>0 . (10.8.5) 

0 

The integral (10.8.5) diverges for Re z <0 . We can 
however analytically continue to the whole complex plane 
by using a different integral representation due to Hankel 
which converges for all z: 
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where the contour C in the t plane is as indicated in the 
figure. If we keep the contour C away from t = 0, the 
integral converges for all z. In this formula the function 
t 2 "* 1 is defined with a cut along the negative real t axis: 

t z-l = e (z-l)logt = e (z-l)(ln|t|+i 0) # _ 7r < e<7r . 

(10.8.7) 

To show that (10.8.6) is the analytic continuation of 
(10.8.5) we transform (10.8.6) into (10.8.5) for Re z>0 . 
According to Cauchy 1 s theorem the contour C can be distorted 
as long as we do not cross any singularities. Let C hug 
the negative real t axis so that 0 = -T T for t coming in from 
-oo and 0 = +7f for t going back out to -oo. Adding the 
contributions from the two sides of the contour, taking 
account of the* minus sign due to reversal of the direction 
of integration, we find 

(z-1) (In (11 - iTr) (z-1) (In 11 |+i7r) 
e -e 

= -2i sin tt(z-I) e . (10.8.8) 

Letting t' =-t= |t| for t on the negative axis we find 
easily that (10.8.6) becomes 


442 


MATHEMATICAL METHODS FOR PHYSICS 


r(z) = J* dt' e ' t, e (z ‘ 1)lnt ' , (10.8.9) 

equivalent to (10.8.5). 

The formula (10.8.6) thus provides one way of writing 
the unique analytic continuation of r(z) throughout the 
entire z plane. Similarly the identity theorem proved at 
the beginning of this section tells us that since the 
analytic functions on the two sides of (10.8.3) are equal 
along the real axis they must be equal throughout the 
entire complex z-plane: 


r(z +1) = z r(z) . 


( 10 . 8 . 10 ) 
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PROBLEMS 


10.1 For an analytic functions, f (z) =u(x,y) +iv(x,y), 
any one of the functions f(z), u(x,y), or v(x,y) 
determines the other two. Assuming analyticity, 
find the other two functions from the one given for 
the cases below: 

2 2 

a) u = x-y+x+2 , 

b) v =J\ (Jc 2 +y 2 -x] , 

c) f = tan 


10,2 The Bernoulli numbers are defined to be the co¬ 
efficients in the expansion 


z i 

e -1 


2 3 

1+—+—+—4- 

21 31 4J * ’ * 


B ? 2 B o o 

= 1+B^z z + -jr z +••• 


a) Multiply up by the series in the denominator, 
obtain equations for the first few B^, and show that 

B 1 = ' ~V B 2 = 6 > B 3 = °> B 4 = ' 30’ B 5 = B 6 = 42 * 


b) Show that - + -z is an even function of z so 

2 - 2 
e -1 

that all B with n odd vanish after B-. 

n 1 

c) Show that 

B 2 2 

z cot z = i z + 1 + B^ (2iz) + 2 T( 2 iz) + ... 


,12 14 2 6 

3 2 “ 45 2 " 945 2 * * * 
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10.3 


Find the location and type of the singularities of 
the following functions. Introduce suitable cuts 
and discuss the Riemann sheet structure (number of 
sheets, topology): 


a) 


4+. / z - 9 


9 


b) 


J^+J z 


9 


c) In 




10.4 Show that 

arc sin z = sin ^z = y log j^iz + Jl-z^ J . 

Discuss in detail the branch points, cuts, and 
Riemann surface for this function. 


10. 5 Use Cauchy* s integral formula with the contour a 
circle of radius r about 
z to prove the mean value 
theorem for an analytic 
function f(z): 

1 211 ifi 

f (z) = 2 ^ J f (z + re ) . 

Prove also the equivalent form 

f(z) - — f dA f (z + re 10 ) . 
ttR 2 J A 

Here the integral is over a circular area centered 
on z. 

10.6 From the second formula in problem 10.5, show that 

|f (z) |< r dA |f (2 + re 10 )| =^r dA |£(C)| • 
ttR A ttR A 
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Use this to prove the maximum modulus theorem: if 
f(z) is analytic in a region and |f (z) \ attains a 
maximum value at some point z in the interior of the 
region, then f(z) is identically constant throughout 
the region. An equivalent statement is that if f(z) 
is analytic in a closed region R, then |f(z)| attains 
its maximum value on the boundary of the region. 

10.7 Use Cauchy 1 s integral formula for the first derivative 
f 1 (z) with the contour C 
a circle of radius r 
about z to show 

|f <*>l< jf, 

where M is the maximum 
of |f(z)| on C. Use this to prove Liouville 1 s 
theorem : a bounded entire function is necessarily 

a constant, i.e. a function which is analytic in the 
whole z plane and for which |f(z)|< M everywhere is 
a constant. An equivalent statement is that the 
absolute value of a nonconstant entire function 
attains arbitrarily large values outside every circle. 

10.8 Show that if u(x,y) is a solution of Laplace's 
equation and if v(x,y) is defined by the line 
integral 



v(x,y> - J [- |rii=i+ |jdy] , 

<vV 

then v(x,y) is independent of path and 
f (z) = u(x,y) + i v(x,y) 
is an analytic function. 


Apply the Cauchy integral theorem to the two points 


Z 1 


= re 


ia 


and 



10. 9 
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obtain for an analytic function f(z) 


f (z) 


1 217 

- 2rr J> 


f(Kg 16 ) 

r i(a-0) 
R 


2rr 


f d0 f (Re 10 ) X 
°0 


r -i(a-G) 

1_ i e 

2 ’ 

1-2^ cos(a-6) + ^ 

K n Z 


1 ^ 

■ i J> 


e(Re iS t 

1 _R e i(a-e) 

r 


= i .f d * 


f(Re 10 )X 


r 2 r - i (a- 6) 

R ~ R _ 

2 ' 

l-2f cos(a-0)+-^ 

K r> Z 


so that 


1 



2rr 


27T 

I de 

0 


f(Re 19 ) 


1 - 2 ~ cos (a- 0) + 
R 


2 

r 



f(z) = 
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10. 10 


10 . 11 


Take the real part to obtain the solution to Laplace* s 
equation inside a circle in terms of the boundary 
values on the circle: 


u(r,a) 


1 


2 


r 



2tt 


2rr 

f de 

J o 


u(R» 6) _ 

2 

1-2 ” cos (a-e)+ — 
R R Z 


This is Poisson*s solution of the Dirichlet problem 
for a circle. 


Suppose f(z) is analytic in the upper half plane and 
on a portion of the real axis and assume f(z) real 


I 

on this portion of real axis. Show that analytic 
continuation gives 

f (z) = f (z ) 


for points z in the lower half plane. This is the 
Schwarz reflection principle . 


Suppose the function f(z) is analytic inside and on 
the closed curve C 
except that it has 
a finite number of 
poles inside C. 

Assume f(z) does not 
vanish anywhere on C. 

Show that 


JL f dz-i- ^ -I = N -P 

2iriJ_ f(z) dz 



where N is the number of zeros of f(z) inside C and 
P is the number of poles of f(z) inside Q, each zero 
or pole being counted a number of times equal to its 
multiplicity. 




CHAPTER 11 EVALUATION OF INTEGRALS 


11.1 INTRODUCTION 

Analytic function theory provides some powerful 
methods for calculating definite integrals. We discuss 
first the basic result known as the residue theorem and 
then a number of examples of its application. 


11. 2 THE RESIDUE THEOREM 

The fundamental relation has already been exhibited 
in (10.5.22). Let us specialize to the case where f (z) 
is analytic except for certain poles at the points z^. The 

poles can be of finite or finite or infinite order 
(essential singularities). Branch points are not allowed 
in the region under consideration since the function must 
be single valued in this region. We have 

H. W. Wyld, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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J dz f(z) = J dz f(z^) 

C i C. 

1 

= 2rr± ^Res (f , z^). 


( 11 . 2 . 1 ) 




The residue of f(z) at the singularity at z^ is defined by 

ResCfjZ^) = ~2jri. J f ^ > (H* 2. 2) 

C. 

l 

where (L is a counterclockwise oriented contour enclosing 
the pole at z^ and only that pole. 

There are several ways to evaluate the residues. 

From (10.7.12), (10.7.13) we see that for a pole of any 
order at the point z^ the residue is the coefficient a ^ 
in the Laurent expansion of f(z) about the point z^. Thus 
if by any method we can find the coefficient a ^ in the 
expansion 


f (z) = a Q +a 1 (z-z 1 ) +a 2 (z-z t ) +... 


+ a 


■ + a 


1 z-z -2 , s 2 
i (z-z i ) 


+ . 


(11. 2. 3) 


we have 


Res(f,z^) = a 


(11.2.4) 
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for the residue which appears in (11.2.1). 

If the function f(z) has a simple pole of order one 
at z., the Laurent series about z. has the form 

l i 


f (z) 


~±-j + a Q + (z-z.)+ a 2 (z-z.) 2 + . .. 


(11.2.5) 


and we see that 


Res (f, z^) = a_^ = Lim [(z-z i >f(z)] . (11.2.6) 

z-> z. 
i 

For a pole of order n we have a similar but more complicated 
formula: 


f(z) = 


-n 


(Z-Zp 11 (Z-Z i ) 11 1 


a . - a 

-n +1 + + _ 1 L 


a o + a i (z-z i ) ■*■••• > 


(11. 2.7) 


Res(f,z.) = a 


-1 (n-l)J 


Lim 

z-+z. 

i 


'_d 

”dz 


n-1 


■^j{(z-z i ) n f (z)}^j . 


( 11 . 2 . 8 ) 


A useful, easily remembered rule for a simple pole 
(n=1) is obtained by the following argument. Suppose f(z) 
is of the form 


f (z) 


e 1 z ) 

q (z) ' 


(11. 2. 9) 


where near the pole 
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p(z) analytic near z^ , 

q(z) ~ c(z-z 1 ) . ( 11 . 2 . 10 ) 

Then in the neighborhood of the pole we can expand p(z) 
and q(z) in Taylor series and divide one series by the 
other to find the Laurent expansion 

p(z .)+p' (z )(z-z.)+... 

f(z)- - - 5 - ( 11 . 2 . 11 ) 

q' (zp(z-z^)+q"(z^)(z-z^) +... 

P( Z P l P(z t ) r P' ( z i) 4" ( z i)-| 
q' (z t ) z-z t + q' (z t ) Lp(z i ) " q' (z^j 

+ 0 [(z- Zl )] + . . . (11. 2. 12) 


We see that 

P( Z P 

Res(f,z.) = a_ J _ = q - ( ' 2 } . (11.2.13) 

Thus the residue of (11.2.9) is obtained by replacing the 
factor q(z), which contains the simple zero, by its 
derivative and then evaluating everything at z^, the pole 
position. 

We now give some examples which illustrate how the 
residue theorem is used in practice. 


11.3 RATIONAL FUNCTIONS (- 00 , 00 ) 


A simple example is 
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L 1 = J dx 


2 2 
°° x +a 


(11.3. 1) 


To employ the residue theorem we need a closed contour. 
We can add on the contribution from the semicircular arc 


with R -*<» since this 
contribution vanishes: 


I dz "271 = J*. 

C 2 z +a 


TT 


Rle l9 d9 


. 2 2iG 2 R-co 

0 R e +a 


Thus we find 



* 0 . 


(11.3. 2) 


[ 1 1„ 2, 2 J 


dz 


x +a 


2 2 
C ± +C 2 z +a 


= 2rri Resj^ — 2^~2 ’ ia l = a 9 Re a> 
The integral 


0 


z +a 


(11.3.3) 


[ n=I 


dx 


/ 2 _l 2 N n 

-oo (x +a ) 


y n — 1 y 2y 3 y , , . y 


(11.3.4) 
th 


can be evaluated by using the formula (11.2.8) for an n 
order pole or by differentiating (11.3.3) n-1 times under 
the integral sign: 

(-I ,"- 1 d - 1 r _jx_ 

n (n-1)! d(a 2 ) n_1 -« x 2 +a 2 

=^ 4 [U] n (ii- 


2 r *- 1 (n-l)! L * daJ 


(11.3.5) 
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Variations on the above technique will work for an 
integral 


00 

I = J dx f(x) 

-00 


(11.3.6) 


with f(x) a rational function, i.e. 


f(x) 


N 


l 


n 

a x 
n 


M 



(11.3.7) 


The semicircular contour at R -»oo gives a vanishing contri¬ 
bution as long as M>N + 2, which is necessary for (11. 3. 6) 
to converge. Of course, for a high order polynomial in 
the denominator of (11.3.7) it may not be easy to locate 
the poles, i.e. the zeros of the denominator. 

Suppose now the limits on the integral are (0,co). 

If the integral is an even function, i.e. f (x) = f (-x), we 
have 

J dx f(x) = “ J dx f(x) , (11.3.8) 

0 -00 

and we can proceed as above. For cases in which f(x) is 
not an even function see sec. 11.5 below. 


11.4 EXPONENTIAL FACTORS; JORDAN'S LEMMA 


Consider an integral of the type 
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I = J dx e iax g(x) 

-oo 


(11.4.1) 


with a a real number. In order to employ the residue 
theorem we need a closed contour so we try to add in a 
semicircular contour of radius R -►<». The integral along 
this contour is 



I 2 = J dz e iaz g(z) = J i Re ie d0 x 

C 2 0 

iaRcos G -aRsin 0 . i0. 

e g(Re ) 


(11.4. 2) 


Under what conditions will this integral vanish in the limit 
R ~m»? If a>0, the exponential factor e a ^- s ^ n ® approaches 
zero very rapidly except in a narrow angular range where 
|sin0|< C/R, i. e. 0<c/R or 0>7 T-C/r. Keeping the factor 
Rd0 in mind, we see that the integral (11.4.2) will 

i9 

certainly vanish provided g (Re )-*0 as R ->°o for all 0. 
Formally, if |g(Re'*'®) |<G(R) and a>0, 


1 1 2 1 <Rj d0 e 


-aRsin 0 


7r/ 2 


<2 RG(R) J de e 


G(R) 

2aR9/ir 


J G(R)(l-e‘ aR ) , 


(11.4.3) 
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since sin 0 > 20/V f or O<0 <tt/2 . For a negative we must 
use a semicircular contour in the lower half plane; the 
contour in the upper half plane leads to a result which 
diverges exponentially as R -♦<». Thus we have established 
Jordan 1 s lemma: If |g (z) (= |g (Re^^) |<G(R) 0, 

J dz e iaz g(z) ^ 0 , a>0 , 

C 2 

(11.4.4) 




We can use these results to complete the contour and 
thus do the integral (11.4.1) by the residue theorem. If 
g(z) is analytic except for simple poles of order one at 
points and |g(z)|-->0 as |z|-*c°, we find 


>0: J dx e g(x) = J dz e iaz g(z) 

C l +C 2 

V iaz k 

= 2ni 2j e Res(g,z.) , 

Imz. >0 

k 


(11.4.6) 


a <0: J dx e g(x) = J dz e iaz g ( z ) 


C l+C 3 


= -2rri X, 


raz, 


Imz. <0 

k 


e 


Res(g y z^) . 


(11.4.7) 
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For the two cases we obtain the residues in the upper or 
lower half z plane. The minus sign in (11.4.7) arises 
because the contour is traversed in the clockwise rather 
than the counterclockwise direction. The function g(z) 
can have branch points and cuts only in the unused half 
of the z plane: the lower half z plane for (11.4.6), the 
upper half z plane for (11.4.7). 

As an example consider the following integral in 
which a and b are real numbers; 


J dx 


2rr± 


-ab 
e__ 

2ib 


ab 


a>0 j 

i 



a < 0 


(11.4.8) 


A very important integral differs from (11.4.8) only 
by a minus sign in the denominator: 

oo iax 

I dx - f ■ 2 • (11.4.9) 

-OO X -b 

As it stands this integral is ambiguous. There are poles 
on the real axis at x = +b. We must specify how to go around 
these poles. A few of the many possibilities are given 
below; the contour around the poles is indicated by a 
symbol under the integral sign: 
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I dx 


iax 


= < 


2 , 2 



x -b 



_ iab -iab_ 

— sin ab 
b 


i«[*» +e - a j=- 

, a >0 

0 


, a <0 


(11.4. 10 ) 


lax 


dx 


2 u 2 
-a> x -b 


iab -iab 


, a>0 


-HV + ^rJ=f sinab ^ a<0 


(11.4.11) 


iax 


I dx 2.2 

-oo X -b 


C -iab . , 

2 rri ' ^. ~ 2 b ' = ^ e ±a > a >0 

iab 


(11.4. 12) 


-27ri 


. 7T iab , a < 0 

2r = - x b e 


Integrals involving sin ax or cosax can be done by 

writing these functions in terms of e and e or by 
iax iax 

using cos x = Re e , sin ax = Irae . Thus for example 
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f dx 

J o 


cos ax 

2,2 

x +b 


= l.f 


dx 


cos ax 

2,2 

x +b 



00 

J dx 

-GO 


iax 


2,2 

x H-b 


IT 

2b 


e -l a l b 




(11.4. 13) 


where we have used (11.4.8). 

Sometimes one must be careful in replacing sines 
or cosines by exponentials. Thus 


r dx 

J 0 


sin ax 
x 


if 


dx 


sm ax 


(11.4. 14) 


is convergent while 
iax 

r dx • § — (11.4.15) 

J 0 

diverges near x = 0. Since (sin az)/z is analytic near z = 0, 
we can use Cauchy 1 s theorem to displace the contour away 
from z =0 in (11.4.14) before replacing sin ax by exponen- 
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-Aj 


iaz 


dz 
C l +C 2 


A J 


•iaz 


dz 


C l +C 3 


= ^ i -°] 


(11.4.16) 


Since sin ax is an odd function of a and sin 0 = 0 we thus 
find 


r dx 

X 


r 2 

2 ' 

a>0 



0 , 

a = 0 

. 

(11.4.17) 

7r 

‘ 2 > 

a <0 




11.5 INTEGRALS ON THE RANGE (0,oo) 

To do an integral of the form 

CO 

J* dx f ( x > (11.5.1) 

0 

involving a function f(x) which is not even, we can intro¬ 
duce log z. Taking the cut along the positive real axis, 

log z = In r + i0, O<0<2 tt. (11 .5.2) 
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The discontinuity of log z across the cut is 


log - log z^ = -2rri . (!!• 5. 3) 

Thus if f(z) is analytic along the real axis, and provided 
the small semicircle around the origin gives a vanishing 
contribution, we have 


oo 

' 1 

-1- e 

If furthermore f(z)-»0for |z|-»°°as fast as jz| , e>0, 

we can complete the contour by adding in a vanishing 




contribution from C 2 - If, then, f(z) has only simple poles 
of order one at points z^, with residues Res (f,z^), we find 

OO 

f dx f (x) = - Res (f,z,) log z, . (11.5.5) 

J 0 k k R 




L 


dx f(x) = 


1 

2iri 


J* dz f(z)log z 


(11.5.4) 


For example with n = 2^3, 4,5,... 


r dx 
0 



log z k 

n-1 9 
nz k 


th . - 

z, = n roots of 
k 


(-D • 


(11.5.6) 
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For the case n = 3, z^ = 


it r 

3 


it r 

j 2 2 e 9 Z 3 e 




I dx 


1+x 


l^2W3 


ITT 


iSTr/ 3 1 

3e 2 i7T ' 3e il07T/3j 


= “ 3 L [^ - 2 " 1 * 2 ^ + 1 + f (-2 + i ^] 


_ -W3 

9 


(11.5.7) 


A similar device is useful for 


J dx Jk f (x) . (11. 5. 8) 

Take the cut for Jz along the positive axis. Then with 
and z 2 as indicated in the figure above Jz~^= - - Jz^ . 

Assuming f(z) is analytic along the positive real axis 
and provided the small semicircle around the origin gives 
a vanishing contribution, 


J dx Jk f(x) = ^ J dz Jz f(z) , 
0 C, 


(11.5.9) 


with the contour around the positive real axis in the 
figure above. If furthermore f(z) goes to zero sufficiently 
rapidly as |z|->°° so that the contribution from the contour 
C 2 vanishes and if f(z) has only simple poles of order one 
at points z^, we find 


r dx J* f(x) = tt i Res(f,z, ) . 

0 k K K 


(11.5. 10) 
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For other nonintegral powers we have similar tricks. 

With the same contour C around the positive x axis and the 

Oi 

cut in z along the positive real axis, we have 

f dz Z a f (z) = (l-e 2 ^) J dx x a f(x) , (11.5.11) 

C 1 0 

always provided f(z) is analytic along the positive real 
axis and the small semicircle around the origin gives a 
vanishing contribution. If f(z) -> 0 for |z|-*co sufficiently 
rapidly that the contribution from the contour Cvanishes, 
and if f(z) has only simple poles of order one at points 

V 

j"d* £(,) - | Res < £ >V • <11. 5. 12) 


Thus, for example, we find 
°o ,z-1 


v* - 


2n~l 


TTi(z-l) 


1-e 


2rri(z-l) 


“IT 


7 T 


sinTr(z-l) sinTrz 


(11.5. 13) 


forO<Rez<l, so that the integral converges. 


11.6 ANGULAR INTEGRALS 

Integrals with respect to 0 of functions of sin 0, 
cos 0 can often be done by making the substitution 
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A 1 , ,L 

cos e = 2 (z +-) , 

sln6 = — (z-~) , 

de=-ff. (11.6.1) 

If f(cos 0, sin 0) is a rational function of cos 0 and 
sin 0, the above substitution will transform the integral 


J d0 f (cos 0, sin 0) = J dz R(z) 


( 11 . 6 . 2 ) 


into the integral with respect to z of a rational function 
of z. Such integrals can be done by the usual partial 
fractions decomposition technique of elementary calculus. 

If the limits on the 0 integral are (0,27 r), the 
corresponding contour in the z plane is the unit circle, 
and with such a contour we can use the residue theorem. 

For example, we have 


2?r 


a+bcos 0 


= 1 , 


dz 

iz 


a+^(z +h 
l z 


is 


dz 


2, 2a _ L1 
z +— z+1 
b 


(11.6.3) 


where C is the unit circle. Assume a>|b|>0, so that 
a+bcos 0 has no zeros in the region of integration. The 
denominator in the integral on the right side of (11.6.3) 
has zeros at 
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(11.6.4) 


which are such that z^^= 1, so that one zero is inside 
the unit circle, the other outside. Using the residue 
theorem we find, for b>0, inside the unit circle. 



1 

a+bcos 0 



1 


2 Z + — 
ZZ 1 b 



2ir 


(11.6.5) 


The case b <0 leads to the same result. 


11.7 TRANSFORMING THE CONTOUR 


Occasionally an integral can be transformed to a 
more convenient form by using Cauchy's theorem to move the 
contour. Consider the integrals 


F- = P dx cos ax^ , 

1 J o 

00 2 
F n = (* dx sin ax , 

2 J o 


(11.7.1) 


which form the real and imaginary parts of 

00 

F-Fi + iF 2 - r 


dx e 


0 


Since e iaz is analytic 
in the entire z plane we 
can use Cauchy* s theorem 
to write 


(11.7. 2) 
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_ 2 . 2 
iaz p j laz . r* - 
e + J dz 

C 2 C 3 


F = J dz e iaz = J dz 


laz 


(11.7.3) 


Along the contour at large R we have 

2 2 2 2 2 
iaz iaR (cos 9-sin 0)-2aR cos 0 sin 0 
e = e 


(11.7.4) 


This goes exponentially to zero as R -><» except in a small 

2 

angular range 0 < c/R near 0 = 0. Since this angular range 
ocl/R^and dz = iRe^d0 , we see that the contribution from 
the contour vanishes in the limit R -»«>. Thus we find 


F l + iF 2= J dz 


2 it oo 2 

iaz 4 n j -ar 
2 = e dr e 

J o 


1+i 1 


~JT 2 



(11.7.5) 


or 


J dx cos ax 2 = J dx sin ax 2 = . (11.7.6) 

In this and the preceeding sections we have shown some 
ways in which Cauchy f s theorem and the residue theorem can 
be used to do integrals. Evidently there are many tricks; 
the main limitation is generally the ingenuity of the 
practitioner. 
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11.8 PARTIAL FRACTION AND PRODUCT EXPANSIONS 

A slightly different application of the residue 
theorem leads to a method for calculating certain infinite 
sums. The function sinTrz has an infinite series of zeros 


sinTTz=0 at z = 0, +1, +2 , ... , 


( 11 . 8 . 1 ) 


so that its reciprocal has an infinite series of poles: 


1 s t 

—- has 1 order poles at z = 0,+l.+2,. 

sin7Tz r 7 


( 11 . 8 . 2 ) 


The residues are given by 


Resi~ . ■ 1 , n~l = -— = < » ~ 1 - > . (11.8.3) 

Lsinrrz ’ J ttcos im ir 

Thus if f(z) is analytic near the integers z = n, 

f dz = - 2rri Yj f ( n ) > (11.8.4) 

Sin7TZ TT 7 


where C is a contour surrounding the poles of (sinTrz) in 
the clockwise sense. 
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Note that if f(z) has poles on or near the real axis we 
would indent the contour C so as to exclude them. 
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The contributions from contiguous portions of the contour 
traversed in opposite directions cancel, and we are left 
with the contour T at infinity and the residues of the 
poles of f(z) at zassuming that this is the only type of 
singularity of f(z). Thus (11.8.4) becomes, assuming simple 
poles of order one of f(z) at the points z^, 



£ (z) ! 

sin ttz 


2iri 2 ; Res(f , z k ) 

z k k 

2rri E ^ £ (n) • 
n 


(11.8.5) 


If f (z)/sin7Tz ->0 at infinity sufficiently rapidly, the 
integral around the contour T at infinity -»0 . This is not 
a very restrictive requirement since (sinTTz) -*0 
exponentially except near the real axis. However, it must 
be checked for each case. Assuming then J , (11.8.5) 
becomes 

Z (-l) n f(n)=-7T Z Res ( f ,z k } . (11.8.6) 

n=-co z k k 

As an example take 


f (z) 


1 

z-C 




Z k = C, Res(f,z k ) =1 , 


(11.8.7) 


to obtain 


Z <-D n 

n=-<» 


1 

n-C 


7r 

sinTT^ 


( 11 . 8 . 8 ) 


or equivalently 
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00 

i _ ± 2c y 1 (-i) n 

sin vQ tQ 7T n / ^ 1 n 2_^2 ‘ 


(11.8.9) 


This is the partial fraction expansion of esc tQ. 

To cancel the factor (-l) n in the sum on the left of 
(11.8.6) one can include a factor costtz in f(z). Consider, 
for example, the case 


f (z) 


cos 7TZ 

z-C * 


( 11 . 8 . 10 ) 


For this case one might worry that the integral over the 
contour at infinity. 


JL( si = r dz 1 c °s jrz 
sinTTz J z-C sin7Tz y 

r 

might not vanish. However, for | z | —>c» we have 



( 11 . 8 . 11 ) 


COS TTZ 

sin TTz 


= l 


1TTZ , -17TZ 

e +e 


ijrz - iTTZ 
e -e 





0<e< 7T ( 1X> 8. 12 ) 

TT < 0 < 2l7" 


i 9 

as r -*o° at fixed 0 in z = re . Thus the contribution to 
(11.8.11) from the upper half z-plane cancels the contri¬ 
bution from the lower half z-plane. The formula (11.8.6) 
with f(z) given by (11.8.10) thus yields 


V 1 _ _ cos 7 rC 

=loo n “£ ’ sin ' 


(11.8.13) 


or equivalently 


ctn7TC=^-f Z ~Y ~2 ' 

n=l n -£ 


(11.8. 14) 
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which is the partial fraction expansion of ctmr£ . 

A less daring way to derive this result is to take 


f (z) 


cos irz 
(z-a)(z-p) 


(11.8.15) 


in (11.8.6); then there is no doubt that the contribution 
from the contour integral at |z|~*oo vanishes. We find 


00 



1 

(n-a)(n-p) 


00 



2(n 2 4Qp) 

, 2 2 . . 2 2 . 
(n -a ) (n -p ) 


ctnTTQ: -ctnTTp 

a-p 


(11.8. 16) 


Expanding in the limit p gives (11.8.14) with Q 
replaced by a. 

We can derive an infinite product expansion from 
(11.8.14) by writing it as 


integrating from £ = 0 to Q = z , 

x-w]- 

and exponentiating^ 

go r Z 2 1 

sin7TZ = 7TZ [ I l 1-2 J • 


(11.8. 18) 


(11.8. 19) 


In addition to its utility in partial fraction 
expansions such as (11.8.14 ), the device described in this 
section is important in the part of high energy physics 
called Regge pole theory. The partial wave expansion for a 
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scattering problem 
00 

f(©) = Z (2je+l)f .P.(cos 6) (11.8.20) 

Jj=0 1 1 

is rewritten as an integral in the 4-plane with the aid of 
the so-called Sommerfeld-Watson transformation: 


f(8) e>. (11.8.21) 

4 plane 




Notice that the property P (cos 0) = (-1) 'S? (-cos 0) of the 

x> Jit 

Legendre polynomials has been used to absorb the factor 

4 -1 

(-1) from the residue of (sin7T4) . The contour is 

now deformed so as to go up parallel to the imaginary axis. 
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If f regarded as a function of % has poles at 

Ai 

£ = a 1 ,a 2 ,... with residues P^P^..., we find 


f (0) = -7T Z 
k 


2a. +1 
k 

sin ttO. 
k 


p kV- C0S e) 

k 


—2— f d » ii±L_ 
2TTi J x sin TTX 

C 2 i 


f A (_cos e) • 


X 


( 11 . 8 . 22 ) 


X 


Under certain conditions the background integral along the 
contour C^ can be neglected, leaving only the contributions 
of the Regge poles at 4 = 0^. 
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11 . 1 

11 . 2 

11.3 

11.4 

11.5 

11 . 6 

11.7 

11.8 

11.9 

11 . 10 

11 . 11 


PROBLEMS 


J dx ;t '2\2 ' a real 

0 (x +a ) 


dx “4-2 

0 x +5x +6 


1 

r dx T— 

J 0 X 4 +1 


d k ~—2 ’ a rea ^ 
k +a 


J 3 0 

d k —~ o * a rea l 
k -a -ie 


r* , sinx 

dx -r- 2 ” j a rea l 

0 x(x +a ) 


a x 

I dx ~rr = T~2~i ,; a > b real 

-a V a -x (x +b ) 


00 i 

L dx ~t: 


1 (x-l)“(xfl) 


, 0 <a < 1 


-1 l+x 


p , In x .. 

dx —-—- > a real 

0 x +a 


J dx 2~2 ' a real 

0 x +a 
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11 . 12 


11. 13 


11. 14 


11. 15 
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f dx 

J o 


cosh ax 
cosh TTX 


- 7 T<OL <ir 


Use contour 

y=l 





II 

o 

_1 


00 



Evaluate ^ > a real 

n=l n -fa 


Show that 


oo 



sin z n=-co (z-n?r) 


Use (11.8.9) and (11.8.14) to evaluate the 
following numerical series 







CHAPTER 12 DISPERSION RELATIONS 


12„1 INTRODUCTION 


A dispersion relation is a formula for the real part 
of an analytic function as an integral over its imaginary 
part. It is an application of Cauchy 1 s integral formula 
(10,6.1). The name dispersion relation is due to physicists 
and will not be found in the mathematical literature. 

Similar problems have been studied by the mathematicians 
under names such as Hilbert transforms, the Riemann-Hilbert 
problem, the Wiener-Hopf method and Carleman 1 s method. The 
physicist* s name arises from the original applications of 
the technique by Kramers and Krbnig to the study of the 
index of refraction describing the dispersion of light waves. 
More recently further refinements of the method have been 
employed extensively in elementary particle theory as an 
alternative to quantum field theory and perturbation ex¬ 
pansions. 


H. W. Wyld, Mathematical Methods for Physics ISBN 0-8053-9856*2; 0-8053-9857-0 pbk. 
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In this chapter we study a few of the basic mathe¬ 
matical questions without any indication of the physical 
significance of the complex variable z or the analytic 
function f(z). Suffice it to say that it is often possible 
by analytic continuation to attach significance to such 
things as a complex energy plane or a complex wave number 
plane or a complex angular momentum plane and also to the 
corresponding amplitudes for physical processes as analytic 
functions of these complex variables. 

A dispersion relation is an identity satisfied by the 
real and imaginary parts of a wide class of analytic 
functions. If some further relation is specified between 
the real and imaginary parts of the analytic function, the 
dispersion relation can be converted into a certain type 
of singular integral equation. In the last section of this 
chapter we study some methods for solving such equations. 


12.2 PLEMELJ FORMULAS; DIRAC* S FORMULA 


Consider an integral of the type 

F(z) = f dx' . (12.2.1) 

0 X -z 


We are deliberately vague about the limits on the integral. 
For our purposes here we suppose the integration is along 
all or part of the real axis, e.g. 


b 


a 


f(x') 


or 



f(*’> 


or 



+ J* dx' 
a 


£(*') 

x' -z 


( 12 . 2 . 2 ) 




12 DISPERSION RELATIONS 


477 


We can treat the various cases together by taking f(x*) equal 
to zero along certain portions of the real axis. 

An integral of the type (12.2.1) appears in the 
Cauchy integral formula (10.6.1) except that there we have 
a closed contour, not necessarily along the real axis. We 
shall restrict ourselves in this chapter to integrals along 
the real axis. However, our considerations can obviously 
be generalized to integrals along other arcs or closed 
contours in the complex plane. 

Of particular interest are the values of the integral 
(12. 2. 1) for z on or near the real axis: 

F(x) = J* dx' . (12.2.3) 

As it stands this integral is ambiguous, like the examples 
(11.4.9)- (11.4.12). We must specify how one goes around 
the pole at x* =x on the real axis. We can approach from 
above. 


F (x) = Lim F(x+ie) = Lim f* dx* 
^ 0-0 e-0 

0>O 0>O 


£(*') 
x 1 -x-ie ’ 


or below. 


F_ (x) = Lim F (x - i 0 ) = Lim J dx* 
e— 0 0—0 

0>O e>0 


f . fe D. 

x* -x+i© 


(12. 2. 4) 


(12. 2.5) 


Another possibility is the Cauchy principle value integral 
designated by the letter 9 and defined by 
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<? rV ^ - Li. I r J*' r - f ^l. 

J„ x'-x e-*0 L"_ x'-x x'-X J 

a 


e -*0 

e>0 


b 

i 

x+e 


( 12 . 2 . 6 ) 


If f(x* ) is sufficiently smooth near x 1 =x, the contributions 
from opposite sides of the singular point will cancel in 
(12.2.6) because of the change in sign of x f -x, and the 
limit will exist. 

If we assume that f(z') is analytic near the real 
axis, we can use Cauchy's theorem to deform the contours 
in (12.2.4), (12.2.5) with a semicircular indentation of 
radius e-»0. We can then set z = x with no difficulty. 

Thus we find 


f + (x> = J* dz ' 



c 


1 




- Lim 
e-»0 
e>0 




+j 

x+e 



+ i J d0 f(x+ee i ^)j 

-7T 


= dx' yj +tt f (x), 


(12. 2.7) 


and similarly 


f (x) = f dz' 

“ Z 1 -X 


— _ 

x 


= Lim 
e-0 
e>0 



e 

dx* 


f(x') 

x ! -x 




+ ij d0f(x+ee i ^)J 
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= 9 J* dx 1 - i 7T £ (x) . (12.2.8) 

The results (12.2.7), (12.2.8) are called the Plemelj 
formulas. Physicists usually remember the formulas by 
writing them in the form 

< 12 - 2 - 9 > 

and noting that since f(x*) is an arbitrary function, this 
implies 


1 

x*-x+ie 



iTT 6 (x-x*) 


y 


which is sometimes called Dirac’s formula. 


( 12 . 2 . 10 ) 


12. 3 DISCONTINUITY PROBLEM 


The function F(z) given by the integral (12.2.1) is 
an analytic function of z except along those portions of 
the real axis where f(x) is nonvanishing. F(z) has a cut 
along these portions of the real axis, and the discontinuity 
across this cut is given by (12.2.7), (12.2.8): 

F_j_(x) - F_(x) = 2 tt i f (x) . (12.3. 1) 

The converse problem is of interest. Suppose we are 
told that a function F(z) is analytic except for a cut along 
certain portions of the real axis and that the discontinuity 
across this cut is given by a specified f(x) according to 
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(12.3.1). Can we find F(z)? Evidently one function 
satisfying these requirements is 

F (z) = J* dx' . (12.3.2) 

If there is another function G(z) satisfying the same re¬ 
quirements^ then F(z)-G(z) is an entire function, i. e. a 
function analytic throughout the entire z plane. So the 
general solution of the problem is 

G(z) = J dx' ^ 7 ^- + E(z) , (12.3.3) 


with E(z) an arbitrary entire function. 

To restrict the solution further one can impose 
limitations on how fast E(z) -><» as z->oo. An entire function 
can be expanded in a Taylor series 
00 

E(z) = Yj a ■ *” , (12.3.4) 

n =0 

which converges for all z. The coefficients are given by 
the formula (10.7.7): 


a = _L- (• d r MCI 

a n 2tri Jp ^ ^n +1 


(12.3.5) 


Taking C to be a circle of radius R, we see that 


* a n' — 


E (R) 
max 

R n 


(12.3.6) 


where E (R) is the maximum value of |e(z) I on the circle 
max 11 

of radius R. If we specify that E(z) go to infinity no 
faster than |z| , i. e. 
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E(z)| <C|z| N , 


(12.3.7) 


then we have 

a <C R N-n . (12.3.8) 

n ~ 

Since R is arbitrary this implies 

a =0 , n>N . (12.3. 9) 

n 7 

Thus the limitation (12.3.7) on the growth rate of E(z) 
implies that E(z) is a polynomial: 

N 

E(z) = Yj a z n • (12.3.10) 

n =0 n 

In particular, if E(z) is to remain finite as jz| -►<», E(z) 
can only be a constant, independent of z. 

The function given by the integral (12.3.2) vanishes 
as z If we impose the boundary condition F(z)^>0, 

then E(z) =0 and (12.3.2) is the unique solution of the dis¬ 
continuity problem. 


12.4 DISPERSION RELATIONS; SPECTRAL REPRESENTATIONS 

Consider a function f(z) which has the properties 

1 ) f(z) is analytic in the upper half z-plane, 

2) f(z) -»0 as |z | ->oo in the upper half z-plane. 
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Apply Cauchy 1 s integral 
formula (10.6.1) to the 
function f(z) with z a 
point in the upper half 
plane and C a contour 
in the upper half plane: 



f (z) = 


2iri 


r dz* 
J c 



(12.4. 1) 


Now expand the contour until it consists of the real axis 
plus a semicircular arc at infinity. In view of the 
property 2) above the contribution from the semicircular 
arc will vanish, and we are left with 


(z) = 2 dx ' 


f + (x') 

x f -z • 


(12. 4. 2) 


In this formula 


f (x 1 ) = Lim f(x ! +ie) (12.4.3) 

e-0 
e>0 


is the boundary value of the analytic function f(z) as 
the real axis is approached from above. This is evidently 
what is needed in (12.4.2), since we start with a contour 
above the real axis and push it down onto the real axis 
from above. 

We now let z approach the real axis from above: 
z->x + ie, e -*0, e>0. Then (12.4.2) becomes 


f + (x) =2rf J* dx ’ 


f + (x' ) 


x'-x-ie 


(12. 4. 4) 
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where the limit symbol Lim is suppressed but understood. 

e-»0 

e>0 

We can now use Dirac's formula (12.2.10) to evaluate 
(12.4.4): 


£ + (x) = I dx ' M x,) [^ +i7r6(x ’- x) ] 


f, (x 1 ) 


S d *' + i V*> - < 12 - 4 - 5 > 


or equivalently 


f + (x) = 9 J* dx ' 

-CO 


f + (x*) 
x'-x * 


(12.4.6) 


Taking the real and imaginary parts of (12.4.6) we 

find 


1 « Im f (x') 

Ref + (x) = -0j dx' —- > (12.4.7) 

-oo 

•, CD Ref (x') 

Im f (x) =-—■£’ f dx' -r- • (12.4.8) 

+ 7T J X 1 -X 

—oo 


We recall that f + (x) is the boundary value of an analytic 
function f(z) satisfying the properties 1) and 2) above. 

We see that the real and imaginary parts of such a function 
are determined by each other according to the formulas 
(12.4.7), (12.4.8). The real and imaginary parts of f + (x) 
are said to be reciprocal Hilbert transforms of each other. 
In physics applications one usually knows more about 
Imf + (x) than Ref + (x), so one concentrates on the relation 
(12.4.7), which is a formula for the real part Ref + (x), 
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given the imaginary part Im f + (x f ) for all x 1 . In physics 
applications (12.4.7) would be called a dispersion relation 
for f + (x). 

A related formula for f + (x) is obtained as follows: 


f + (x) = Re f + (x) + i Im f + (x) 
- oo Im f (x*) 


X -X 


+ i Imf + (x) 


= ^,f d *' Imf + (x') Pp^-+iTr 6(x'-x)l 

-00 L “* 

, 00 Imf (x') 

= w J dx ' x'-x-i e ' (12.4.9) 


where again the limit as e -*0, e >0 is understood. The 
formula (12.4.9) would be called a spectral representation 
for the function f + (x). The point is that one can find the 
whole function f + (x) from just its imaginary part. If some 
other considerations give us information about the 
imaginary part, this may be very useful. 

From the last formula (12.4.9) we can analytically 
continue back up into the upper half z-plane by the simple 
expedient of replacing x + ie-»z: 

- co Imf (x f ) 

f (z) =- J dx' - . (12.4.10) 


In many applications Imf_ j _(x l ) vanishes along part 
of the real axis, and there may be poles along this part. 
Thus suppose Imf + (x') vanishes in the interval 


-b 


a 


c 
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-b<x* <c, and suppose there is a pole at x f = a. We can 
retrace the derivation from (12.4.1) to (12.4.10) using a 
contour with a semicircular indentation of radius r -»0 
around the pole at z = a. Near the pole, assumed to be of 



first order, at z =a, we see from the Laurent expansion 

(10.7.12) that 


f (z 1 ) ——** a - 
z -*a -1 



Res(f, a) 

z* -a 


(12.4. 11) 


so that the contribution from the small semicircle to the 
right side of ( 12 . 4 . 1 ) is 



f(z 1 ) = Res(f.a) 1 


z -z 


a-z 


2iri 


f dz' 


z -a 


1 Res(f t a) 

2 z-a 


(12.4. 12) 


We assume that the residue Res(f,a) is real so that 

(12.4.12) makes no contribution to Im f + (x) along the 
real axis. Tracing through the added contribution of 

(12.4.12) , we find in place of (12.4.10), 

v \ i “b Im f (x*) 

f(z)= Res(f,a) + 1 . - - - -i 

z-a 7 T t) x-z 



Im f + (x* ) 
x'-z 


y 


(12.4. 13) 
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for the situation in which Im f (x* ) vanishes between x 1 =-b 
and x 1 = c and f (z) has a pole at z = a, -b<a<c. Another 
way to say it is to notice that for z-*x+ie 

-Srifer 1 ■ - lir «<*-*:>] 

(12.4. 14) 


has an imaginary part proportional to 6(x-a), 

Im = “TT Res (f, a) 6 (x 1 -a) . (12.4.15) 

x ti e — a 

Substituting this imaginary part in (12.4.10) leads to the 
pole term explicitly displayed in (12.4.13). 

For the situation described in the previous paragraph 
with Ira f + (x) = 0 for -b<x<c, except possibly for isolated 
poles, we can analytically continue from the upper half 
z-plane through the gap and use (12.4.13) to define f(z) 
throughout the entire z-plane. As usual, this analytic 
continuation procedure leads to a unique result. We see 
that the resulting function has cuts along the portions of 
the real axis from -oo<x<-b and c<x<». 

• x+ie 

-b a c • x-ie 

The discontinuity across the cut is given by 


f (x+ie) - f (x-ie) J dx 1 Imf + (x*)X 
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Using Dirac's formula (12.2.10) for (x 1 -x+ie) we find 

f(x+ie) - f(x-ie) = 2ilmf + (x) . (12.4.17) 

It is also clear from (12.4.13) that the values of 
the function f(z) at conjugate points z and z Vc in the upper 
and lower half planes are related by 


f(z*) = f*(z) . 


(12.4.18) 


This is the Schwarz reflection principle for an analytic 
function f(z) which is real along a portion of the real axis. 

Sometimes the formula (12.4.13) is obtained by a 
slightly different argument. Suppose f(z) is a function 
with the properties 

1) f(z) is analytic except for cuts on the intervals 
(“ co j -b), (c,-») and a pole at z = a. 

2) f(z) -*0 at |z | -*a>. 

3) f(z) is real along a portion of the real axis, 

-b <x < c. 

The Schwarz reflection principle is easily deduced 
by analytic continuation from the assumption 3). An 
analytic function can be expanded in a Taylor series 
00 

f(z) = Jj a n ( z - z 0 ) n (12.4.19) 

n=0 


with the coefficients given by 


a - _L d n f (z) 
n n. 1 . n 


dz 


z=z 


(12.4. 20) 
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Expanding first about points z q along the real axis on the 
interval where f(z) is real, and using real increments 
Az = Ax to calculate the derivatives (since for an analytic 
function we can use any increment), we see that the a^ will 
be real for these z q so that f (z*) =f*(z) in the circles 


of convergence of such power series. We can now compare 



Taylor series about a point z^ and its complex conjugate 
Zp both points z^ and z^ being inside the region where we 
have already shown that f(z*) =f*(z): 


f(z) = Jj b n (z-z 1 ) n , 
n 

f(z) =2 c n (z-Zj*) n . 


(12. 4. 21) 


(12.4. 22) 


Using the formulas like (12.4.20) for b , c we find 

n n 


d n f(zT) 


- ^ r d f ( z i)-|* 

, = 4 -^-14- —1 =b *, 

n n - dzjn Ln ‘ d Zl n J n 


(12.4. 23) 


so that 


f(z*) = Yi b*(z*-z*) n = £*(*) (12.4.24) 

n 

in the extended regions where the series (12.4.21), 

(12.4.22) converge. Continuing the analytic continuation 
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with the circle-chain method we find the Schwarz reflection 
principle (12.4.18) for all conjugate points z , z*. 


We can now apply Cauchy’s integral formula to f(z) 
with a contour C going around the poles and cuts. 



Using condition 2) to discard the portions of the contour 
at infinity we find 



(12.4. 25) 

From the Schwarz reflection principle 

f(x'-ie) = f*(x'+ie) , (12.4.26) 

so that the discontinuity across the cut is given by 
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f (x*-fie) -f (x 1 -ie) = f (x* +ie) -f*(x ! H-ie) 

= 2i Im f (x'+ie) 

= 2ilmf + (x ! ) , (12.4.27) 


and we find 


f (z) 


Res (f» a ) 

z-a 



Imf + (x') 
X* -z 



Im f + (x f ) 
x'-z 


(12.4. 28) 


in agreement with (12.4.13). 

Of course all our results are just special cases of 

the discontinuity problem discussed in sec. 12.3. Just as 

there, we obtain a unique result only by assuming that 

f (z) -*0 as z -*oo. Even if the function f (z) of interest does 

not vanish at infinity, it may be polynomial bounded, i.e. 

f (z)/z n -»0 as z for some integer n. For such a case we 

can apply dispersion theory to the new function f(z)/z n at 

th 

the expense of generating the n order pole at z - 0. [Of 

n t h 

course we can divide by (z-a) and put the n order pole 

th 

at a or divide by (z-a)(z-b).... and split up the n order 
pole into simple poles.] Consider the simplest case of 
this type, f(z) ~>const. as z -><» so that f(z)/z-»0 as z -*<». 
Assume that f(z) has no poles in the gap between the two 
cuts. The residue of f(z)/z at z = 0 is then f(0). Applied 
to this case the representation (12.4.28) becomes 


f b dx . 

Z Z 7T w 


Imf (x*) 1 oo 

—\\ +— f* dx 1 

X (x' -z) 7 T 

c 


Im f + (x f ) 
x’(x'-z) 


y 


(12.4. 29) 
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or 


-b 


f (z) = f (0) +— J dx* 
“00 


Im f . (x 1 ) a> 

— 7 - 7-7 -T + — (* dx* 

X 1 (x* -z) 7T j 

c 


Im f + (x* ) 
x 1 (x f -z) 


(12.4.30) 


This is called a subtracted dispersion relation because it 
can be obtained by the procedure (illegitimate since the 
integrals do not converge) of writing down the unsubtracted 
dispersion relation 

- -b Im f (x 1 ) - 00 Im f (x 1 ) 

-00 c 

and subtracting the same relation evaluated at z = 0, 

- -b Im f (x* ) - 00 Im f (x*) 

4«'— + ijte - ±— , (12.4.32) 

-00 c 

using 


x 1 -z ~ x 1 x* (x 1 -z) ’ (12.4.33) 

In order to employ (12.4.30) one must know f(0) as 
well as Imf + (x*) along the cuts. If two subtractions are 
necessary in order to achieve convergent integrals, two 
constants will be introduced, etc. 

As a final point we can consider the possibility of 
analytically continuing through the cuts on the intervals 
(-«>,-b), (c,oo) onto another sheet of the Riemann surface 
for the analytic function f(z). For a general discon¬ 
tinuity function Im f + (x* ) this may be very difficult. 

For an important subclass of problems Imf + (x* ) is itself 
an analytic function g(z f ) evaluated on the real axis: 
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Imf (x 1 ) = g (z' ) 


(12. 4.34) 


In this case we can analytically continue through the cut 
by using Cauchy* s theorem to distort the contour for the 
z 1 = x* integration: move the contour out of the way and let 
z follow. Thus suppose we wish to analytical ly continue 
down through the right hand cut in (12.4.13) for a case in 
which there is only a right hand cut along which (12.4.34) 
holds: 


f (z) = i fdx- 

7r J x*-z 

c 



from the pole at z* = z, obtaining 

00 

f(z) = 2ig(z) J dx' (12.4.36) 

c 

for the function f(z) on the next sheet of the Riemann 
surface. 
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12.5 EXAMPLES 


1) Consider the function 


f(z) = —"—~ , 0<a<l , 

(c-z) a 


(12.5.1) 


on the branch such 
that f(z) is real 
for z = x real and 
x<c. Thus there is 
a cut along the 
real z axis from 
z=c to Z = + oo 
and in the cut plane 
we have 



r, x -alog(c-z) -a[lnr + i0] 
f (z) = e = e L J , -7T<e<7 t, 

(12.5.2) 


On the top and bottom of the cut we find 

f + (x)=e-<> r -^=^, 

" (x-c) a 

f (x)=e- a f lnr + i7r] = . 


(12.5.3) 


(12.5.4) 


These are complex conjugates of each other as expected from 
the Schwarz reflection principle, and the discontinuity 
across the cut is 


f + (x) - f _ (x) = 2i Im f + (x) = 


2i sin 77 a 

, ,a 

(x-c) 


(12.5.5) 
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The dispersion relation (12.4.28) for f(z) then reads 


00 

1 _ sinTO r» ^ i _1_ 

(c-z) a T C X (x'-c) a (x , -z) 


(12.5. 6) 


This holds for any z in the cut plane. Taking z at the 
two positions z = x + ie^ just above and below the cut, and 
adding, we find 


lrr / \ “| COS ML 

^[f (x)+f_(x)] = - - 

(x-c) 


sin to 
27T 


r_ l_ 

Lx 1 -x~i ( 




(*’ -c) 


a 


x f -x+ie 


:]• 


(12.5.7) 

Using Dirac 1 s formula (12.2.10) we see that the integral 
on the right reduces to the principle value integral and 
so find 


9 f dx' -J } x>c . (12.5.8) 

c (x‘-c) a (x'-x) (x-c) u 

2) For the function 

f(z) - \ log(z+b) , (12.5.9) 

we can take the cut along the negative real axis (-»,-b) 
and pick the branch with f (z) real for real z = x>-b: 
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log(z+b) = lnr + 1 9 , -ir<Q<w . (12.5.10) 

On the top and bottom of the cut we find 

f + (K) = x £ lnr+i7r l > 

f _(x) = ^ [In r - Itt] , 

so that the discontinuity across the cut is 

f + (x)-f_(x) = 2ilmf + (x) = . (12.5.13) 

The function also has a pole at z=0 with residue lnb. The 
dispersion relation for f(z) is then 

* log(2+b) = ~~ + J Jx' ^f. z) • (12.5.14) 

This holds for any z in the cut plane. Taking z = x+ie , 
just above and below the cut, and adding, we find 


(12.5. 11) 
(12.4.12) 


9 


•M*' x- (x* -x) = x ln ^] ’ x < -b • (12.5. 15) 


3) For the function 


f (z) 


•<«<*. 


(12. 5. 16) 


we can choose the cut along the real axis between x=-l 
and x = +1 and choose the branch so that f(z) is real and 
positive for real z = x>l: 
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f_(x) = - e _i77Q: , (12.5.19) 

r 2 


and the discontinuity across the cut is given by 

a-1 

r l 

f + (x)-f (x) = 2i Imf + (x) = -2i -— sinTTa 

r 2 


(12.5. 20) 


The dispersion relation is 


1 /1 iv a-1 - 

sm 77 a r* ^ , (1-x ) _1_ 

T -1 X (1+x' ) a X ' _Z 


(12.5.21) 


This holds for all z in the cut plane. Setting z = x+ie , 
just above and below the cut, and adding, we find 


1 

0 r dx* 

-1 



(l+x ! ) 


a 



7 r 



(l+x) 


a 


ctn77a . 


(12.5. 22) 
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4) The second solution of Legendre 1 s equation for 
4 = 0 , 1 , 2 ,.... can be written in the form 


■ 2 J'_ 1 dt 


z-t 


(12.5. 23) 


in terms of the Legendre polynomial P^(t), which is the 
first solution (see sec. 3.4). The formula (12.5.23), 
which has the form of a dispersion integral, holds for all 
z in the complex plane cut on the interval (-1,1). For 
z : =x+ie, -l<x<l, just above and below the cut, we find 


1 +1 P.(t) 1 +1 P,( 

V X+ie) = = "^J^x-t 


+1 P„(t) 

"f P / x) 


(12.5.24) 


1 +1 P„(t) . +1 P„(t) . 

V*- ie > -il.f p i w - 


(12.4.25) 


so that the discontinuity across the cut is 

Q^(x+ie) - Q^(x-ie) = -iff P^(x) • (12.5. 26) 


5) The function 


- oo -x 

f (z) = — f dx 1 ^- 7 - 
7T J x f - 


,2 


(12.5. 27) 


arises continually in plasma physics. We start with z in 
the upper half z-plane. Moving z down onto the real axis 
we find 
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Here we have used Cauchy's theorem to make an indentation 
in the contour for the z* integration around the point x. 
Note that we have 

0 -a ~ z ' 2 

f + (0) = £ J ire l6 d0 = i , (12.5. 29) 

-7T re 

since the contributions from the straight portions of the 
contour cancel for z = 0 and the radius r of the circle can 
be made arbitrarily small. 

We can show that f + (x) is related to an error 
function of imaginary argument by deriving a differential 
equation for it. From the formula (12.5.28) 
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e 


-x 


,2 



_S_1 

x*-x-ieJ 


= “ ^ “ 2xf + (x) . (12,5.30) 

2 

After multiplication by the factor e X this differential 
equation can be put in the form 

£[ X f +( x )|=-^ eX • (12.5.31) 

Integrating from 0 to x and using the initial value 
(12.5.29) this becomes 



(12.5.32) 

i. e. 

2 

f + (x) = ie” x [1+erf (ix) ] , (12.5.33) 


where 


erf(z) = 


' ? V y 


>-y 


(12.5.34) 


12.6 INTEGRAL EQUATIONS WITH CAUCHY KERNELS 

A dispersion relation is an identity satisfied by a 
wide class of analytic functions. If some other considera¬ 
tion, e.g. in the physics underlying the mathematics 
problem, relates the imaginary part under the integral sign 
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to the function itself, the dispersion relation is converted 
into an integral equation, which can be solved to yield a 
more or less unique answer. Suppose, for example, that in 
the dispersion relation (12.4.28) we take the left hand cut 
as a given function g (x) and assume that Im f + (x* >=h(x*) f + (x') 
along the right hand cut, with h(x ! ) a given function. 
Evaluating (12.4.28) at z = x+ie and suppressing the (+) 
notation, i.e. f (x) =f + (x), we find an integral equation 
for f(x) of the form 



( 12 . 6 . 1 ) 


This is a singular integral equation, but it has a 
simplifying feature, namely that the entire x dependence 
of the kernel is given explicitly in the Cauchy denominator 
(x*-x-ie)” 1 ; thus h(x*) depends on x' but not on x. This 
enables us to solve the integral equations by a trick devised 
by the mathematicians Hilbert and Carleman and applied in 
high energy physics by the physicist Omnes. 

To solve (12.6.1) we convert it into a discontinuity 
problem of the type discussed in sec. 12.3. Consider the 
integral term in (12.6.1), analytically continued into the 
complex plane; define 


F (z) 



h(x’)f (x T ) 

X* “Z 


( 12 . 6 . 2 ) 


The definitive text on the subject is N.I. Muskhelishvili, 
Singular Integral Equations (Nordoff NV, Groningen, Nether¬ 
lands, 1953). A short survey is given by Carrier, Krook, 
and Pearson, op. cit. , p. 422. The application to high 
energy physics can be found in Omnes 1 paper, Nuovo Cimento, 
8, 316 (1958). 



12 DISPERSION RELATIONS 


501 


Thus we have 


1 , h(x')f(x') 

7r tJ x' -x-ie 

SL 


2iF + (x) 


(12.6.3) 


and 


1 ® 

F + (x)-F_(x) =-rr J* dx' h(x')f(x')X 
Z7T1 a 

r_i_._i_i 

Lx 1 -x-ie x*-x+ieJ 


= h(x)f(x) . 


(12.6.4) 


Using (12.6.3) and (12.6.4) we can thus rewrite (12.6.1) as 
a relation between F + (x) and F (x): 


[F + (x)-F_(x)] = g(x) + 2i F + (x) 


(12. 6.5) 


or 


F + (x) [l-2ih(x) ]-F_ (x) = g(x)h(x) . (12.6.6) 

This is a linear relation between F + (x) on the top 
of the cut and F_(x) on the bottom. We want to somehow get 
rid of the factor [l-2ih(x)] so as to transform it into a 
formula for the discontinuity across the cut. To this end 
define a function Q(z) which satisfies a relation like 
(12.6.6) but with the right hand side set equal to zero: 


Q + (x)[l-2ih(x)] - Q_(x) = 0 . 


(12.6.7) 
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Provided [l-2ih(x)]^0 along the cut (a,<»), this can be 
converted into a discontinuity relation by taking logarithms. 


log Q + (x) - log Q_(x) = -log[l-2ih(x)] , 
and so has a solution 


, -If*”,. logri-2ih(x')1 

iog Q(z) = -Zfr J dx x - -z " 


Q(z) = e 




( 12 . 6 . 8 ) 


(12. 6. 9) 


( 12 . 6 . 10 ) 


Evidently we better have h(x' ) M ) so that the integral 
(12.6.9) will converge. With 


Q + (x) = e 




( 12 . 6 . 11 ) 


Q (x) = e 


- J>’ 


logri-2ih(x')] 
x* -x+ie 


( 12 . 6 . 12 ) 


we can check directly the relation 
Q (x) 

-r = l-2ih(x) . (12.6.13) 

Q + (x) 

If it is useful later to secure convergent integrals, we 
can evidently multiply our solution (12.6.10) by any single 
valued function with no cut, which will then cancel in the 
ratio (12.6.13) and the defining equation (12.6.7). 

The function Q(z) provides a solution of (12.6.6) 
when g (x) = 0. When g(x)^0 we can use Q(z) to convert 
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(12. 6. 6) to a discontinuity problem. Thus substituting 
(12.6.13) for l-2ih(x) into (12.6.6) we find 


F + (x) F_(x) 

Q + (x) Q_(x) 


g( x ) h(x) 

(x) 


( 12 . 6 . 14 ) 


This is the discontinuity problem for F(z)/o(z) and we 
find as solution 


Ilai =-L~ r dx - 

n(z) 2iri J „ 


g(x , )h(x') 

n_(x') 



+ E (z) 


(12.6.15) 


where E(z) is a single valued function with no cut and at 
most singularities at z =a and z = «>. Thus we have 


f + (x) = n + 



8 (x 1 )h (x 1 ) _1_ 

Q_(x*) x'-x-ig 





(12.5. 16) 


and from (12.6. 1) the solution of the integral equation is 

f(x) = g(x) + 2iF + (x) . (12.6.17) 

Although we have solved a slightly more general 
problem with a more general h(x) in (12.6.1), for the case 
of most interest in physics we have 

f(x) = f + (x) = f*(x) (12.6.18) 


See the paper by Omnes, op. cit. , where the form of E(z) is 
related to the behavior of h(x) at x -a and x = co. In 
important cases E(z) =0. 
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and 


h(x)f + (x) = Imf + (x) =-^r [f + (x)-f_(x>] , 


so that 


h(x) = 


i. fi. 

2i L f + (x)J 


, i r x . 

2i I 1 f*(x)J 


has the form 


h(x) = jr [l-e' 2i6(x) ] 


= e _i6(x) sin6(x) , 


where 6(x) is a real function, assumed known. For 
case (12.6.11) and (12.6.12) give 


n + (x) = e P< x)+i6(x) , 
n_(x) = e P (x) - i6(x) , 


with 


P (x) = - & r dx* 

K 7T J X* -X 


Substituting these expressions in (12. 6.16 ), (12.6. 
find as solution of the integral equation 


(12. 6.19) 

( 12 . 6 . 20 ) 

( 12 . 6 . 21 ) 

this 

(12. 6. 22) 
(12. 6. 23) 

(12. 6. 24) 
17), we 
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£ (x) = e i6(x) [g(x)cos 6(x) 

+ e p(x) ±9 T dx* g(x* )e -p(x ' ) sin 6(x' ) 

II v X —X 

a 

+ e p(x) E' (x)] , (12.6.25) 

where the E* (x) = 2iE(x) must be real for (12.6.19) to be 
satisfied. 

Variations on the technique described here can be 
applied to numerous problems, including integral equations 
with kernels proportional to (x-x 1 ) and log(x-x* )." 


See Carrier, Krook, and Pearson, op. cit. , 


p. 426 ff. 
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PROBLEMS 


12.1 A function F(z) is 
specified in the 
following way: 

a) F(z) is analytic 
except for a cut 
along the imaginary 
axis from z = i to 

z = i oo . 

b) F(z) ->0 as 

Z ~>°o . 

c) The discontinuity 
across the cut is 
given by 

F(iy + e)-F(iy - e) =4j , 

y 



e=positive infinitesimal. 


Find the function F(z). Specify precisely the 
desired branches of any multivalued functions. 

12.2 a) Express the function 



as a dispersion integral over an appropriate cut. 


b) Evaluate the principal value integral 


+1 1 
1 - 9 1 .**• -T. 


-1 


X -x 


y!-> 


.2 


1<x <1 . 


12.3 Find the solution of the singular integral equation 

<> r +1 dt . i. 

t-X 


t-x 



CHAPTER 13 


SPECIAL FUNCTIONS 


13. 1 INTRODUCTION 


Special functions of a complex variable is a vast 
subject exhaustively studied by the mathematicians of the 
last century. In the very brief treatment here we can only 
study a few of the most important points. A comprehensive 
treatment is given by Whittaker and Watson and briefer 
treatments by Copson and Carrier, Krook and Pearson.* Many 
results are listed without proof in mathematical handbooks. ^ 


* 

References given in sec. 10.1. 

t 

W. Magnus, F. Oberhettinger and R. P. Soni, Formulas and 
Theorems fo r the Special Functions of Mathematical Physics 
(Springer-Verlag, New York, 1966). 

E. Jahnke and F. Emde, Tables of Functions (Dover Publica¬ 
tions, New York, 1945). 

M. Abramowitz and I. Stegun, Handbook of Mathematical 
Functions. National Bureau of Standards Applied Mathematics 
Series. 55. 

A. Erdelyi, W. Magnus, F. Oberhettinger, and F.G. Tricomi, 
Bateman Manuscript Project: Higher Transcendental Functions. 
Vols. I-III, Tables of Integral Transforms. Vols. I and II 
(McGraw Hill, New York, 1953). 

H. W Wyld, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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These handbooks have become invaluable references for 
physicists and others not too interested in proofs. 


13. 2 THE GAMMA FUNCTION 


We have already established some of the principle 
results for this function at the end of section 10.8: 


r(z) = fat , Re z > 0 , 

u 


(13. 2. 1) 


r(n+l)=n.' , n= 1,2,3,... , 


(13. 2. 2) 


T(z) = ——r- f dt 

2i simrz J _ 


t z-1 
e t 


t z - 1 = e (z- 1 )( ln |t|+ie), _ w<Q<7r , (13.2.3) 



The integral representation (13.2.3), valid for all 

z, teaches us that T(z) has simple poles at z=-n=0,-1,-2,.. . 

Near z =-n, sinTrz = (-l) n simr (z+n) ^ (-l) n 7 r(z+n). At z =-n 

the contour integral in (13.2.3) can be collapsed to a 

2-1 

closed contour around the origin since t is single 
valued; we find 



13 SPECIAL FUNCTIONS 


509 


f dt =_ t 2rri . 

J c n * 

Thus near z = -n, n = 0, l, 2 ,...., we have 


r(z) JL 

T{z) n.' z+n ’ 


(13. 2. 5) 


(13.2.6) 


i.e. the residue of T(z) at z=-n is (-l) n /n! 

Some useful formulas are obtained by first intro¬ 
ducing a related function, the beta function, defined by 

1 1 1 

B(u,v) = J dt t: (l-t) V . (13.2.7) 

In defining t U ^ and (l-t) v \ log t and log(l-t) are chosen 
real on the interval 0<t<l. Like the definition (13.2.1) 

of the gamma function, this representation is valid only 

? 

for Reu>0, Re v>0 . Setting t = sin 0, (13.2.7) becomes 

7T 

2 

B(u,v) = 2j d0(sin 0)^ U ^ (cos 0)^ V ^ . (13.2.8) 

0 

Setting t = t/(1+t) , (13.2.7) is transformed to 
oo u-1 

B (u,v) = J dr— - — . (13.2.9) 

o (l+r) 

The beta function can be related to gamma functions 

by computing the product r(u) T(v), using the expression 
2 2 

(13.2.1) with t —>x or y , and transforming to polar 
coordinates, x = r cos 0, y = r sin 0: 
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r(u)r(v) = 2f dxe X x 2u ^2P dye ^ y 2v ^ 
0 0 


= 4 J r dr e r 


r" 2(u+v-l) v 


7r 
2 


. 2v-l 


f d0(cos 0) U (sin 0)' 


= T(u+v) B(u,v) , 


(13. 2. 10) 


where we used the expression (13.2.8). Thus we find 


B(u,v) 


r(u)r(v) 
r(u+v) ' 


(13. 2. 11) 


and since the beta function is given in terms of gamma 
functions we do not study it further. 

Setting u =z, v=l-z in (13.2.11) and using the 
expression (13.2.9) for the beta function and the integral 
(11.5.13) we obtain the important identity 


r(z)ru-z) = r(i)- b( z ,i-z) 


00 z-l 



77 ~ 

sin7Tz 


(13. 2. 12) 


Although our derivation of this formula is valid only for 
Rez>0, Re(l-z)>0 i. e. 0 <Re z <1 , the result can be 
extended throughout the entire complex plane by analytic 
continuation. 


I 
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The formula (13. 2.11) can also be used to find the 
partial fraction expansion of T 1 (z)/p(z). Set u=h, 
v=z-h in (13.2.11) and use (13.2.7) for B(u,v): 



t h - i d-t) z - h - 


1 



1 


J dt[(l-t) 
0 


z-h-1 



0 < h < Re z . 


(13. 2. 13) 


Consider now the limit h ->0. In this limit the recursion 
relation (13.2.4) and the Taylor series for F(h+1) give 

r(h) = £ r(h+i) = £ [r(D +hr' (l) + ...] 

= J - Y +• •• , (13.2.14) 

where 


V = -r' (1) 


(13. 2.15) 


is Euler's constant [see (4.3. 15)]. Similarly, the Taylor 
series for F(z-h) gives 



(13. 2.16) 


Substituting (13.2.14) and (13.2.16) in (13.2.13) and 
comparing coefficients of powers of h, in particular the 
coefficient of h°, we find 
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nisi = 

r(z) 


= -y+ f t IXi-t) 2 " 1 ] 

'0 


(13.2.17) 


We can use the expansion 


i = _i_= v ( i. t) n 

t l-a-t) A u t; * 


(13. 2. 18) 


n=0 


and do the integral (13. 2.17) term by term to obtain 


n=i 


(13. 2. 19) 


This is the partial fraction expansion of r 1 (z)/r(z). 
Rewriting it in the form 

00 

£log[ z r(z)]=^ [-YZ + Z (J-logd+J)}] , (13.2.20) 

n=l 


integrating from 0 to z and exponentiating, we find 

/(1+ 


n=l 


T(z) 


(13. 2. 21) 


an infinite product expansion for the gamma function. 
Setting z=l in (13.2.21) and taking logarithms we find 
another expression for Euler 1 s constant y: 


y = -T* (1) = Lim (l+-^+^H-- ^- nn ) • 

n-^oo 


(13. 2. 22) 
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13.3 ASYMPTOTIC EXPANSIONS; STIRLING’S FORMULA 

An asymptotic expansion gives an approximate ex¬ 
pression for a function f(z) for large |z| in terms of 
elementary functions. Technically speaking, f(z) has an 
asymptotic expansion 

f (z)^a 1 0 1 (z) +a 2 0 2 (z) +a 3 0 3 (z) + ... (13.3.1) 

if for fixed n and 
n 

s n ( z > = Z a i «S i (z) , (13.3. 2) 

j = l J J 

we have 


f(z)-S n (z) 

\ (Z) 


z — 


0 . 


(13.3.3) 


Note that this is different from the definition of conver¬ 
gence, which has to do with how well f(z) is approximated 
at fixed z and increasing n, rather than fixed n and in- 
creasing |z|. Thus the series on the right side of (13.3.1) 
may not converge to f (z), so we use the symbol ~ rather 
than = to indicate the relation between the two sides of 
(13.3.1). In practice asymptotic expansions usually have 
the form 


f(z) 


~P(z) I> 0 





(13.3.4) 


and the criterion (13.3.3) becomes 
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(13.3.5) 


If a function f(z) is such that f(z)/p(z) is 
analytic at z = oo^ i. e. if f (l/z)/p (l/z) is analytic near 
z=0, then there exists a convergent power series 


li z ) 

P(z) 



(13.3.6) 


valid for |z|>R, and this provides an asymptotic expansion, 
since 


n 


P 


. y 

(z) 4 


a 

n 

n 

z 



a n+l 1 


a z 

n 


a n+2 


a 

n 


JL_ 

2 

z 


+ . . . 


(13.3.7) 


can be made arbitrarily small for large z. A simple example 
is the expansion 


1/ z 
e ' 



+ 21 




(13.3.8) 


An example of an asymptotic expansion which is not a 
convergent power series is provided by the exponential 
integral function 


Ei(x) = J* dt 
x 


e 


-t 


t 


(13.3.9) 
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for x -►<». Repeated integration by parts gives 


-x oo -t 
e n , e 


Ei(x) = — - J* dt 


x t 

-X -X OO -t 

— - ^ + 2f dt 
x 2 0 3 

x x t 


n-1 


= e ^[l. ±+11.11 + (llil 

_x 2 + 3 4 + • •' + n J 


XXX 


+ (-l) n n.' J dt 


OO -t 

e 


.n+1 ‘ 


(13.3. 10) 


x t 

The remainder term is simple to approximate: 

-t 


( - i>v j dt 7+i 

x t 


i ^ 


-x 


_-t n.’e 

n+l J — e " n+1 

XX X 


(13.3.11) 


For this case p(x) = e x and the quantity on the left side 
of (13.3.5) is 


-t 


j- JL_ 


X t 


a -x (-l) 11 ' 1 ^-!): 


<- —>o , 


(13.3. 12) 


so that we have the asymptotic expansion 


V n-L 


r *-]' 

v V v X 

(13.3.13) 


xxx 
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On the other hand the ratio test shows that the series on 
the right side of (13.3.13) diverges for any x, no matter 
how large. 

Asymptotic expansions are very useful in practical 
calculations and much effort has gone into finding them in 
cases not so simple as the exponential integral. Such 
expansions are given in the mathematical handbooks listed 
in sec. 13. 1. 

An important case is Stirling's approximation for 
r(z) for large \z\. In order to derive this we shall 
employ a general method, known as the method of steepest 
descents, which will also be applied later to the Bessel 
function. The method can be applied to an integral repre¬ 
sentation, such as (13.2.1) for T(z), and consists of 
expanding the integrand about the point where it is a 
maximum so as to obtain a series in z ^ with coefficients 
which are gaussian integrals. 

Consider first real z=x, large and positive. From 
(13.2.4) and (13.2.1) we find 


r(x) =\ r(x+l) =\J dt e _t t x =\ f dt e 

X x °o 0 


-t+xln t 


(13.3. 14) 


We can remove part of the x dependence with the substitution 
t = xu: 


T(x) = x X fdu e ' x(u - lnu) . (13.3.15) 

J 0 

% 

The integrand has a maximum at u = 1, where u-lnuhas its 
minimum. Expanding u-lnu in a Taylor series about this 
point we find 
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u-lnu= 1+-|(u-l) 2 -^(u-1)^+-~(u-l)^ + ... (13.3.16) 


and hence 


r(x)~x X r°°due- X f 1+ 'l (u - 1 > 2 -i (u - 1)3+ l (u - 1 > 4+ --' 1 . 
J o 

(13.3.17) 


Letting v = ^/5c (u-1) this becomes 


r(x) 


x e 


CO 1 2 

f dv e"¥ V X 


exp 



4x 


vV 


5x 


1 5 
3/2 V " 



(13.3. 18) 


For very large x we can expand the exponentials involving 
inverse powers of and replace the lower limit on the 
integral by -a^ 
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Using 


Jhr 

! 2 I 

J dv e 2V v 11 =< Jhr • 1-3'5 • 


, n = 0 

' (n-l), n = 2,4,... 


, n odd 


(13.3. 20) 


one finds 


[hr x -x 

Ti +-L_ + 

i . 

I 

/ — x e 
i x 

L 1+ l2^ + 

2 + 

288x 

1 ’ 


We note that the series (13.3.16) converges only in 
the region |u-l|<l. For large x this is expected to be the 
most important region by far because u=l is the place 
where the integrand is largest and because of the x in the 
exponent in (13.3.17). This is most clear in the form 
(13.3.18) where the inverse powers of x appear explicitly. 

In any event the approximations made are good for large x, 
and we may expect the series (13.3.21) to be an asymptotic 
expansion rather than a convergent power series. 

Another important point concerns the region of 

validity of the expansion (13.3.21). The manipulations 

above were carried through for large positive real x. Since 

the integral expression (13.3.14) with which we started is 

valid for complex z such that Rez>0, it is fairly easy to 

see that (13.3.21) also holds for such z. A slight 

variation on the derivation given above" shows, moreover, 

that the formula holds for the whole z plane excluding a 

wedge about the negative real axis where the gamma function 

i 0 

has poles. Thus for z=re we have 


See, e.g. Copson, op. cit. , p. 222. 
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T(z)~ / 


V z 


z e 


f 1 + s 


288z 


•••] 


(13.3.22) 


for large r and -7T + 6 < 0 <TT-6, where 6 is an arbitrary 
positive number. 


13.4 THE HYPERGEOMETRIC FUNCTION 

This function F(a,b;c;z) is a very general one and 
depends on three complex parameters a,b,c as well as the 
complex variable z. Many functions can be written as hyper¬ 
geometric functions with special choices of a,b,c, and z. 
Despite its generality it has some well defined properties 
with respect to its analytic continuation which are some¬ 
times useful in practice. We present here a very brief 
treatment meant to introduce the reader to the function so 
that he will have some appreciation of it in case he should 
meet it again. Mostly we shall quote a few results without 
proof. A good pedogogical treatment is given by Copson.* 
Many results are given without proof in the mathematical 
handbooks listed in the footnote of sec. 13.1. 

Hypergeometric functions provide the solution of 
the most general second order, linear differential equation 
with three regular singular points. We write this equation 
in the form 

+ dz + 9(z) w = 0 (13.4.1) 

dz 


Copson, op. cit. , Chap. X, p. 233. 
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/V 

and recall that for ? to be a regular singular point of 

the equation, p(z) and/or q(z) are to be singular at % but 
2 

(z-?)p(z) and (z-§) q(z) are to be regular, i. e. analytic. 
With three regular singular points, r),£, the functions 

P(z) = (z-5) (z-rv> (z-0p(z) , (13.4.2) 

Q(z) = (z-5) 2 (z-r|) 2 (z-Q 2 q(z) (13.4.3) 


are then entire functions, i.e. analytic throughout the z 
plane. We moreover require that the point at infinity be 
regular. This means that if we replace z-* l/z in (13.4.1), 
the new differential equation, which turns out to be 


,2 
d w 

, 2 
dz 


t 


'2 p(l/s)- | d» q(l/z) 


dz 


w = 0 


(13.4.4) 
2 


must have z = 0 as an ordinary point. Thus [2z-p (l/z) ]/z 

4 2 

and q(1/z)/z must be regular at z = 0, or 2z-z p(z) and 

4 

z q(z) must be regular at z -+co y i. e. go to finite constants 

as z ->oo. Substituting these results in (13.4.2), (13.4.3) 

and using the theorem of sec. 12.3 that a polynomial-bounded 

entire function is a polynomial, we see that P(z) and Q(z) 

must be quadratic polynomials in z and that the coefficient 
2 

of z in P(z) is 2. Substituting these polynomials in 
(13.4.2), (13.4.3) and working out the partial fraction 
expansion of p(z) and q(z), we must then obtain formulas of 
the type 


k 

See sections 2.6, 2.7. The theory was developed there for 
real variables. The same theory holds in the complex plane: 
just replace x by z. 
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p(z) 



C 

z-C 


(13.4.5) 


with 


A + B + C = 2 


(13.4.6) 


and 


q(z) = ,. ■ ,* w + — + "VI • (13.4.7) 

(z-?) (z-T|) (z-Q Lz-5 z-n z-£J 

The requirement that the differential equation have only 
three regular singular points thus restricts the form of 
p(z) and q(z) to (13.4.5), (13.4.7), depending on six 
constants A,B,C,D,E,F related by (13.4.6). If we attempt 
a power series solution about one of the singular points, 
e. g. § , 

00 

w(z) = (z-§) a Yj a (z-§) n , (13.4.8) 

n=0 

we find as indicial equation for a 

a(a-l) + Aa + = 0 • (13.4.9) 

If the two solutions of this quadratic equation are a and 
a 1 , then we have 

ol + a 1 = 1 - A (13.4.10) 


and 


CO 1 


D 

(?-rj)(?-e> ' 


(13.4.11) 
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or 


A = I - a - a 1 , d= (§-0aa' . 


(13.4.12) 


In a similar way we can express the constants B,E and C,F 
in terms of the roots of the indicial equation for series 
solution about the other two singular points, rj and £: 

B = 1-P-P* , E = (rpC) (il-?)?? 1 , (13.4.13) 
C=1-Y“Y ! 9 F = (C-SMC-t^YY 1 • (13.4.14) 


In terms of this notation the differential equation 
assumes the form 


d «(z) . l-a-q' . i-p-p' , l-v-V dw(z) 

2 ] z-? Z-T^ Z-C ( dz 


dz 




era' 


-§&!_ +_ Til 


(z-?)(rr C) (z-nKC-?) <z-c)(?-ri>J 

X (ttO (C~?) w / z \ = o (13 4 15') 

fz-E'H'z-nWz-r') W '' z; u ’ 


(z-§) (z-n) (z-£) 

and the condition (13.4.6) becomes 


a + a' + p + p' + y + Y 1 = l . 


(13.4.16) 


A solution of the equation (13.4.15) is designated 
by the Riemann symbol 


[‘ 

w = P < c 


§ r, c 

a p Y z> • 

a' p' y' 


(13.4.17) 
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Note that this is not any particular solution, but just a 
solution of the differential equation with the parameters 
listed. 

The interesting point is that the rather general 
equation (13.4.16) can be reduced to a standard form by 
using certain simple transformations. Thus by substitution 
in the differential equation one can show 



which means that if w(z) is a solution of the differential 

equation (13.4.15) with parameters % 9 r\? Q,ot 9 P,Y,a f ,f3 ! , y' , 

then (^fw(z) is a solution of the equation with 

\z-nj \z-nj 

parameters £> 9 TyC,C*+p,P-p-q, ~P“<b V +c h Similarly 

one finds 



(13.4. 19) 


where z and z^ 9 § and T] and and Q and are 

related by a bilinear transformation of the type 

= Kz+L 
Z 1 Mz+N ' 
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with K,L,M,N, arbitrary complex constants. The formula 
(13.4.19) says that if w(z) is a solution of the differ¬ 
ential equation with parameters 5, • • • then w J 

is a solution of the equation with parameters '' * 

We can use these transformations to reduce the 
differential equation (13.4.15) to a standard form. First 
we use (13.4.19) to move the location of the three regular 
singular points from to °°, 1: 


f? r) 

c 

-> 


0 00 

1 


a p 

Y 

z 

► = 

a p 

Y 

(z-.5) <TT.O „ 

(z-n)(5-c> 

1a' p' 

Y* 

-> 


a' p' 

Y* 



(13.4. 21) 


Next we apply (13.4.18) to the right side of (13.4.21). 

For the case with rj =0 ° we need a special form of (13.4.18). 
With n infinite z-r) is a constant. Multiplying through 
by this constant to the power p +q, we find 


z P (1-z)^ P \ 


"o 

00 

1 



0 

00 1 

"N 

<a 

p 

Y 

z 

► = p< 

OH-p 

p-p-q Y +q 

Z> 

a' 

p' 

Y* 

J 


a'+p 

P'-p-q Y '+q 



(13.4. 22) 

Applying this to the right side of (13.4.21) we obtain 


[? n C 


0 OO 1 j 

a p v z 

► = t a (l-t) Y P< 

o a+p+Y o t 

a' p' y 1 


a'-a a+p'+Y y ,- y 



/I o 
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with t = ( Z ~^ (g~Q ‘ ThuS the solutions o£ the 8 eneral 
equation (13.4.15) are obtained in terms of functions of 

the type 


P 


00 

a 


1 

0 . 


1-c b 


c-a-b 


(13.4. 24) 


Putting these values T| = 00 j C ” Oi-0, a* -1-c, (3 a, 

p» = b, y = 0, y' =c-a-b in (13.4.15), the differential 
equation reduces to the so-called hypergeometric equation: 


t (1-t) w*'(t) + {c- (a+b+1)t}w T (t) -abw(t) - 0 • 

(13.4. 25) 


The two solutions of the hypergeometric equation 
(13.4.25), obtained by series expansion about the point 
t = 0, are the hypergeometric function 


F (a,b; c; t) 


i , a b t a(a+l)b(b+l) t£ 
1+ c V. c(c+l) 21 


and 


y f(a-t-n) r(b+n) r(c) t^ 
r(a) r(b) r(c+n) n.' 


(13.4. 26) 


t liC F(l+a-c, 1+b-c; 2-c- t) . (13.4.27) 

The series (13.4.26) converges to define an analytic 
function for |t| <1. It can be defined by analytic con¬ 
tinuation outside this region. We return to this question 
shortly. 
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In (13.4.23) we have indicated one set of trans¬ 
formations which reduces the general differential equation 
with three regular singular points to the hypergeometric 
equation. There are, however, 24 different ways in which 
this can be done, 31 = 6 ways corresponding to interchange 
of the locations of the singularities, and for each 

of these 4 possibilities corresponding to interchange of 
a,a 1 and p,p*. The original differential equation is, of 
course, invariant with respect to these interchanges, but 
they lead to different results on the right side of 
(13.4.21). If the function on the right side of (13.4.23) 
is taken to be the hypergeometric function, we obtain in 
this way 24 different solutions of the differential 
equation (13.4.15): 

w i ( 2 )= (f^) a+f3 ^ > 


w 12 (z) = (fr|) (frfj 3 y’-^’+P'; 1+y' -y; 

* y* 

w 24 (z)= (fi|T fcf) F [p'+a+YS P'+a'-h'’, l+p’-p. 


(m2 ( z- 0 1 


(C-O (z-tt)- 1 

(C--n> (Z-?) J • 


(13.4. 28) 


The complete list of 24 solutions is given, for example, by 
Magnus, Oberhettinger and Soni. While these solutions are 


Magnus , Oberhettinger and Soni, op. cit. , p. 


60. 
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different from each other, they are not independent. There 
is a linear relation between any three of the 24 solutions. 

This same game can be played with the hypergeometric 
equation itself, since it is, after all, a special case of 
the general equation (13.4.15). Thus to obtain the second 
solution (13.4.27) of the hypergeometric equation, start by 
interchanging a, a' and then use <13.4.22) to reduce the 
equation to standard form again: 


0 CO 1 


0 CO 1 

\l-c a 0 t 

[_ 0 b c-a-b 

► = t 1-C P < 

0 a+l-c 0 t > 

-1+c b+l-c c-a-b 


(13.4. 29) 


Taking the P symbol on the right hand side of (13.4.29) to 
be a hypergeometric function we immediately deduce the 
second solution (13.4.27). In a similar way, using 
(13.4.19) and (13.4.22) we find 


smd 


1 

00 0 



0 

—N 

00 1 

< o 

a 

0 

t 

>- p i 

0 

i 

a 0 1-t 

c-a-b 

b 

1-c 


I ] 

c-a-b 

b 1-c J 


(13.4. 30) 


r- 

0 1 


0 

oo 1 

a 

0 0 t 

> = p <; 

a 

0 0 ^ > 


1-c c-a-b 

r_ 

b 

1-c c-a-b 


- 4fp[o 


1 

0 


b-a 


1+a-c c-a-b 


(13.4.31) 
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The differential equations implied by the symbols on the 
left sides of (13.4.30) and (13.4.31) are the same as that 
implied by (13.4.24); interchanging the columns does not 
change the differential equation. Thus taking the P symbols 
on the right sides of (13.4.30) and (13.4.31) to be hyper¬ 
geometric functions, we find two more solutions of the 
hypergeometric equation (13.4.25): 

F(a,b; 1+a+b-c; 1-t) (13.4.32) 


and 


“ a 1 

t F(a, 1+a-c; 1+a-b; -) . (13.4.33) 

Proceeding in a similar way one can find altogether 24 
solutions of the hypergeometric equation with various para¬ 
meters and with arguments t, 1-t, t , t/(t-l), or 1-t 
Convenient lists of these are given by Erdelyi, et al. and 
by Abramowitz and Stegun. 

Since the hypergeometric equation has only two 
linearly independent solutions, there is a linear relation 
between any three of the 24 solutions. Some of these 
relations are rather trivial and can be worked out by 
comparing the power series term by term. Others are 
established with the aid of certain integral representations 
of the hypergeometric function. We shall not enter at all 
into the derivations here. The point we wish to make is 
that some of these relations can be used to effect the 


■k 

A. Erdelyi ^t al., op. cit. , Vol. I, p. 105; 

M. Abramowitz and I. Stegun, op. cit. , p. 563. 
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analytic continuation of the hypergeometric function. The 
power series (13.4.26) converges only for |t| <1. Thus the 
solutions (13.4.26) and (13.4.27) are in the first instance 
given only for |t| <1. On the other hand if we employ the 
power series for the hypergeometric function in (13.4.33), 
the region of convergence is |l/t| <1, i. e. 111 > 1. A 
linear relation between the solutions (13.4.26), (13.4.27) 
and (13.4.33) thus enables one to analytically continue 
from the region |t| <1 to the region |t|>l. Complete sets 
of relations between the 24 solutions of the hypergeometric 
equation are given in the references cited on the previous 
page. We list here some of the relations which are most 
useful for analytic continuation: 


F(a,b;c;z) = (l-z) C a b F(c-a,c-b;c;z) 


= (l-z)" a F(a,c-b;c; 

-b 


(13.4.34) 

(13.4.35) 

= (l-z)' l 'F(b,c-a;c; ~) (13.4.36) 

’ f(w)r('-b) F ( a ,b; a+b-c+l; 1-z) 

F(c-a, c-b; c-a-b+1; 1-z), 

(|arg(l-z) |<tt) , (13.4.37) 

= rS)r(f-i) ( - 2) " aF(a ^ Uh+a '’ b 

+ r(a)r(c-b) (_z) " bF(b > 1 ~ c+h > 1 - a+h > b> 


(jarg(-z) |<7r) , 


(13.4.38) 
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Thus the hypergeometric function is an analytic 
function in the complex z-plane , cut along the real axis 
from 1 to 00 ^ and the analytic continuation from the circle 
|z| <1 where the power series (13.4.26) converges to the 
rest of the complex plane is given by the formulas (13.4.34)- 
(13.4.40). These formulas can be used to find the dis¬ 
continuities across the cut; these will be due to the 

—a —b 

discontinuities across cuts in the factors (-z) , (1-z) , 

etc. Thus for z = x+ie, e >0,x> 1, we have 
(-z) - (e x) = e x and for z = x-ie, 

(-z) a = e i7ra x a , so that according to (13.4.38) the dis¬ 
continuity across the cut x= (l,co) is given by 
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F (a 9 b; c; x+i e) -F (a, b; c; x- ie) 


r(c)r(b-a) 2i sin 77 ~a 
r(b)r(c-a) ^a 

, r(c)r(a-b) 2i sinTrb 
r(a)r(c-b) x b 


F(a, 1-c+a; 1-b+a; ~) 
F(b, 1-c+b; 1-a+b; *~) . 


(13.4.41) 


These formulas can also be used to find asymptotic 
expansions for F(a,b;c;z) for |z| -><» or ]z | —> 1. Using 
F(a,b;c;t)^> 1, as we see from the power series expansion 
(13.4.26), we find from (13.4.38) 


F(a,b;c;z) 


z->°° 


r(c)T(b-a) 

r(b)r(c-a) 


(-Z) 


-a 


, r(c)r(a-b) 
r(a)r(c-b) 


(- 2 ) 



(13.4.42) 


and from (13.4.37) 


F (a,b y c $ z) 


z->l 


T(c)r(c-a-b) 

r(c-a)T(c-b) 


r(c)r(a+b- c ) 

r(a)ro») 


( 1 - 2 ) 


c-a-b 


(13.4.43) 


For each of these formulas we keep only that one of the two 
terms on the right which is dominant in the limit indicated^ 
this depends on the values of the parameters a,b,c. 

Finally we merely mention the confluent hypergeometric 
function. Start with the hypergeometric equation 


x(l-x)tf' + [c- (a+b+l)x]w' -abw = 0 


(13.4.44) 
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with three regular singular points at 0,1,co. Let z = xb 
so that the singularities are at z = 0,b,oo^ and let b ->oo 
so that the two singularities at b and « become confluent. 
The differential equation reduces to 

z ^— 7 : + (c-z) -aw = 0 (13.4.45) 

dz 2 dZ 


and has an essential singularity at °° which results from 
the confluence of the two singularities. The limiting 
process above applied to the two solutions (13.4.26) and 
(13.4.27) of the hypergeometric equation provides solutions 
for the confluent equation: 


w i = i F i/ a ; c ; z) 


2 

a z . a(a-KL) z 
c 1! c(c+l) 21 


+ ... 


, (13.4.46) 


,=z* (1+a-c; 2-c; z) 


(13.4.47) 


The confluent hypergeometric function is important in 
applications. The solutions of the quantum mechanical 
coulomb scattering problem are expressed in terms of it; 

this application is discussed in some detail in the book by 

* 

Mott and Massey. 


N. F. Mott and H. S. W. Massey, The Theory of Atomic Collisions 
(Oxford University Press, New York, 1965), 3rd edition. 

Chap. Ill, p. 53. 
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13.5 LEGENDRE FUNCTIONS 


The principle applications of Legendre functions are 
in real variable theory where they appear as spherical 
harmonics. This part of the theory has already been covered 
in Chap. 3. Here we wish to show the relation of Legendre 
functions to hypergeometric functions and how they can be 
analytically continued to nonintegral l and complex z out¬ 
side the range -1 < z = x < 1. 

For integral 1 the nonsingular solution of Legendre 1 s 
equation 

(1-Z 2 )V (z)-2zw‘ (z) + A(£H)w(z) = 0 (13. 5.1) 


is the Legendre polynomial, given by Rodrigues' formula, 

,1 


V z) =-hi k* 2 - 1 ^ 

1 dz"* 1 

--see (3.2.18). Using 


(13.5. 2) 


(13.5.3) 


where C is any counterclockwise oriented contour encircling 
z, and differentiating under the integral sign in (13.5.3), 
we find 


P.(z) = , (* dt 

& 2lfl /> a J r, 


(t-z) 


jfrfl 


(13.5.4) 


which is the SchlSfli integral representation for P (z). 

X/ 

The point of this transformation is that (13.5.4) 
provides a solution of Legendre*s equation (13.5.1) even 
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when l is nonintegral, provided we choose the contour C to 
go around the cuts in the right way. To see this apply the 
differential operator in Legendre's equation to (13.5.4) 
and collect terms, using z =z-t+t and 
1-z^ = l-t^-2t(z-t)-(z-t) \ 


(l-z^)P^(z)-2zP ! i (z) + jKjM-1)P a (z) 


-SliJ 


(t-z) 


jgrt-3 

2 , xJ e ,jl 


-2z(jfcU) 


(t -1) 


(t-z) 


Jfr2 


+ i(jtU) 


(t -1) 


(t-z) 


J&H. 


:] 


L (t-z) 


2rri 2 H 


+ 2t<tn >-^r] 

(t-z)^ 2 J 


1 iH-1 
2/ri 2 Jl 


L dc dt L ~ £f2 ] 


(t-z) 


(13.5.5) 


The integral of the derivative on the right side of (13.5.5) 
will vanish provided the quantity 


a 2 -i) ^~ 1 


(t-z) 


= (t+1) 

fr-2 t-z 


£tl 

t-z 


(13.5.6) 


has the same value at the beginning and the end of the 
closed contour C. This is achieved by choosing the contour 
C and cuts in the t-plane as indicated in the figure. 
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The branches of the powers are chosen so that 




536 


MATHEMATICAL METHODS FOR PHYSICS 


With C a contour around t = z and t = 1 as indicated in the 

first figure on the previous page, 0^ and return to 

their original values as t traverses C, so that the 

quantity (13.5.6) returns to its original value as t 

traverses C, and P (z) as defined by (13.5.4) is a 

a 

solution of Legendre*s equation for nonintegral l. Of course 
for i integral the cuts disappear and (13.5.4) is just a 
Legendre polynomial. 

Because of the cut in t along the negative real axis 
from -oo to -1, P (z) as given by (13.5.4) will also have a 

JO 

branch point in z at z= -1 with a cut which can be taken 
along the negative real axis. However at z =+1 we have 

and there is no singularity at z=+l: 

P j = 2 rfl J c dt (t+1) / Fl 

= 1 . (13.5.9) 

In a similar way we can find all the derivatives of 
P^(z) at z = 1: 

P^ k) (z)| = --(jfcfk)x 

z=l 2 

f dt . (13.5. 10) 

c (t-i) k+i 


Using the binomial series 
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(t+I) A = ( 2 +t-l) A = 2 A [l+'|( t - 1 )] £ 

= 2 ^ 1 + jJ-|(t-l)+ ... | • (lrk+ 1 ) x 

|-|(t-l)| k +...] ( 13 . 5 . 11 ) 


to find the residue, we obtain 


P (k) (z) | = ( i+1 )... (j&Hc) x AU-1) • • . ( irfcU) 

1 Z=1 


1 

2 ^.' 


r(j^-i+k) r(-i+k) rd) (-i) k 

r(jH-i) r(-i) r(k+i> 2 k * 


( 13 . 5 . 12 ) 


Using these values we can form the Taylor expansion for 
P (z) about the point z = 1: 

Xj 

00 

P.OO-E F' p f )(z) l < z - 1)k 

% k=0 Z z=l 

= y ru+i+k) r(-jwt) rd) _i_ ( i-zf 
k=o r(-D rd+k) k: \ 2 ) 

(13.5.13) 

This has just the form of a hypergeometric series (13.4.26), 
so we finally obtain 

P A (z) = F(jfrf-1,-Jbl; ^) (13. 5.14) 


as the expression for a Legendre function of arbitrary & in 
terms of a hypergeometric function. The analytic 
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continuation of this function throughout the z-plane can be 
achieved by using the formulas (13.4.34)- (13.4.40) discussed 
in the previous section. 

To obtain a second solution of Legendre's equation 
we use a different contour in the integral (13.5.4). The 
function Q^(z) is defined by 


V z) 


i 

4i2^simrJJ 



(t 2 -l) A 


(z-t) 


i+l 


(13.5.15) 


with the contour C* given in the figure. 



In (13.5.15), the integrand of which is not quite the same 
as (13.5.4), z is outside the contour C* and we take 



[for t real and > 1 , 0 ^= 02 =O; 
for t-> 0 , 0 ^->arg z and |arg z | < tt] 
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(t 2 -l) £ = (r^) 4 U(6 l +9 2> , 


( Z -t)^ 1 = r 3 A+1 e i <^ 1)e 3 


(13.5.16) 


As t traverses the contour C f in the diagram above, 0^ 
increases by 2 t t and 0^ decreases by 2 tt, while 0^ returns 
to its initial value. The quantity (13.5.6) thus returns 
to its initial value after a complete traversal of C*, so 
that according to the same argument as made in connection 
with (13.5.5), Q^(z) as given by (13.5.15) is a solution 
of Legendre*s equation in the z plane cut from to 1. 

For l equal to an integer the factor (sinTTjO * in 
(13.5.15) appears to give a pole. For £=0 or a positive 
integer the pole is cancelled by a zero. In fact for any £ 
such that Re £>-1 we can squeeze down the contour C* till 
it hugs the real axis; the condition on £ insures the 



integrals over the circular parts around +1 will vanish. 

2 a 

The factor (t -1) in the integrand of (13.5.15) becomes, 

according to (13.5.16), (1-t 2 ) V^ 117 ^ along the part of the 

2 £ ~i7r£ 

contour directed to the right and (1-t ) e along the part 
directed to the left. Thus for Re £>-1, (13.5.15) reduces to 


+1 


V 2) " 


,£*-1 


dt 


(1-t 2 ) A 


(z-t) 


Ji+1 


(13.5. 17) 
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If further i is 0 or a positive integer we can integrate 
by parts and use Rodrigue's formula (13.5.2) to obtain 


Q * (z) " 


Ml 


r dtd.tVJL-si-L. 

J -i dt^ z ' c 



z-1 


(13.5.18) 


This is the definition of Q (z) which we used before in 

X> 

sec. 3.4. The formula (13.5.15) gives a generalization 
for nonintegral £. 

We can relate Q (z) to a hypergeometric function by 
£ 

expanding (13.5.17) for |z|>l. In this region we can 
expand (z-t) ^ ^ by the binomial theorem; 


(z-t) 


J&H 


i+l 


l-± 

z 


-l-l 




(13.5.19) 


Substituting this in (13.5.17) and using 
1 „ 1 
-1 ~-l 


X 1 

J* dt( 1 -t 2 )^t 2 ^= J d(cos 0) cos^G sin 2 ^0 


-p 71 "/ 2 2k . 2jfrhl A 

= 2 J d0 cos 0 sm 0 

0 

= b (k+|, jfrU) 

= r(k4%)r(jwi) 
rOH+ic) ' 


(13.5.20) 
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from (13.2.8) and (13.2.11), we find 

Q.GO-—^/dta-tV x 

1 (2z) X -1 

__ 1 _ V (tf-D... (jw- 2 k) i r(k+fe)r(j&n) 

(2Z)*- 1 k= 0 ( 2k > j z 2k tm*) 

rdorcu-n y r( ^ 2 ~ +k) r (~r +k ) 
(2z)^ fl r(^|) k=o r(-^) 


<13 - 5 - 21) 

This is the hypergeometric series (13.4.26), so we find 

o ( Z ) = ^£i sj ± m _ f Im± mi . ,. 3 . ±\ 

^$} Z) /W-1 _ *\ 0 ’ 1 > Sbr 0 > 0 ) • 


(2z) irfl r(^|) 


2 3 2 
2 


(13.5. 22) 


This result, obtained from (13.5.17), which is valid for 
Re j 0>-1 , can be analytically continued in j0 throughout the 
entire 1 plane with the exception of the negative integers, 
where the poles in & are explicitly displayed in the factor 
r( JZrHL). 


13.6 BESSEL FUNCTIONS 

The series solutions of Bessel* s equation were 
studied in some detail in Chap. 4. Here we are interested 
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in certain generally useful integral representations of the 
functions due to the physicist Sommerfeld. The method of 
steepest descents can be applied to these integral repre¬ 
sentations to obtain asymptotic expansions. 

We shall search for a solution of Bessel* s differ¬ 
ential equation 

z^u" (z) + zu* (z) + (z^-X^)u(z) = 0 (13. 6. 1) 

as a contour integral of the form 


u(z) = [ d£ K(z,£)v(C). (13.6.2) 

C 

The functions K(z,£) and v(0 and the contour C are to be 
chosen so that (13.6.2) is a solution of (13.6.1). 
Substituting (13.6.2) in (13.6.1) we find 

J d C [z 2 -Mjf + z H + z 2 K-X 2 k]v(£) = 0 . (13.6.3) 

C dz 


Let K(z,£) satisfy the partial differential equation 


2sV 3K , 2 V d 2 K 

: —o + z-r~ + zK= - —r 


(13.6.4) 


Then (13.6.3) reduces to 


i«t 


+ A\(o - 

H J 


(13.6.5) 


Integrating twice by parts this becomes 
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provided the end point contributions from the integration 
by parts vanish . To satisfy (13.6.6) we need only choose 

v(0 = e ±lA £ . (13.6.7) 

Furthermore, a simple solution of the partial differential 
equation ( 13 . 6 . 4 ) for K ( z ,£) is 

K ( z , C ) = e±1Z SlnC > ( 13 . 6 . 8 ) 

as can be easily checked by substitution in (13.6.4). Thus, 
if we can choose the contour C so that the integrals 
converge and so that the contributions from the end points 
on integration by parts vanish, then we have found solutions 
of Bessel 1 s equation of the form 
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Try the contours and indicated in the figure. 
Writing £,z, and sin Q in terms of their real and imaginary 
parts, we have 


C = % + ir, , 

(13.6. 10) 

sin ^ = cosh r| sin §+i sinh n cos 5 , 

(13.6. 11) 

z = x + iy , 

(13.6. 12) 

Re[-iz sin Q] = x sinh r\ cos ? + y cosh r\ sin 5 • 

(13.6.13) 


Along the parts of the contour going to infinity in the 
figure, sin 5 = 0* Along the parts going to 0 - i<», cos £ = +1, 
sinh n= ^(e^-e ^ e ^<0. Along the parts going to 

+ TT+ ioo, cos ^ = -1, sinh Thus for x>0, 

Re[-izsin£] goes exponentially to -a> at the end points of 
the contours and L^. For these contours the integral 
(13.6.9) converges very well indeed, and the contributions 
obtained by integration by parts in (13.6.5), (13.6.6) 
vanish. Thus for Re z>0 we have found two solutions of 
Bessel* s equation, called Hankel functions: 

H™ (z) = - \ l d C e -iz Sln C +i *C , (13. 6.14) 

L 1 

H. (2) (z) = - - r dC e' 1Z Sln C +lX C . (13.6.15) 

\ 7T ® 

L 2 

In fact the contours are not as closely restricted 
as indicated above. For z real and >0, so that y=0, we 
need cos £ negative in the upper half plane and positive in 
the lower half plane so that any contours in the shaded 
regions in the figure on the next page will work. 
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More generally, the right side of (13.6.13) must be 
negative at the extremities of the contour. Replacing 
sinh r| f° r r\ -+ 00 , cosh r\ -»g , and writing z = re^ 

x = r cos 0, y = r sin 0, the condition that the right side of 
(13.6.13) be negative reduces to cos(£-0)<O for r\ ->+°° and 
cos(5+0)>O for r] —o °. Thus suitable contours are given in 
the figure below for the general case. 


3tt 5 
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The functions given by (13.6.14), (13.6.15) are analytically 
continued to the whole z-plane by moving, if necessary, the 
contours within the allowed regions, the boundaries of which 
also move as 0 = arg(z) changes. 

In terms of the Hankel functions we can define Bessel 

and Neumann functions by 

H^ 1 ' > (z) = J^(z) + iN^(z) , 

(13. 6.16) 

H< 2) (z) = J x (z) " iN^(z) , 

(13.6. 17) 

or 


J x (z) = \ fH^ 1> (z) + H^ 2 ) (z)] , 

(13.6.18) 

V z) = 2L C H x 1)(z) " Hf( 2 >] . 

(13.6.19) 

We shall shortly show that all these definitions are 

equivalent to our earlier series definitions of Bessel, 
Neumann, and Hankel functions in Chap. 4. 

For the case of the Bessel function J^(z) the lower 

parts of the contours cancel when we add E$(z) and H^ ( z ) 

A A 

so that we obtain 


(13. 6. 20) 


where the contour L is appropriate for Re z>0 . 
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L 


.- 1- 

-7T 

--i-—- 

7T 


For the special case X=n= integer the two vertical 
parts of the contour cancel each other because of the 
periodicity of the integrand^ and we find 


V z) 


2TT 


t r 


I 

-7r 


^-iz sin Q +in£ 


1 71 

= 27 T J d £ cos [ z sin C‘ n C] • 

-7T 


(13.6.21) 


The first of these forms implies that J (z) is the Fourier 
“ iz sin f 

transform of e % so that the latter has the Fourier 

expansion 

00 

e -izsmC = £ J n ( z ) e _:LnS . (13.6.22) 

n=-co 


This is then a generating function for Bessel functions of 
integral index. It also provides the expansion of a plane 
wave in cylindrical waves: 


ik-r ikr cos 0 -ikr sin (0- tt/2) 

0 = e = e 

00 5 

= Z i n J n (kr)e _:Lne . (13.6.23) 

n=-oo 


We now establish some relations between J.(z). N (z), 
(1) (2) X \ ’ 

J (z) and J (z). J^(z) is given by (13.6.20). 
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Reversing the sign of X we also have 

J_ x (z) = - ± J dC e' iz Sin , (13. 6. 24) 

L 

with the same contour as (13.6.20). Replacing Q -♦-£ in 
(13.6.24) we find 


, s 1 f j- iz sin C +iXC 

-X (z)= 2if 1.^ e 


(13. 6. 25) 


where the contour -L is shown in the figure. 



0 


2t r 
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Combining (13.6.20) and (13.6.26) we find 


J x «- e lrt J_ x ( z >—[f dC- I ac]e' 12 sl ” c+i>c 

1j- Li.. 


= - i(i.e iW ) J* dC e" iz sin C +i xc f 

■ L x 

(13.6. 27) 


where the contours and which arise from combining L 
and -L ! are shown below. The circumstance that and Lj 
are displaced from each other by 2rr leads to the second 



With the contours chosen as above our derivation of this 
relation holds only for Re z>0 . By analytic continuation 
the relation can be extended throughout the whole complex 
plane. 
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Rewriting (13.6.28) we find 
-i7rX, 


H x 1)(2 > ■ 


^J x (z)-J_ x ( Z ) 
-i simrX 


(13. 6. 29) 


Using (13. 6. 18) we can find H^^ ( z ) ; 

A. 

(2) (1) e 

H< <z) - 2J x (z) - H< (z)-r A„rt X 


(13.6.30) 


Finally, from (13.6.19) we obtain N (z): 

A. 


V*> ‘ 


costtX J^(z)-J_^(z) 
sin ir\ 


(13.6.31) 


The relations (13.6.16)-(13.6.19) and (13.6.29)- 

(13.6.31) between H^^(z), H^^(z), J (z), and N (z) are 

A A. A. A. 

the same as those of Chap. 4 -- see (4.3.2). Thus to show 
that the present definitions of these functions are the same 
as those used previously, we can restrict ourselves to one 

function, which we take to be J (z). Thus we shall expand 

A. 

(13.6.20) in a power series and compare with the power 
series solution of Bessel 1 s differential equation obtained 
in Chap. 4. Making the transformation 

r\ = e -1 ^ , (13.6.32) 

sine = | (rr^) , (13.6.33) 

the integral representation (13.6.20) is transformed into a 
different integral representation, 

z, 1 
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with the contour C indicated in the figure. 



Making a further transformation 



(13.6.35) 


(13.6.34) becomes 


V z) 


_l_/z\ X 

*ri' v 2j 


2 


z 



(13.6.36) 


where the contour has beem moved back to C by using Cauchy 1 s 
theorem. Using the expansion 


e 


2 

z 

4v 



2r 

z 

2r r 9 
2 v r 


(13.6.37) 


we find 


V z) 




v 

e v 


-\-r-l 


(13.6.38) 


Now the integral in this expression is just one of the 
integral representations of the gamma function. In fact, 
combining (13.2.3) and (13.2.12) we find 


T(z) 2rr± 


- m J> 


t-z 
e t 


(13. 6.39) 


Using this in (13.6.38), we finally obtain 
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V Z) 



_ (-D r 

r.'ra+r+l) 



(13. 6.40) 


which is the series for the Bessel function -- see (4.2.13). 
This completes our demonstration of the equivalence of 
Sommerfeld 1 s integral representations and the power series 
solutions of Bessel* s equation. 


13. 7 ASYMPTOTIC EXPANSIONS FOR BESSEL FUNCTIONS 


To obtain these asymptotic expansions we employ the 
method of steepest descents, introduced in sec. 13.3 in 
connection with the gamma function, to Sommerfeld* s integral 
representations (13.6.14) and (13.6.15) for (z) and 

< 2) «- 

In order to cope with complex variables z and Q and 
the contour integral, let us first consider a general case. 


J* d Q e f( - Z ’& . (13.7. 1) 

C 

One might first think that we should find the maximum of 
Ref(z,£) and replace f(z,£) by a good approximation in 
the neighborhood of this point. However, we shall assume 
f(z,£) is an analytic function of £, and we must remember 
that the real and imaginary parts, u and v, of an analytic 
function. 


f(z,o =u(z,§,n)+iv(z,?,n), c = § + iri, (13. 7 .2) 


satisfy Laplace's equation 
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^2 

a u a u 

2 ~ 2 9 

a? an 


(13.7.3) 


so that u(z,?,n) does not have a true maximum. In fact 
there can only be saddle points. Thus the method of 
steepest descents consists in using Cauchy's theorem to 



deform the contour C so that it goes through the saddle 
point in the direction such that u(z,5, r\) drops off as 
rapidly as possible on both sides (hence the name steepest 
descents). At the saddle point we have 


Su = &£ m 0 
B§ 


(13.7.4) 


Using the Cauchy-Riemann conditions we then find 


By By n 

b? Bn ’ 

so that at the saddle point 


df( z,Q _ o 

dC 


(13.7.5) 


(13.7. 6) 


If Q q is the location of the saddle point, the Taylor 
expansion of f in the vicinity of this point assumes the 
form 
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f (z,0 =f (z,C Q ) +2 


! d Z f(z,C 0 > 


d c. 


(C*C 0 ) + — 


(13.7.7) 


If the dependence on z is appropriate, and if C goes through 
the saddle point in the right direction, only the near 
vicinity of C = C Q will contribute for large |z| and we need 
only keep the two terms given in (13.7.7) of the Taylor 
expansion. If the dependence on z is appropriate , higher 
terms in the series (13.7.7) will lead to higher terms 
(in the form of series of increasing powers of l/z) in the 
asymptotic expansion, as for the gamma function -- see 
sec. 13.3. 


Of course one has to check the z dependence for any 
particular case, but supposing that it is appropriate, let 
us find a general result for the asymptotic expansion, 
keeping only the quadratic term in (13.7.7). We can choose 
the proper direction for the integration as follows. 

Suppose the phase of f"(£ ) is 0, so that 


|f"(C 0 >l ei * 

d C 


(13.7.8) 


Then integrate Q in one or the other of the two opposite 
directions 


Q-Q 0 = P e 


1 <?-■?> 


or pe 




(13.7.9) 


where p is a real number. Then the second term in (13.7.7) 
becomes 
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7£"(C ft )(C-C 0 ) 2 --5l« ,, (C 0 )1P 2 , 


(13.7.10) 


so that the approximation to e 


f (z>0 


becomes 


f( z ,C) = e Uz,Q 0 )^\e' (Co) Ip 


o e 


(13.7.11) 


2 

This falls off with increasing p as rapidly as possible. 
Choice of a different path in (13.7.9) leads to a less rapid 
fall off with p^: including an additional phase £ n 

(13.7.9) would lead to the replacement 

e -ir|f" (C 0 ) I p 2 _ e -fc|f" (C 0 ) I p 2 C cos f +i sin ^ (is. 7 . i 2 ) 


in (13.7.11). Which of the two integration directions 

(13.7.9) is to be chosen depends on where the ends of the 
contour C are tied down. Thus choice of the wrong direction 

(13.7.9) will imply crossing three times the "mountain 
range" of the figure above rather than just going once 
through the "pass". With the approximation (13.7.11) the 
integral (13.7.1) is easy to calculate and we find 

J d£ e f e 2 dp e”^^" 


= e f(z ^o> 


i(±|-f) 



. (13.7.13) 


Here we took the limits on the p integral on the right of 
(13.7.13) to be j<o since only the region near the saddle 
point makes an appreciable contribution to the integral. 
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Just as for the gamma function -- see (13.3.14)ff. -- if 
keep a few more terms in the Taylor expansion (13.7.7) we 
can (a) check that the approximations become better and 
better for larger \z\ [perhaps only in a certain range of 
arg(z)] and (b) calculate, if desired, higher terms in the 
asymptotic expansion. 

We can now apply these ideas to the Hankel function 



For this case we have 


f (z,Q = -iz sin £ +i\£ , 

= ~^- z cos C > 

d C 


HFf^=i Z sin C > 
a e 


d J f (z.C) 

dC 3 


(13.7.15) 


= iz cos £ 
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The location of the saddle point is given by (13.7.6), i. e. 

cos £ 0 = z ' (13.7.16) 

For \z \ ->oo this becomes 

cosC o -0, (13.7.17) 

where we have chosen the zero of cos C on the contour L-. 

^o 1 

Evaluating the function f(z,£) and its derivatives (13.7.15) 
at the saddle point we find for the Taylor series 
(13.7.7) 

£(z,C)= -iz sin£ o +UC; o + iz sin C 0 (C“C 0 > 2 

+ -jriz coxC 0 (C-C 0 ) 3 - 37 iz sin c 0 (C~C 0 ) 4+ — • 

(13.7.18) 


If we make a change of variable Q' = *Jz (C“C Q ) this becomes 

f(z,0 = -izsinC 0 +iXC 0 +^-isinC 0 C' 2 


, 1 icOS ^o..3 1 1 sin ,,4 

+ 3 1 JZ Z -4f z C +••• , 


(13.7.19) 


and it is clear that the higher terms provide an expansion 
_Jk _ ^ 

in powers of z 2 (or z if the odd powers cancel). We 
shall not pursue these higher terms further; if it is 
desired to keep them, one would also have to expand in 
inverse powers of z. 
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Keeping only the first two terms in the Taylor 

expansion (13.7.18), we can use the general result (13.7.13). 

2 2 

In this formula 0 is the phase of d f(z,£ Q )/d £ • According 
to (13.7.15) and (13.7.17) this is given by 

0 -► - | + e , (13.7. 20) 

| z >00 


where 0 = arg(z). As we see from the figure, for Re z>0 , 
i. e. -7 t/2 < 0 <tt/ 2, the correct direction for the contour 



(13.7.9) is obtained by choosing + tt/ 2 in the phase factor 
of (13.7.9). Thus using (13.7.13), (13.7.15), (13.7.17), 
we find for the leading term in the asymptotic expansion of 
(13.7.14) the expression 


. • 1 7r i. jtt 17r 0v 

(1) 1 lz ' lX 2 +l( 2 + 4' 2 } /Jjl 


"FT 


. / Tar 7Tx 

2 1 ( z “ 2*4^ 

— e 

7TZ 


(13.7. 21) 
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( 2 ) 

A similar argument for lO (z) leads to the expression 


. , \ir TTv 

„( 2 ) , . FT ~ 1(z ~ 2 ' 4 ; 

H' (z)~ /— e 

X Vttz 


(13.7.22) 


The asymptotic expansions above hold for |z| -* <» , 

X fixed; thus they are good for |z|»|x|. To obtain 
formulas good for |x| < |z| we make a slightly different 
calculation. Suppose X and z=x are both large and positive 
and X<x so that we can write 


- = sin a , 0 <a <“ . 

x 7 2 


(13.7.23) 


In this case the relevant function f(z,£) in (13.7.14) is 


f(x, £) - -ix sin Q +ix£ sin a , 


(13.7.24) 


and we have 


df(x, C) . - . . 

— dQ =-ix cos Q +ix 


sm a 


d f(x,C) . . - 

-= lxsmf . 

d C 

The location of the saddle point is given by 


(13.7.25) 


df ( x >C c ) 


d C 


= 0 , cos C - sin a . 


,( 1 ) 


(13.7.26) 


For (x), involving the contour in the figures above, 

Q q is a negative angle, and we have 


TT 


Sin G=-cosa , Q o = 0t - J 


2 * 


(13.7.26) 


560 


MATHEMATICAL METHODS FOR PHYSICS 


From (13.7.13), (13.7.14), (13.7.24) and (13.7.25) we then 
find 




+ix cos CH-ix(a- -|)sin a+i + 


} 


2ir 


x cos a 


7 TX COS a 


- ix[cos a+(a--^) sin a] 
e e 


(13.7. 28) 


For x and X real we also have 



(x) = [hJ^oo ]*< 


v 7rx COS a 


X 


+ -~r- -ix[cos a+(a- ■-) sin a] 
e e 


(13.7. 29) 


These formulas are due to the physicist Debye. For 
X = xsina finite as x -*«>, we must have a->0. The formulas 
(13.7.28), (13.7.29) then reduce to (13.7.21), (13.7.22). 

Other asymptotic formulas, valid for other ranges 
of the variable z and index \ are given in the mathematical 
handbooks referred to in sec. 13.1. The higher order terms 
in the asymptotic expansions are also given in these 
references; usually these higher order terms are not needed 
in applications. 
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PROBLEMS 


13.1 Find the solutions of the differential equation 
z 2 (z 2 -l)u" (z)+z(2z 2 +~ z-1)u* (z) u(z) = 0 


a) in terms of hypergeometric functions of 

^ 2z 

argument —- . 

b) in terms of hypergeometric functions of 

. z-1 

argument . 

c) in terms of hypergeometric functions of 

. z+1 

argument . 

13.2 Legendre's equation is 

(l-z 2 )w" (z) - 2zw ! (z) + £(JL+ l)w(z) = 0 . 


a) Describe the location and nature of its 
singularities. 

b) Write the equation in P notation form and check 
a + a ' +p + p* +y + y* = 1 • 

c) Use the transformation properties of the P symbol 
to derive the solutions 


1-z 


w 1 (z) = F(jftfl, -A; 1; ) , 


w 2 (z) = 

Z 


F(-^, ; -t ) . 


Forw 0 (z) first change the independent variable 
to s = . 
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a) The contours C and C f were used to define P^(z) 
and Q^(z). The contour C + C 1 encloses -1 and z but 
excludes +1. Use this contour in the integral 
(13.5.4), change variables to t* =-t, and derive 

P^(-z) =e T ^ ri P^(z) - ~ simrXQ^(z) , 

where the T sign corresponds to Imz> 0 . 

b) Show that P (z) = P ,(z) and hence derive 

X/ “ Jo" J- 

Q^(z) - Q_ a1 (z) =7r(ctmr i) P^(z) • 

This formula is necessary in Regge pole theory. 

13.4 A charged particle moving in a circle at constant 
relativistic speed emits radiation in harmonics of 
the fundamental frequency of revolution. The power 
radiated in the n t ^ 1 harmonic can be expressed in 
terms of the integrals 

2tt 

I, = f du cos u e 

1 J o 


-inu+ia cos u 
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where a is a real parameter related to the velocity 
of the particle and the angle at which the radiation 
is observed. Express 1^ and I 2 in terms of a well 
known special function and its derivatives. 




CHAPTER 14 INTEGRAL TRANSFORMS IN THE COMPLEX PLANE 


14.1 INTRODUCTION 

Various integral transforms have already been intro¬ 
duced and studied for the real variable case -- Fourier 
transforms in sec. 2-9 and Fourier Bessel transforms in 
sec. 4.13 and at the end of sec. 6.3. We know that these 
transforms appear naturally in the solution by separation 
of variables of partial differential equations involving 
the Laplacian, and that the integral transform, rather 
than a summation of discrete eigenfunctions, appears when 
we deal with an infinite rather than a finite region. 

Complex variables enter at various levels in the 
study of Fourier transforms. The simplest applications 
involve merely the evaluation of the relevant integrals 
by contour integration techniques. More sophisticated 
applications involve the analytic continuation of the 
Fourier transform into the complex plane of the transform 
variable. In such applications dispersion relation methods 
and the so-called Wiener-Hopf method are powerful techniques 
for the solution of certain types of problems. 

H. W. Wyld, Mathematical Methods for Physics ISBN 0-8053-9856-2; 0-8053-9857-0 pbk. 
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We recall the basic formulas for Fourier transforms 
here. A more or less arbitrary function f(x) can be expanded 
in the form 


£ <*> ■ ts JJ k ' ikx > 

where the Fourier transform ¥"(k) is given by 


(14. 1. 1) 


^(k) = J dx f(x) e 

— oo 


-ikx 


(14. 1. 2) 


ilex 

The completeness relation for the complete set e is 


i 00 

±j * 


ik(x-x' ) 


= 6(x-x') . 


(14.1.3) 


The Fourier transform of a derivative is algebraic: 


ikx df(x) _ 1 -ikx 


f dx e" 1KX ar W = i 

dx J2ir 


f(x) 


v —OO 


= ik f(k) 


(14.1.4) 


provided f (°°) = f(-») = 0. Finally, the Fourier transform 
of a convolution is a product: If 

00 

h(x) = J dx' f(x-x')g(x') , (14.1.5) 

-00 


then we have 
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•ikx 


w = jIf J dx h(x) 

* —00 

= J dx e ikx J dx' f(x-x')g(x') 


= J dx' e ikx g(x') J dx e ik ^ x x ^f(x-x') 

V —oo -oo 


= Ju g (k)r(k) . (14. 1. 6) 


The multidimensional generalizations of all these 
results are straightforward: 

f (?)-rd 3 kF(£) e ik * r , (14.1.7) 

w ' 

T(lc) = -^rrr Jd 3 xf(r) e ik * r , (14.1.8) 

(2rr) 7 

etc. 


14.2 THE CALCULATION OF GREEN 1 S FUNCTIONS BY FOURIER 
TRANSFORM METHODS 

a) The Helmholtz Equation . 

Consider first the Green* s function for the Helmholtz 
equation* For the case of all space, i.e. no boundary 
conditions in finite regions, G(?, r*) is a function of the 
relative coordinate r-r* and satisfies 

2 y > 2 y— ■+ . 3 V 

V G(r-r' ) + \ G(r-r') = 6 (r-r') . 


(14. 2. 1) 
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Fourier transforming (14.2.1), 


G(?-?') = 1 TTX fd 3 k£(£)e 

(2!T) J/Z 


i£.(r-P) 


(14. 2 . 2 ) 


?(£) -- ^=75 J* d 3 x G(r-r')e" 1 ^*^ r ' r '\ (14.2.3) 

(2iry /Z 

and using the Fourier representation for the 6 function. 


5 (r-r') = 

( 2 wy 


■d 3 k. lE -< ? - ?) , 


(14. 2.4) 


we find 


(X 2 -k 2 ) e'(Jc) = - hrrz 

(2ir) J/ ^ 


The general solution of this equation is 


(14. 2 . 5) 


g(£) = —^ [~Y~2 + c 6 <^ 2 - k2 >] 3 ( 14 - 2 * 6 > 

( 2 tt) ‘ L A. -k 

where C (k) is arbitrary, as we see from the general result 

2 2 

x 6 (x) =0. The undetermined multiple of 6 (\ -k ) is 
equivalent to the lack' of specification of the contour 
around the poles at k = +\. In fact, substituting (14,2.6) 
in (14.2.2) with r* = 0 we find 


G(?) 



ik-r 
e_ 

2 2 9 
X -k Z 


(14. 2.7) 


and different values of C in (14.2.6) correspond to 
different contours around the poles in (14.2.7). 

Before deciding on the contour we can do the angular 
integrals in (14.2.7). Choosing the z axis in k; space 
along r we find 
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G(r) = 


O 

! ] 

(27r) J 

J o 

1 

00 
p 1 

(27T) 2 ir 

! o 

1 

CO 

r 

( 2 r) 2 ir 

J 

-c 

1 1 

A 


1 

f.x- 


ikr - ikr 
e -e 


2 2 
X -k Z 


ikr 


2 t 2 
X -k 


ikr 

JT, —- 

r dr J , 2 2 * 

(2nr) -® k -x 


^ikr cos 0 
X 2 -k 2 


(14. 2 . 8 ) 


Before performing the last integration over k in 
(14.2.8) we must choose the contour around the poles. 



contour in the upper half plane, we find the outgoing wave 
Green 1 s function 


G out (r) 


-i- [ dk 

r Sr .L 


ikr 


(2ir ) 2 r J C~ k 2 -* 2 


(2t r) 


1_ i _S f. 

s 2 r arU 


^ri 


2 Ur- 
2X . 


_L_ 

4tt 


iXr 


r 


i 


(14. 2 . 9) 


in agreement with ( 8 . 12 . 8 ). 
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As an equivalent procedure to choosing the contour 
C above we can leave the contour along the real k axis 
and displace the poles slightly: 

X -> X + ie* 

-X -> -X - ie 1 

X 2 - (X+ie*) 2 = X 2 + ie , (14.2.10) 


where e and e* are real, positive infinitesimals. 

X+ie 


-X-ie 


Thus the Fourier transform of the outgoing wave Green 1 s 
function is 


G out (k) ■ 


<2ir) 


TJi 


2 2 

r+ie-k^ 


-V? \~T~9 -iTT6(X 2 -k 2 )l . (14. 2.11) 

(2tt) ' L X -k Z J 


This is of the form (14.2.6) with C = -i7T. 

Other choices are possible. With the contour 


X 

we obtain the ingoing wave Green 1 s function 
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G. 
in 


(?) 


1 1 _5 

(2ir) 2 r 3r 



ikr 

e 


2 2 
k*-r 


i 


e 


-iXr 


47 r r 


(14. 2.12) 


The Fourier transform of this ingoing wave Green's function 
is 


G. (k) = 
m 


(2rr) 3//2 X 2 -ie-k 2 


(14. 2. 13) 


Many other choices are possible. The physics 
problem determines via the boundary conditions which Green's 
function is to be chosen. Usually this will be the out¬ 
going wave Green's function. We note that the Green's 
functions (14.2.9) and (14. 2.12) found here are identical 
to those found in section 8.12 without the aid of Fourier 
transforms. We have seen here that the outgoing (ingoing) 

wave boundary conditions are equivalent to the prescriptions 

2 2 

for going around the pole \ Hhie in the Fourier transform 

Green's functions (14.2.11), (14.2.13). 
b) The Wave Equation . 

The four dimensional Green's function for the wave 
equation can be found in a similar way. The Green* s 
function for all space is a function of coordinate 
differences r-r*, t-t' and satisfies 

[V- \ G(r-r',t-t') =6 3 (?-?') 6 (t-t') . 

C at (14. 2.14) 

Fourier transforming (14.2.14), 
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G(r-r* ,t-t’) =—^~2 < ' J ' 3 

(2n-r 


(14. 2.15) 


3 . , .. 1 r>,3, r>, ifc*(r-r' )-itu(t-t') 

8 (r-r 1 )6(t-t ) =-^JdkJduje . 

(2/r) 


we find 


(14. 2.16) 


F-k^+^l £(£,«>) = — 2 y 

L c J ( 2 t r) 


(14. 2.17) 


so that 


G(k,oo) =- j 

0>/r) 


1 1 T\ 0 

'l k 2 l 


2 „ + D 6 

2 k 


oo . 2 

[c 


—- k 



_c 


- 


(14. 2.18) 


The undetermined multiple of 6 ^ 2 ”k 2 j is equivalent to 

different prescriptions for going around the poles in the 
Fourier transform integral 

ilc-r-iuot 


G(r,t) =—~ J*d 3 kJdu> 
( 2ir ) 


2 , 
«L _ k 2 
2 K 
c 


(14. 2.19) 


The so-called retarded Green*s function G . (r.t) 

ret 7 

satisfies the condition 


G ret (rjt) =0 » t<0 * 


(14. 2. 20) 
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In order to achieve this, we choose a contour in the ud 
plane above the poles. 



For t<0 we must complete the u) contour in the upper half 
plane. Since thi$ contour encloses no poles we obtain 
(14.2.20). For t>0 we complete the contour in the lower 
half plane and obtain contributions from both poles u) = +kc: 



where the second line follows from a computation identical 
to that in (8.15.13). In a similar way choosing the 
contour in the oo-plane below both poles 



leads to the advanced Green 1 s function 



in agreement with (8.15.22). 




14 INTEGRAL TRANSFORMS IN THE COMPLEX PLANE 


573 


c) The Klein Gordon Equation . 

The Klein-Gordon equation 

Tv 2 - ^ iKr,t) = 0 (14. 2. 23) 

L c dt ii J 

is a generalization o£ the wave equation important in 
quantum field theory. We can find the Green's function for 
this equation by Fourier transformation, as above for the 
wave equation. Setting h=c = l for notational simplicity, 
the differential equation for the Green's function is 

2 

Fv 2 - -£-5 - m 2 l G(r-?',t-t') =6 3 (?-?')6(t-f) . 

L bt 

(14. 2. 24) 


Fourier transforming, 


G(r-r* ,t-f ) rAfto > 

(2ir) 

(14. 2. 25) 


(14. 2. 24) becomes 


(u) 2 -k 2 -m 2 ) £(£, uo) = —~ . (14.2.26) 

(2j r) 


Thus as generalization of (14.2.19) we find 

iic-r-ioot 

G(r,t)- ‘jVkfdu) 2~ 2 ~2 * (14 ‘ 2 * 27) 

(2jr; ud -k -m 


If we choose the contour above the poles in the oa-plane. 




\ 

__/7\. _ 

2 2 
: + m 

12 ^ 2 
cu = vk +m 
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we obtain the retarded Green's function, which satisfies 
the condition 


G ret ( ^ t) = 0 > t<0 


(14. 2. 28) 


We can also achieve this by displacing the poles downward 
slightly in the co plane and leaving the contour along the 
real <jo axis; this is accomplished by replacing u)->u)+ie, 
e>0, e -»0, in (14.2.27): 


“retC’V -~T3 

(27T) -00 


ils.r-iuot 
e _ 

* . . \ 2 .2 2 * 
(co+ie) -k -m 


(14. 2. 29) 


In order to actually evaluate this integral it is 
convenient to first integrate over £. Integrating over the 
angles of £ we find from (14.2.29) 


—S- fd.fdkk(e ikr -e- ikr )-- | : ia)t 2 

(2jr) J r -oo J 0 k 2 -ta-(u*i e ) 2 


00 oo ikr-ioot 

= — o r do>f dkk-rr -5 - 

(2 jt) r -oo -oo k -hn -(uH-ie) 


2 - 


(14. 2. 30) 


Since r>0, we can complete the contour for the k inte¬ 
gration by an infinite semicircle in the upper half plane. 
The denominator has poles for 

2 2 2 2 2 
k = (urt-ie) -m = uu -m +2iuoe > 


e>0, e ~»0 . (14.2.31) 
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Taking the square root of this expression and picking out 


poles which 

lie in the upper half plane, we find 

u)>m : 

k=±(^ 2 -m 2 +i e ) 

i / 2 2^. 

k = ,/u -m +i e 

-nKaKm : 

k = + i Jo 2 - a) 2 

k = i Jn 2 - a) 2 

a) < -m : 

k = +1 Ju 2 -m 2 -ie 

) k=-^/u 2 -m 2 +ie 


(14. 2.32) 


In these expressions e stands for different things, but it 
is always a positive infinitesimal. If is defined 

by the expressions in the rightmost column of (14.2.32), 

u)>m 

-m<oo<m , (14.2.33) 

0) < -m 

the evaluation of the k integral in (14.2.30) by the residue 
theorem gives 


Ju 2 -m 2 = < 


. n. 2 

+ a/u) -m , 

. f2 2 

i. -(jo , 

[2 2 

- -m , 


- 


-1 

87r 2 r 


d a) e 




m r-ioot 


(14. 2. 34) 


Actually the choice in (14.2.33) amounts to taking the cut 

f2 2 

-«r 


in 


-m from -m to 4-m and integrating along the top of the 
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Jm 2 -m 2 = (r 1 r 2 )^e i 2 (e l +0 2 ) . (14.2.35) 

To proceed to the next step it is convenient to introduce 
the quantity 


H(r ' t)= i I du) 



2 

-m 


r-iti)t 



(14. 2. 36) 


The Green’s function G(r,t) is then given by 

G(?,t) -- . (14.2.37) 

For u) -><*> the m in the exponential of (14. 2. 34) or 
(14.2.36) can be neglected and the exponential becomes 

e i«)(r-t) _ (14.2.38) 


For t <r, i. e. r-t>0, the contour for the co integral in 
(14.2.34) or (14.2.36) can thus be completed by an infinite 
semicircle in the upper half plane, and since the contour 
goes above the cut (-m,m), and since there are no other 
singularities in the upper half plane, we find 

G(r,t) = H(r,t) = 0 , t<r . (14.2.39) 

This is consistent with, but more than, the condition 
(14.2.28). For t>r we can complete the contour by an 
infinite semicircle in the lower half plane and then use 
Cauchy's theorem to pull the contour in until it is just 
wrapped around the cut (-m,m). 
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To evaluate (14.2.40) make the transformation 



cosh (x+iy) = cosh x cos y + i sinh x sin y , 

sinh (x+iy) = sinh x cos y+i cosh x sin y , (14.2.42) 


it is easy to check that the contour 



from 2rri to 0 in the z-plane maps into the contour C in the 


w -plan e of the previous figure with the correct values for 
/"2 1 

V“> -m on the top and bottom of the cut. Thus we find 
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Now we can write 


r sinh z-t cosh z = Jt -r X 




[-JT 2 sinh z " 2 COsh z ] ' 


(14. 2.44) 


and if we define 0 by 

cosh 0 = 2 y sinh 0 = j ^ (14. 2. 45) 

and use the identities for hyperbolic functions, we can 
rewrite (14.2.44) in the form 

r sinh z-t cosh z = Jz-r [sinh z sinh 0 -cosh z cosh 0] 

= -JzF-? cosh (z-0) . (14.2.46) 


Thus (14.2.43) becomes 


. . 1 n 0 , -inv/: 2 -r 2 cosh (z-0) 

«<*>*> "S 4^' 


,-i- r ' 9 dz . 

2iri L. fl 


2jri-0 


4- 2ir 


(14. 2.47) 
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Now since there are no singularities inside the contour C' 
of the figure below, we have 


f dz' e -Wt 2 -r 2 cosh z' =( 
J C' 

(14. 2.48) 



and since cosh (z+2tt1) = cosh z, the contributions from the 
top and bottom of the contour C 1 cancel. Thus combining 
(14.2.47), (14.2.48) we find for H(r,t) 

HCr.O-Jj $ iz' . (14.2.49) 


It is interesting that only after this long series of 
transformations does the dependence of G(r ,t) and H(r,t) 
on the single variable combination - r^ (as required by 
special relativity) actually appear. 

The simple transformation z* = iy, cosh z* = cos y 
now puts (14.2.49) in the form 

, 2ir . f2 2 

H<r,t) - - J dy , (14.2.50) 


and this has the form of the integral representation 
(13.6.21) for the Bessel function J : 


H(r,t) 


,M 2 -r 2 ) , 


t >r 


(14. 2.51) 


Introducing the step function 

f° > t <r 

Q(t-r) =< , (14.2.52) 

(.1 , t>r 






580 


MATHEMATICAL METHODS FOR PHYSICS 


we thus find from (14.2.39), (14.2.51) 


H(r,t) 


-e(t-r) 



(14. 2.53) 


Using 


_a. 

3r 


e(t-r) =-6(t-r) 


(14. 2. 54) 


and 



J 1 (x) = -J^(x) 


(14. 2.55) 


(14. 2.56) 


and 


J 0 (°) = 1 , 


(14. 2.57) 


we then find, according to (14.2.37), 

Mfcji + 9(t _ r) . 




47rr 


4tt> 




,2 2 

t -r 


)• 


(14. 2.58) 


This reduces to the retarded Green* s function (14.2.21) for 
the wave equation when m = 0. For m^O we have in addition 
to the sharp wavefront at r = t (or r = ct for c 1) a 
contribution at r <t behind the wavefront. 
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14.3 ONE SIDED FOURIER TRANSFORMS; LAPLACE TRANSFORMS 

If we try to Fourier transform a function which 
diverges as x -►<» we get into trouble. Thus with f(x)~e , 
a>0, as x -><», we find 

oo 

'F(k) = J dx f (x) e -4 0 o . (14.3.1) 

'' —00 

In order to cope with such functions we can proceed as 
follows: Suppose f(x) diverges less badly than e CX so that 

f(x) e -cx ~e" 631 , x-»~, s>0 . (14.3.2) 

We can then try to Fourier transform the function f(x)e~ cx , 
which differs in a known way from the function f(x) of 
interest: 


00 

F(k) = - 4 - J dx f(x)e _cx e' ikx . (14.3.3) 

** —00 

_ CX 

However, the exponential e , which insures convergence 

of the integral (14.3.3) at x will make the convergence 

at x —»“co worse; in fact unless f(x) falls off more rapidly 
cx 

than e for x->-■», the integral (14.3.3) will now diverge 
at x -»-«>. To take care of this we discard half of the 
function f(x), defining a new function F(x) by 


F(x) 



x>0 

x<0 


(14.3.4) 


The Fourier transform of this function 
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"F(k) = -j= J dx f(x)e” cx e lkx (14.3.5) 

now exists provided (14.3.2) is satisfied. 

Since this method is employed mainly for problems 

involving the time, we write t instead of x and reverse the 

sign of the Fourier transform variable in conformity 

with the conventions usually employed by physicists. For a 

function f (t), taken to vanish for t<0 and to diverge less 
c t 

rapidly than e as t 


hh 

/-N 

rt 

il 

O 

, t < o , 

(14.3.6) 

f (t)e~ Ct -e 

_et , t -oo, e >0 , 

(14.3.7) 

find the pair of Fourier transform equations 

f (t) e Ct =^p J* du) e 1U3t 'F(u)) , 

(14.3.8) 

II 

/—s 

3 

r»°V iu)t.-ct 
dt e f(t)e , 

0 

(14.3. 9) 

equivalently 

£<t ’ ■ jfe-' 

r* 00 - i (uoiic) t>- 

I d(D e F(cjd) , 

-oo 

(14.3.10) 

-if i 

fdt e i(uH - ic)t f(t) . 

0 

(14.3.11) 


If the integral (14.3.9) converges for a given value 
of c, it will converge better if c is replaced by a larger 
value. Thus we can use the integral representation (14.3.11) 
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to effect an analytic continuation into the complex uo plane: 
Just define 

?(w) =-%. J* dt e ltBt f(t) . (14.3.12) 

This integral converges in the region 

Im a)>c (14. 3. 13) 

according to the (14.3.7). That f ((d) is an analytic 
function of to follows from the uniform convergence of the 
integral in this region: 

•**««! 

I “ £<£ >l 

J' T dt e ' Ct | £<t) l • (14.3.14) 

We assume that c is large enough so that this last integral 
converges. It can then be made arbitrarily small by making 
T sufficiently large, the same value of T serving for all cd 


The theorem that a uniformly convergent integral J dtf(t,o)) 
of a function f(t,oo), analytic in od for each t, is - itself 
analytic, is proved, for example, by Titchmarsh, op. cit. , 

p. 100. 
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in the region (14.3.13). In general we expect to be able to 
analytically continue ?"((jl)) to the region ImoXc; in this 
region it may have singularities, e. g. poles or cuts. 

We can now rewrite the Fourier transform pair 
(14.3.10), (14.3.11) in terms of the analytically continued 
Fourier transform l^co), (14.3.12): 

f(t) = J dtu e" lcut ?'(uo) , (14.3.15) 

c 

■?(«)) elUJt f(t) . (14.3.16) 

The contour C in (14.3.15) is a straight line a distance c 
above the axis in the complex co-plane. 


c 

co plane 



|c 




The formulas (14.3.15), (14.3.16) are just the ordinary 
Fourier transform formulas except that co is complex with 
lma)>0 sufficiently to make the integral (14.3.16) converge 
and f(t) =0, t<0. Since f (co) is an analytic function of co, 
we can use Cauchy* s theorem to move the contour C in 
(14.3.15); in particular we can move the contour parallel 
to the path C in the figure above, as long as we do not 
cross over any singularities of 'F(co). 

The integral (14.3.15) for f(t) is usually done as a 
contour integral. For t>0 we can close the contour in the 
lower half plane and pick up contributions from poles of 
f (co) below C. For t<0 we close the contour in the 


upper 
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t<0. Thus C must be high enough so that there are no 

/*v» 

singularities of f (uo) above C. 

As a simple example consider the function 


f(t) =< 


at 

e cos od t , 

r* 7 


t <0 
t >0 


Then we have 


(14.3. 17) 


00 

^/ \ 1 r» j. nut at 1 p i oo n t, —id}/*t-i /i/ oio\ 
f (<Jo) dte e - [e ° + e ° J . (14.3.18) 

For Imuo>a this integral converges and we find 


f(ci)) = 


1 i r i 

J%r 2 LuH-uj -ia 

v o 


+ 


1 

(u-cu -ia 


]• 


(14.3. 19) 


This function has poles at u) = + (U Q + ia. Using (14.3.15) 
with a contour C above these poles we find 
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= f° , t<0 

j [e +i(U ° t+at + e- iu) ot + a t] ^ t>Q 

(14.3.20) 

in agreement with (14.3.17). 

The function f(t) involved in these considerations is 
defined to vanish for t <0. In general it will be discon¬ 
tinuous at t = 0 so that its derivative will contain a con¬ 
tribution proportional to 6(t). For this reason we must be 



very careful in calculating the transform of —; 

at 



icut df (t) 
dt 


1 


icut „ , . 
e f(t) 


00 

-ia) 

0 



lout 


f(t) 


= - f(0)-icof(<») . (14.3.21) 


The formalism developed above as an extension of 
Fourier transforms, essentially the analytic continuation of 
f (oo) into the complex uu plane for functions f(t) which 
vanish for t<0, is an important tool for the solution of 
certain types of initial value problems. Unfortunately 
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perhaps, a further unnecessary transformation is usually 
made to obtain the so-called Laplace transform. A rotation 
through 90° is made in the complex u) plane. 


s = -iuo , 


(14. 3. 22) 


and in terms of the new variable s and F(s) = J2ir f (id) , 
(14.3.15), (15.3.16) become 


f(t) = 2rt J . dseSC F (s) 


C+ioo 


St 


C-l°° 


(14.3. 23) 


F(s) 


tdte- 


St 


f(t) . 


(14.3.24) 


The contour (c-ioo, c+ioo) in (14.3. 23) must be chosen to the 
right of any singularities of F(s); to the right of this 
line, Res>c, F(s) is an analytic function. For t<0 the 
contour in (14.3.23) can be completed by an infinite semi¬ 
circle to the right and we obtain f(t) =0, t <0. 

The possible discontinuity of f(t) at t=0 leads to 
contributions to the Laplace transforms of df(t)/dt, 
d^f(t)/dt^, etc. For Res>c 



-st df(t) 
dt 


-f (0) +sF(s) , 


00 j 2 JT. \ o 

J* dte' st — = -f’ (0)-sf (0)+s 2 F(s) , 

0 dt^ 


(14. 3. 25) 
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The Laplace transform of a convolution of the form 


h(t) = f dr f (T)g(t-r) 
**0 


is a product: 


H(s) = f dte h(t) 

J o 

” t 

= J^dte" S J drf(T)g(t-r) 

= J dTe' ST f(r) J dte' S< ' t_T ' > g(t-r) 
o r 

00 oc f 

= P dTe ST f(T) f dt'e St g(t') 

0 0 

= F(s)G(s) . 


(14.3.26) 


(14.3.27) 


14.4 LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT 
COEFFICIENTS 

Linear differential equations with constant co¬ 
efficients are readily solved using Laplace transforms. 
Suppose we wish to solve 

d + a + by(t) = f (t) (14 
dt 

in terms of initial values y(0), y 1 (0). If the Laplace 
transforms of y(t) and f(t) are Y(s) and F(s), we find, 
using (14.3.25), for the Laplace transform of (14.4.1) 
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(s 2 +as+b) Y(s) = y(0) (s+a) +y* (0) +F(s) . (14.4. 2) 


The differential equation is converted to an algebraic 
equation, which is readily solved: 


Y(s) = y(°H s+a ) + y l <°) +F -CgI . (14.4.3) 

s 2 +as+b 

When this expression is analytically continued to the left 
of the line Re s=c in the transform (14.3.23), singularities 
appear, due to the poles of (s 2 +as+b) _1 and the singularities 

O 

of F(s). Suppose the zeros of s +as+b are s^ and s 2 with 
S, /s 0 so that s 2 +as+b = (s-s n ) (s-s„). The residues of 

1 ' 2 1 / _ ^ _ i 

(s 2 +as+b)~ at the two poles are then (2s^+a) and (2s 2 +a) 
Substituting (14.4.3) in the inverse transform (14.3.23), 

c+i<» 

y(t) =~r J dse St Y(s) , (14.4.4) 

c-ioo 


and completing the contour with an infinite semicircle to 
the left, we find, for t>0, 


y(t) 


y(0) (s 1 +a)+y* (0)+F(a 1 ) s^t 
2s^+a 


y(0)(s 2 +a)+y I (0)+F(s 2 ) Sgt 


2s +a 
a 


£ Res(F,s ) s t 

+ 1 ~2 - J ~ e J , 

i=2 s .+as .H-b 
J v J 


(14.4.5) 


where it has been assumed as an example that F(s) has simple 
poles with residues Res(F,s^) at the locations s y j = 2,...,n. 
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14.5 INTEGRAL EQUATIONS OF CONVOLUTION TYPE 

Integral equations of the type 
t 

f(t) = g(t) + r dr k(t-T)f(T) (14.5.1) 

0 

can be easily solved with Laplace transforms. Taking the 
Laplace transform of (14.5.1) and using the formula (14.3.27) 
for the Laplace transform of a convolution, we find 

F(s) = 6(s) + K(s)F(s) , (14.5.2) 

which is easily solved: 

F(S)= 1^S)’ (14.5.3) 

The inverse Laplace transform then gives 

f(t) = J c _ loo dse l-K(s) * (14.5.4) 

Various tables of Laplace transforms" for many 
functions greatly facilitate the use of this tool in practice. 

14.6 MELLIN TRANSFORMS 

A further change of variable in the Laplace transform 
(14.3.23), (14.3.24) leads to the so-called Mellin transform. 

x " ^ 

See, for example, Erdelyi, et al., op. cit. 
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In order to end up with the variable names as usually used 
in Regge theory in high energy physics, first replace s by 
j and f by f in (14. 3. 23) (14. 3. 24): 


^ - C+ico 

f(t) = I djeJ F( j ) » 

C-ico 

(14. 6.1) 

oo 

fq) = r dt f(t). 

0 e JC 

(14. 6. 2) 

Now change variables. 


= ln (f) ’ &t = f > 

\ of o 


f(t) = f (s) , 

(14.6.3) 

with s q a constant, to obtain 


- C+ioo ± 

fW '^U d) (t) F<1) ’ 

(14.6.4) 

s o 

(14. 6.5) 


o 


Evidently the Mellin transform is essentially a Laplace 
transform, which in turn is essentially a Fourier transform. 
For the application in high energy physics s is the (energy)^ 
and j is the angular momentum in the "crossed channel". 

The transforms in the form (14.6.4), (14.6.5) are 
convenient for solving an integral equation of the form 

f(s)=g(s)+J k (^-)f(s') , 

o 

with a kernel which is a function of the ratio s/s'. 


(14. 6. 6) 
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Applying the transform (14.6.5) to a convolution integral 
of the sort that appears on the right of (14.6.6) we find 



o 


= F(j) K(j) , (14.6.7) 

where K(j) is calculated with the scale factor s =1. 
Applying (14.6.5) to the integral equation (14.6.6) thus 
gives 


F(j) = G(j) + F(j)K(j) , 


F(J) l-K(j) ’ 


(14.6.8) 
(14. 6. 9) 


and the inverse transform (14.6.4) yields the solution of 
the integral equation (14.6.6): 


f (s) 



G(i) 
l-K(j) • 


(14. 6. 10) 


14. 7 PARTIAL DIFFERENTIAL EQUATIONS 

The Laplace transform method can he profitably applied 
to initial value problems in heat conduction. Many examples 
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of this sort are discussed in the book by Carslaw and Jaeger? 
We discuss here only a relatively simple example which 
illustrates how Laplace transforms can be used in the 
solution of partial differential equations. We want to 
solve the one dimensional heat conduction equation 


3 u(x,t) 
dx 2 

du(x.t) 

at 5 

(14. 7. 1) 

with the boundary conditions 


u(0, t) 

given. 


u(A,t) 

given. 

(14. 7. 2) 

and the initial 

condition 


u(x,0) 

given. 

(14.7.3) 

We carry 

out the Laplace transform in the 

time 

variable: 



u(x,t) = 

1 C+ioo 

— J* ds e s u(x,s), 

C'ioo 

(14.7.4) 

u(x, s) = 

oo 

r dt e St u(x, t) . 

0 

(14.7.5) 


From (14.3.25) we find for the Laplace transform of the 
time derivative 


oo 

e St = ~ u ( x >°) + su(x,s) . (14.7.6) 


H. S. Carslaw and J. C. Jaeger, Conduction of Heat In Solids . 
Second Edition (Clarendon Press, Oxford, 1959). 
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The Laplace transform of the partial differential equation 
(14.7.1) is thus 

2r-> 

3 u< ^ - - s u(x,s) = -u(x,0). (14.7.7) 

dx 

The function on the right hand side of (14.7.7) is a 
known function, given by the initial condition (14.7.3). 

Thus (14.7.7) together with the boundary conditions (14.7.2) 
is the type of problem which can be solved by Green*s 
function techniques. According to the discussion in sec. 

8.3 the appropriate Green's function G(x,x* ) satisfies the 
differential equation 

d G fex jJ. _ g G ( x ^ x ») = 5( x -x') , (14.7.8) 

dx 

the boundary conditions 
G(0,x') = 0 , 

GU,x') = 0 , (14.7.9) 

and the joining conditions 

G(x,x*) continuous in x at x=x* , 

= 1 . (14.7.10) 

x—x *-e 

The solutions of (14.7.8) for x^x' which satisfy the 
boundary conditions (14.7.9) are 


dG(x,x*) 
dx 




dG (x, x* ) 
dx 
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G(x,x') 


( A sinh Js x 
B sinh ,Js (x- j j) 


x < x' 
x > x' 


(14. 7.11) 


The joining conditions (14.7.10) lead to two linear equations 
for A and B. These are readily solved and we find 


G(x,x') 


_ 1 _ 1 
Js sinh ,Js l 



x sinh Js (x' - i) 
x' sinh Js (x~ f) 


y 


y 


X < x' 
x>x' 


(14.7.12) 


We note that G(x,x') = G(x',x) is a symmetric function. 

Substituting the differential equations (14.7.7) and 
(14.7.8) in Green's theorem, 


/dx ru(x,s) - G (x,x') 

0 L dx 


Ofe t » )l 

dx 2 -I 



dG(x.x') 
dx 


-G(x,x') 


du(x.s)~ | £ 
dx J 0 ’ 


(14.7.13) 


and using the boundary conditions (14.7.9) and the symmetry 
of G(x,x'), we find 


u(x, s)=-J* dx' G(x,x') u(x',0) 








x'=0 


(14. 7.14) 
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This formula provides, in principle at least, the solution 
of the problem. It gives the Laplace transform of the 
solution in terms of the known initial condition u(x,0) and 
the Laplace transforms of the known boundary conditions 
u(0,t) and u(£, t). Substitution of (14.7.14) in (14.7.4) 
leads to a formula for u(x, t) itself. Of course the evalua¬ 
tion of the integrals for all these Laplace transforms and 
inverse Laplace transforms may not be easy. A simple special 
case of the formulas derived above is considered in a problem. 


14. 8 THE WIENER-HOPF METHOD 


This method uses the analytically continued Fourier 
transform to solve certain types of boundary value problems 
with mixed boundary conditions. We need the analytic con¬ 
tinuation properties of one-sided Fourier transforms. By 
the same type of argur&nt given in (14.3.12)ff. we see that 


F + (k) 


0 

= j* dx 


-ikx 


f(x) 


(14.8. 1) 


can be analytically continued to the upper half of the k 
plane, i. e. Imk>0, where it is an analytic function with 
no singularities, and similarly 


F (k) = f dx e ikx f(x) (14.8.2) 

°0 

is an analytic function with no singularities in the lower 
half k plane, i. e. Imk<0. We use the subscripts + and - 
in what follows to designate the half of the k plane in 
which the function has no singularities. 
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1) Potential Given on Semi-Infinite Plate 
We consider two examples? The first example is a 
two dimensional analogue of the problem of the potential 
due to a thin charged disk. The disk problem is more in¬ 
teresting, but more complicated, because it involves Fourier- 
Bessel transforms. Unfortunately, in the two dimensional 
analogue the problem becomes trivial (or not well posed) for 
a sheet of constant potential, so we consider a semi-infinite 
sheet on which the potential is a given function ^ const. 

Thus we wish to solve the two dimensional Laplace equation 

+ , 0 (14.8.3) 

dx by 

with the boundary condition 


ax 

0(x,O) = e , x<0 , (14.8.4) 

where a is a positive constant. We also impose the boundary 
condition at infinity 

2 2 

0(x,y) -.0 , x + y -*oo . 

y 

0(x,y = 0) = e ax 


Fourier transforming in x 

CD 

0(x,y) = J dk e lkx 0(k,y) , (14.8.6) 

^ -00 


(14.8.5) 

x 


Other examples are given in the book by B. Noble, Methods 
Based on the Wiener-Kopf Technique (Pergamon Press, New York, 
1958). See also Carrier, Krook and Pearson, op. cit. , 

Chap. 8, p. 376. 
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* (k ' y) = I dx 


-ikx 




(14.8.7) 


Laplace's equation (14.8.3) becomes 

ifey) = o . (14.8.8) 

By 

The solution of (14.8.8) consistent with (14.8.5) is 


#(k,y) 


A(k)e'l k |y , 

B(k)e + W y , 


y >0 
y <0 


(14.8. 9) 


Continuity of 0(x,y) at y = 0 implies B(k)=A(k) in (14.8.9). 
We then find "0(k,y) = ^(k,-y) and consequently also 


0(x,y) = 0(x,-y) , 


(14.8.10) 


which is physically obvious anyway. We also need the 
partial derivatives with respect to y. Differentiating 
(14.8.6) with respect to y, using (14.8.9) for 0(k,y), and 
setting y = 0+ and 0-, i. e. just above and below the plate, 
we find 




y=0+ 


0 (x,0-) 

y By 


y=0- 


/ J2w J dke [-|k|A(k)], 

(14. 8. 11) 

00 

J dk e ikx [+|k|A(k) ] - 
** —00 


(14.8. 12) 
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Thus we have 

0 y (x,O+) = -0 y (x,O-) (14.8.13) 

for all x. On the other hand, for x>0, outside the plate, 
continuity implies 

0y(x,O+) = +0y(x,O-) , x>0 . (14.8.14) 

Thus we find 


0y(x,O+) = 0^(x,O-) = 0 , x<0 , (14.8.15) 


which is also consistent with (14.8.10) and the physical 
symmetry of the problem. We can now make a table of the 
known and unknown boundary values of 0(x,y) and 0^(x,y) 



This is the kind of mixed boundary value problem for which 
the Wiener-Hopf method is effective. 

Writing out (14.8.7), using (14.8.9), for y=0 we find 


A(k) 




dx e" lkx 0(x,y) 


1 

rf 


0 

p , -ikx ax. 

I dx e e + 


-^J o dxe- lkx 0(x ,y) 
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= 7^ (k^) + + F - (k) • (14.8.16) 

Here we have explicitly calculated the Fourier transform of 
the part of 0(x,y) which is known. This gives a + type 
function; the only singularity is at k=-iainthe lower half 
plane, so the function is analytic in the upper half plane. 
The Fourier transform of the unknown part of 0(x,y) for 
x>0 is given a subscript - to indicate that we know it is 
analytic in the lower half plane. Similarly the inverse of 
(14.8.11) gives 

00 

-|k|A(k) = J* dx e' lkx 0 y (x,O+) 

dx e " ikx V x > 0+ > 

v —CO J 

+ ^ J 0 dx e ’ lk V x ’ 0+ > 


= G + C k)+ o . 


(14. 8. 17) 


Before proceeding we must write |k| as an analytic 
function. This can be done by introducing a parameter 
e>0 which is allowed to approach 0 at the end of the 
calculation. Thus take 


|k | = = aJ (k+i e) (k-ie) = (r^r 2 ) 2 e is f 


. 3l T 7T 

2 y 2 2 


7r 
2 


<0i 



(14.8. 18) 
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|k| = Cyk+ie ) + C^k-ie )_ (14.8.19) 


in the notation which tells us where the singularities are 
not . Substituting (14.8.19) in (14.8.17) we find 


A(k) 


G + (k) 

(«A +i e), 



(14.8.20) 


Eliminating A(k) from (14.8.16), (14.8.20) we have 


G + (k) ^ 1 f i \ _ 

zmrr, t = zm i^l + F - (k) (14 - 8 - 21) 


G + (k) _ Qk.- i® ) 

^+ie) + = ( ^ Ti) - F - (k)+ ^ (k+ia) + " ’ (14 * 8 * 22) 


We can rewrite the explicit function on the right of 
(14.-8. 22) as a sum of + type and - type functions: 
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, Igfi - MZu ) + (MSH ) 

(k+ia) + \ k+ia /_ \ k+ia J 


(14.8. 23) 


By adding and subtracting the constant ^/-ia-ie we cancel the 
singularity at k=-ia in the first term. Substituting 
(14.8.23) in (14.8.22) and rearranging slightly we find 



_1 ^-i . a-l e 
J5r (k+ia) + 


Cv/k" le ). F _ (k) 

+ -i_ (tMzlk ~ A/-ia-ie 

*f5r \ k+ia 


= E (k) . (14. 8. 24) 

The left side of this expression is analytic in the upper 
half k-plane, the right hand side analytic in the lower half 
plane. The two sides are the analytic continuations of 
each other. Together they constitute a function E(k) which 
is analytic throughout the whole complex plane and thus 
entire. Solving (14.8.24) for G + (k) in terms of E(k), 

G + (k) = - 7B ^ ia ’ ie (h§?) + - E < k > > 

(14. 8. 25) 

we see that if E(k)^0, G + (k) as k in the upper half 
plane. [Recall Liouville*s theorem, prob. 10.7.] This 
contradicts our knowledge that G + (k) is analytic throughout 
the entire upper half plane. Thus we find 


E(k) = 0 . 


(14.8. 26) 


14 INTEGRAL TRANSFORMS IN THE COMPLEX PLANE 


603 


From (14.8.20), (14.8.25) we thus find A(k): 


A(k) 


i ^-ia-ie 

(k+ia) /v /k-ie 



1 

^(k+ia) 



_ 1 

*pk(- k-ia) 9 


k>0 


k <0 


(14.8. 27) 


Here we have used ^-ie Jk for k>0, ^-ie -L\/-k 

for k < 0, and ^-ia-ie e~^/^ . The solution of the 

boundary value problem is thus given by (14.8.6), (14.8.9). 
For y>0 we find 


0(x,-y) = 0(x,y) = [e i7r / 4 J^dk 


e ikx-ky 

^(k+ia) 


+ e 


-iir/4 


ikx+ky 


v j-cva i ivjr 

*F ^/^(-k-ia) J 

ikz 




7T 


dk 


vk(k+ia) 


, z = x+iy . 
(14.8. 28) 


The integral here can be rewritten as an error 
function by finding a differential equation for the function 


F(z) 


00 ikz 

I 0 dk vit(k+ia) 


(14.8. 29) 


Thus, differentiating, we have 
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dF (z) _ 


ikz 


dT ' I 0 dk ,£(k+ia) ‘[k+ia-la] 

- aF(z) + J e i3Tr/4 < 

with the boundary condition 

F(0) = I 0 dk ^(k+ia) = t 6 17r/4 


(14.8.30) 


(14.8.31) 


Solving the differential equation (14.8.30) and substituting 
the result in (14.8.28) we find 


0(x,y) = Re{e az [1-erf(^/Sz)]} , 


(14.8.32) 


where the error function is defined by 


erf (u) = - 7 »- f dv 

^ '0 



(14.8.33) 


It is easy to check that (14.8.32) satisfies the original 
boundary condition (14.8.4) since the erf of a pure imaginary 
argument is pure imaginary. 

2) Diffraction by a Knife Edge 

The second example we wish to consider is the dif¬ 
fraction of a plane wave by a semi-infinite plate. The 
incident wave is taken to be 



(14. 8. 34) 


x 
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Here X is a positive constant, the wave number of the inci¬ 
dent wave, and the time dependence e la3t is dropped from 
(14.8.34) and all subsequent formulas. The presence of the 
plate induces a scattered wave so that the total wave is 

= ^ * (14.8.35) 

All three waves, in particular satisfy the Helmholtz 
equation 

(V 2 +X 2 ) tf«0. (14.8.36) 


We shall use the boundary condition appropriate for a sound 
wave at the surface of the rigid plate, namely 


( x > y) 
dy 



x < 0 


(14.8.37) 


or equivalently 


dTK*»y) 

Sy 


y=0 


= f y (x,0) =0) 


= iX sin 0 e 


-iXx cos 0 

y 


x <0 . 


(14.8.38) 


In addition we impose the radiation condition on i. e. 
i/ is to contain only outgoing waves (^e^ r , r = , 

as r-*°°). As discussed in connection with (14.2.10) this 
is achieved by taking X to have a small positive imaginary 
part. 


X - X + ie 


y 


(14.8.39) 
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in what follows. This will push certain singularities, 
which otherwise would lie on the integration contour, to 
one side or the other, and so give a definite meaning to 
integrals which otherwise would be ambiguous. 

Fourier transforming ^(x,y) with respect to x, 

1n°° i w 

iKx, y) = J dke k,y) , (14.8.40) 


and substituting in the differential equation (14.8.36) 
leads to 
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(r l r 2 ) 


l e i|(01+02) 




- < A < — 

2 - 0 2 2 




"2 - 0 1 < 2 * (14.8.43) 

With this choice Jc-\ 2 >0 for |k|>X and both expressions 
in (14.8.42) fall off with increasing y; for |k| <X the 
expressions in (14.8.42) are oscillatory functions of y. 

The continuity of *^ y (x,y) at y = 0 relates A(k) to 
B(k). According -to (14.8.38) -^ y (x, 0) has the same value 
on both sides of the plate, i. e. for x<0, and for x>0 
the continuity of *^ y (x,y) follows from general considera¬ 
tions. Thus we have 


i/y. (x,0+) = ^ y (x,0-) , (14.8.44) 

which implies the same relation for the Fourier transforms, 
i. e. 


? y (k,0+) =^ (k,0-) , (14.8.45) 

or, using (14.8.40), (14.8.42), 

A(k) = +J^ 2 -X 2 B(k) , 

A(k) = -B (k) . (14.8.46) 

Substituting (14.8.46) in (14.8.42) and the result in 
(14.8.40) we find 
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tKx,0+) =-^( x ,0-) = -4^ J* dke lkx A(k) . (14.8.47) 

^ —00 

Since we also know from general continuity considerations 
that for x>0 

■^(x,0+) = , (14.8.48) 


we find 


*^(x,0+) = ^(x,0-) =0, x>0 . 


(14.8.49) 


We can now make a table of the known and unknown values of 



We can now proceed with the solution of the Wiener- 
Hopf problem. The inverse of (14.8.47) and the table above 
give 


A(k) 


= J 


dx 


e' lkx f(x,0+) 



e ifa V(x, 0+) 




= F + (k) 


(14.8.50) 





14 integral transforms in the complex plane 


609 


where the + notation indicates that Fj_(k) can be analytically 
continued to yield a function without singularities in the 
upper half plane. On the other hand the inverse transform 
for t^(x, 0) and the table above imply 

r —— - CO 

-i 2 -X 2 A(k) = -L; J dxe lkx f (x,0) 

** -00 



-ikx.. . ^ 

e l X s in 0 


-iXx cos 0 
e 


+ ~h J' 0 dX e ’ lkX *y (x ’ 0) 

G -W • < 14 - 8 - 51 > 


In order to obtain an integral of the plane wave which is 

convergent at x-»~<» we must interpret Xcos 0-*Xcos 0 + ie 

-1 -1 

so that in (14.8.51), (k+X cos 0) = (k+Xcos 0+ie) is a 

+ type function. Eliminating A(k) from (14.8.50), (14.8.51) 
we find 


■Jtt mw - - iitoJ 


—- ) 

Kcos 0 ^ 


+ G (k) . (14.8.52) 


k + w V2 tt \k+\i 

n 2 

The function -X can be decomposed into + and - parts 
by referring to the diagram above: 




(14.8.53) 


Thus (14.8.52) can be rewritten 




G (k) 


(k+xcos 0) (^x) + • 


(14.8.54) 
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The known function on the right of (14.8.54) can be 
* 

decomposed by inspection into + and - contributions: 


X sin 9 


(k+Xcos 0) (,^/k-X) ( k+Xcos0 


L/XCl-cos 9) 


/aATI-cos 9)L/X(1+cos 9)-i«^-Xl\ 
V (k+Xcos 0) A yk-X / 


(14.8.55) 


Substituting this into (14.8.54) we find 

ifl| sin 9/2 


- (vET^Vk) 


(k+X cos 0) 


, e zH? . M sln e/2 j. M*°!L e/2- l^k ) 

C^-xT a/27T ' \ (k+x cos Q)jk-\ /_ 


= E(k) . 


(14.8.56) 


The left side here is analytic in the upper half plane, the 
right side in the lower half plane. The two sides are the 
analytic continuations of each other and together describe 
an entire function E(k). Were E(k) not zero, G_(k) would go 
to infinity as k -»<» in the lower half plane in contradiction 
to our knowledge that it is analytic throughout the entire 
lower half plane. Setting E(k)=0 and using (14.8.50) we 
thus find 

A(k) - if sin e/2 , (14.8.57) 


Evidently it is not always easy to make this type of 
decomposition. 
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and substituting this in (14.8.42), (14.8.40) we find the 
solution of the problem. For y>0 we have 

lKx,y) =-f(x,-y) 1 sin©/2 x 

® e ikx-y^: 2 -X 2 

I dk (k+X cos 0 +ie) Jc+x+ie * 

— 00 

(14.8.58) 


The integral here can be evaluated in terms of 
Fresnel integrals. First divide the integration region 
into three parts 

a) “ X X 

dk = J dk + J* dk + 

-oo -oo -X 

In these three regions make the following changes of 
variables, with x = r cos cp , y = rsincp: 


J dk . (14. 8.59) 


-X<k<X: k = Xcosa , 0<a<ir 


= -iX sin a 


kx + i Js 2 - X 2 y = Xr cos (cp-a) 


^C+X = / S /5x cos- 


X < k < °°; a = ia , 0<a<oo 


i 5 


X cos a = X cosh a 


2 

-X = X sinh a=-iX sin a 


kx + i /v 4 2 -X 2 y = Xr cos(cp-a) 
Jk+\ = JTk cosh-^= cos ^ 
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-od < k < - V. a = 7T - ia, 0<a<« 


k = X cos a = -X cosh a 

n 2 

a/k, -X = X sinh a =-iX sin a 


kx 4- i v 4 2 -X 2 y = Xr cos (cp-a) 
V €+X= i Aj ^Xsinhf='^Xcos^ 


(14.8.60) 


One can check that the signs of the square roots have all 
been chosen in the way agreed on in the derivation of 

(14.8.58) . Making these transformations in the integral 

(14.8.58) , it becomes 


f(x,y) = ~ sin-® J da 


. a 

sxn- 


cos a + cos 0 


^iXr cos (cp-a) 


(14.8.61) 


with the contour C shown in the diagram. 
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In order to decide the contour around the pole in 
(k + X cos 0+ ie)" 1 = \(cosa + cos 0 + ie) we used 
cos (0-ie) = cos 0 cos ie + sin 0 sin i® cos 0 + ie* ; with 
sin 0 positive in the range O<0<?r, we have e 1 >0 . 

Manipulating the trigonometric functions in (14.8.61), 

we find 


f(*, y) 


4 t r I c da Lcos i(cH- 0 ) 

^ c f a Lcos ^(a+0+cp) 

iXr cos a 
e 

= 1(0) - I(-0) , 


1 _~! iXr cos (a-cp) 

cos h(oc- ©xl 

._ 1 _l x 

cos %(a- 0+cp) J 


(14.8.62) 


where the integral 1(0) is given by 



1 

cos ^ (a+0+cp) 


i\r cos a 
e 


(14.8. 63) 


Using Re (i\r cos a) = \r sin sinh for a = a^-\-ia^ and 
remembering that we have cp>0 for y>0, as assumed in 
(14.8.58), we see that the contour C f , which in the first 
instance is C of the diagram above displaced a distance 
cp to the left, can in fact be located anywhere in the shaded 
region. A C f of this form goes into itself under the 
transformation a-*-a, so that we also have from (14.8.63) 
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If we now make a further change of variables, 

T = J2 e i7r / 4 sin^ , (14.8.65) 

the contour C* is transformed into a straight line along 
the real t axis from to and the integral (14.8.64) 
becomes 

-iir/4 co -XrT 2 

1(e) = iL ^— n e lXr J dr ^2 - 2 ’ (14.8.66) 

-oo T -ir) 

where r) is given by 


H = V^ C0S 2(0+9) • 


(14.8.67) 
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The integral in (14.8.66) can be reexpressed 
multiplying the known integral 

.2 

A*r - 

V s 


e - dr =M 


-5T 


i 2- 

by e 11 ’ and integrating 5 from Xr to infinity: 


i\rr) 


2 oo -XrT 


- 2 - 

IT! ? 


' * ^ xt d! 


-CO T -1T| 


f dp, e 1 ^ 


Thus if we define the complex Fresnel integral by 


00 . 2 

F(a) = J* dp e 1 ^ , 

a 

we find 

oo - XrT^ . . 2 

T| J dr ^2 -2 = ± 2 ^ e " lX F <± T 1 ^ ) ^ 

-oo x -i«f| 

where the upper sign holds for r|>0, the lower for 
From (14.8.62) and (14.8.71) we then find 


\ — 1 — ITT/4 f — iXr cos (cp- 0) _— 1 

,y) e 1 {e T Fiy^Xr cos § 

T e~i^ r cos ( c P + ®>F(J>y?Xr cos- 




by 

(14.8.68) 


(14.8.69) 

(14.8.70) 

(14.8.71) 

ri<0. 

(cp- 9) ] 

!(qd-e) ]} • 

(14.8.72) 


In choosing the signs in this expression we note that 
y = rsincp>0, so that 0<cp<ir and by assumption 0<6<ir. 
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Thus - §7T<-| (cp-0) <-jj7r, so that the r\ calculated with this 
combination of angles is positive. In the second term 
of (14.8.72) choose the upper or lower sign depending on 
whether 0 + cp < 7T . 

In fact, in deriving (14.8.72) it has been tacitly 
assumed that 0+cp<7T. For the case 0+cp>7T the pole appears 
on the other side of the origin in the last figure above, 
and when the contour is distorted to C* one picks up the 
residue at this pole. This is easily calculated from 
(14.8.61) to be 


^-iXr cos (cpF0) 


CP>7T - 0 , 


(14.8.73) 


and is just the reflected wave of geometrical optics. 



The scattered wave i^(x,y) is thus the sum of (14.8.72), 
with the upper or lower signs depending on whether cp-^TT - 0, 
and the reflected wave (14.8.73) if cp>7T - 0. The formulas 
can be written in a neater form which covers all special 
cases. From the definition (14.8.70) we see that 

F(a) +F(-a) = 2F(0) = 2 f due 1 ^ = ^ e 17r/4 , (14.8.74) 

J 0 

according to (11.7.5). Using this to transform the second 
term in (14.8.72) for cp>7T- 0 and at the same time cancel 
the extra contribution (14.8.73), we obtain 
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*<K,y> cos ^^Sij2^x cos 4( r 6) ] 

- ,-ixr oo,(^e) n j^ i cos i( ^ e)]} 

(14.8.75) 

If we add in the incident wave ^ = e : *-^ rcos ( c P ®) to obtain 
the total disturbance, we find, again using (14.8.74), 

(x, y) =^ i (x,y) +^(x,y) 

e - £,r / 4 { e - Ur cos <1>- 9) F[-^rr cos 6) ] 

+ e -lxrco.( T M) pW _ cMi(<|)t . e):)} _ 

(14.8.76) 


This expression has been derived for the range 0<cp<7T, 
O<0<7T. Note, however, that the condition *^(x,y) = -t^(x, -y) 
[see (14.8.58)] is satisfied by (14.8.75) so that (14.8.76) 
remains valid for y negative, i. e. cp negative. 

The formula (14.8.76) is a famous exact result, 
due originally to Sommerfeld, for the diffraction of waves 
by a knife edge. An extensive discussion of the result with 
many graphs of numerical evaluations is given in the book by 
Bom and Wolf. % 


M. Born and E. Wolf, Principles of Optics , Fourth edition, 
(Pergamon Press, New York, 1970). p. 565 ff. 
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PROBLEMS 

14. 1 Use the Fourier transform technique to find the 

appropriate Green* s function for all space for the 
equation 

V 2 u (r) - \ 2 u(r) = -4 tt p(r) , 

and use your Green* s function to give the solution 
of this equation in terms of the source term p(r). 

In solving for the Green* s function by the Fourier 
expansion technique, what happened to the analogue 
of the ingoing wave Green* s function (for the Helm¬ 
holtz equation)? 

14.2 Derive the following short table of Laplace 



For the last entry use the integral representation 
(13.6.21). For a longer table see Erdelyi, Magnus, 
Oberhettinger and Tricomi, Tables of Integral Trans 
forms , Vols. 1 and 2 (McGraw Hill, New York, 1954). 


14 INTEGRAL TRANSFORMS IN THE COMPLEX PLANE 


619 



The contour C is parallel to the imaginary axi s and 
to the right of a. In b) take the cut in ,/j-a along 
the negative real axis. 


14.4 Three radioactive nuclei have a parent-daughter 

relationship described by the differential equations 


d^ l 

~dF 

dN 2 

dt 

dN 3 

dt 


XiNi - ^2^2 9 

\ 2 n 2 - x 3 n 3 . 


Use Laplace transforms to find N..(t), N 2 (t), and 
No (t). The initial conditions are N 1 (OJ = N, 
n 2 (0) =0, N 3 (0) =0. 

14.5 As a special case of the development (14.7.1)- 
(14.7.14) consider a semi-infinite region. 


with the boundary conditions 
u(0,t) =T q = const. , 
u(i,t) =u(co,t) =0 , 
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and the initial condition 
u(x, 0) = 0. 

Show that for this case 

T r 

u (x,s) =— e * , 

T c+ico r 

u(K > t) = ui I . ds s e ' e "^ X • 

C- lco 

Show that the integral for — can be evaluated, 

du = A -x 2 / 4t 

5x Jirt e ’ 

and that u(x, t) is given by the formula 

u(x,t) = T o [l-erf(x/2^/E)] , 

where 

erf (u) = -j I 0 dy e_y 

is the error function. 

14.6 The integral equation 

A(s) = C (^)+X^ -P-(P“) A(s') 

o 


is important in high energy particle theory. Use 
Mellin transforms to find the solution. Calculate 
explicitly A(s) and its Mellin transform. 
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